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Abstract

In this paper we consider a rare-event problem in the fork-join queue

for which we develop an efficient importance sampling algorithm.
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1 Introduction

We consider the discrete-time Markov chain on the two-dimensional positi-

ve quadrant of integers that results by embedding a two-dimensional fork-join

queue [5]. This is queueing system with a single Poisson arrival process with ra-

te λ, and where any arriving job splits itself in two subjobs each joining a single

server queue. These two queues act as independent M/M/1 queues with ser-

vice rates µ1, µ2, respectively. For stability we demand λ < min(µ1, µ2). The

folklore application of this queueing model is a system with two bathrooms,

one for men and one for women, with arrivals of heterosexual couples only. The
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original motivation was to study a machine with parallel coupled processors,

and an inventory control problem of data base systems.

The associated discrete-time Markov chain that results by embedding at

jump times, is denoted by (S(k))∞k=0 and has state space Z
2
+, representing

the backlogs at the two queues (including the servers). We are interested in

transient probabilities of large backlogs of at least one of the queues:

γn(x, y, T ) = P(S1(nT ) ≥ ny1 or S2(nT ) ≥ ny2|S(0) = nx), (1)

for fixed scaled initial state x = (x1, x2) ∈ R
2
+, fixed scaled threshold y =

(y1, y2) ∈ R
2
+, fixed scaled horizon T > 0, and parameter n → ∞. The set of

interest is scaled by n and then called the rarity set:

D = {η ∈ R
2
+ : η1 ≥ y1 or η2 ≥ y2}.

The difficulty here is twofold: (i) the rarity set is not convex which may cau-

se troubles for developing an efficient importance sampling scheme [4]; and

(ii) the set D cannot decomposed in two disjoint sets such that the separate

probabilities are estimated by efficient importance sampling estimators [6].

In this paper we investigate the method of universal simulation distribu-

tions for finding an efficient importance sampling estimator. This method

has been introduced originally in [9], and further developed in [1], see also [2,

Chapter 10]. The method is based on large deviations for sequences of random

variables, however, we need to adapt it to process level because we deal with

sample path large deviations. In Section 2 we shall briefly review the method

of universal simulation distributions, and the sample path large deviations for

the folk-join queue. In Section 3 we give our algorithm and we conclude with

a few numerical results in Section 4.

2 Preliminaries

Universal simulation distributions.

Suppose that we can write the target of our problem to be

γn(x, y, T ) = P (fn(Yn)/n ∈ E) ,
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where Yn is a random variable on some appropriate space Sn, and fn a function

Sn → R
d. Let Pn be the probability measure on Sn induced by Yn. Under

some regularity conditions the Gärtner-Ellis theorem holds [2, Section 3.2],

lim
n→∞

1

n
log P (fn(Yn)/n ∈ E) = −I(E).

The large deviations rate function I(v), v ∈ R
d, is the convex conjugate of

the asymptotic log moment generating function of (fn(Yn)), with optimising

argument θv. Suppose that there is also a sequence (Zn)n of Sn-valued random

variables, with induced probability measure Qn, such that Pn ≪ Qn. The

importance sampling estimator of the target probability γn is defined by

γ̂n =
dPn

dQn

(Zn) 1{fn(Yn)/n ∈ E}. (2)

The universal simulation distribution method says that if there are m < ∞

points v1, . . . , vm ∈ R
d, such that

(i) I(vi) ≥ I(E) (i = 1, . . . ,m); (ii) E ⊂ ∪m
i=1H(vi), (3)

where H(v) is the half-space {w ∈ R
d : 〈θv, w − v〉 ≥ 0}, then for any proba-

bility vector π = (πi) with positive elements, the change of measure

dQn(s) =

(
m∑

i=1

πi exp
(
〈θvi

, fn(s)〉 − ψn(θvi
)
)
)
dPn(s)

gives an asymptotically optimal importance sampling estimator (2), see [1, 9].

The random walk associated with the fork-join queue.

The discrete-time Markov chain (S(k))∞k=0 representing the backlogs at the

queues at their jump times is a face-homogeneous random walk on the positive

quadrant Z
2
+, which means the following [8]: for any s ∈ R

2
+, let Λ(s) be the

set of indices i for which si > 0. For any subset Λ ⊂ {1, 2}, define face FΛ by

FΛ = {s ∈ R
2
+ : Λ(s) = Λ}.

Notice that F∅ = {0}. The transition probabilities pss′ of the chain are the

same for all s in the same face, and depend only the jump s′ − s:

pss′ = pΛ(s)(s− s′).
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Thus, for our two-dimensional fork-join queue, there are four random variables

XΛ that represent the jumps.

Sample path large deviations.

Since the chain is ergodic, a sample path large deviations hold for conti-

nuous piecewise linear paths [3, 8]. Firstly, we define the scaled continuous-

time processes (S[n](t))0≤t≤T , n = 1, 2, . . ., by S[n](t) = S(nt)/n for t =

0, 1/n, 2/n . . . , T and linear interpolation in the other points. Secondly, con-

sider the affine function φ(t) = x + vt for t ∈ [0, T ] with x ∈ R
d
+ and v ∈ R

d,

such that φ(t) ∈ FΛ for all 0 < t < T . We call the gradient v the constant

speed of the path. Then for the scaled processes S[n], starting in S[n](0) = x,

it holds that there exists a locate rate ℓΛ(v) such that

lim
ǫ↓0

lim
n→∞

1

n
log P

(
sup

0≤t≤T

∣∣S[n](t) − φ(t)
∣∣ < ǫ

)
= −TℓΛ(v). (4)

For continuous piecewise linear paths φ, such that each piece lies entirely in

some face, we may apply (4) to each piece and add these ‘costs’.

The main issue remains to identify the local rate functions ℓΛ(v). A general

method has been developed in [7] for face-homogeneous random walks which

can be applied to our two-dimensional fork-join queue. Clearly ℓ∅ = 0 because

the process is ergodic. All the other local rate functions are convex conjugates

of (adapted) log moment generating functions:

ℓΛ(v) = sup
θ∈R

(
〈θ, v〉 − ψ(θ)

)
. (5)

For the interior face F{1,2} it is just the function associated with the jump

variable X{1,2}, for the boudary faces F{1} and F{2} we have to consider both

boundary and interior. The optimisation program (5) is solved numerically

and the optimiser denoted by θv.

3 Importance sampling algorithm

We assume that the random walk starts off at state 0. Then we rewrite the

target probability (1) as

γn(0, y, T ) = P (S(nT )/n ∈ D|S(0) = 0) = P
(
S[n] ∈ E

)
,
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where E is an appropriate set of absolute continuous paths φ : [0, T ] → R
2
+

with specifically φ(0) = 0 and φ(T ) ∈ D. Let Ẽ ⊂ E be the subset of piecewise

linear paths of the following form.

φ = φτ,v: it stays in 0 until time τ (0 ≤ τ < T ) and then it goes

straight at constant speed v to the point η = (T − τ)v ∈ D.

The theory of sample path large deviations [3, 7, 10] says that

lim
n→∞

1

n
log P

(
S[n] ∈ E

)
= lim

n→∞

1

n
log P

(
S[n] ∈ Ẽ

)
= −I(Ẽ).

So, we are in the business of the universal simulation distributions by finding

m <∞ pairs
(
τ, v(i)

)
(i = 1, . . . ,m) (same τ !) such that (see (3)),

(i) I(φ(i)) ≥ I(Ẽ) (i = 1, . . . ,m); (ii) Vτ ⊂ ∪m
i=1H(v(i)),

where

(a.) φ(i) = φτ,v(i) ∈ Ẽ with cost I(φ(i)) = τℓΛ(v(i))(v
(i));

(b.) Vτ = {v ∈ R
2
+ : (T − τ)v ∈ D}, set of speed vectors to the rarity set;

(c.) H(v) is the half space {w ∈ R
d : 〈θv, w−v〉 ≥ 0}, where θv is the optimiser

for the local rate function ℓΛ(v)(v), see (5).

Hence, the remarkable observation is that we apply the method to drift vectors

of affine paths of the (limiting scaled) random walk. From (b) and (c) we

deduce that two pairs suffice, one on each of the two boundaries:





v
(1)
1 = y1/(T − τ), 0 ≤ v

(1)
2 < y2/(T − τ);

0 ≤ v
(2)
1 < y1/(T − τ), v

(2)
2 = y2/(T − τ);

(θv(1))2 = 0, (θv(2))1 = 0.

(6)

However, in most examples there are no two such pairs, but there are two

pairs with different zero-sojourn times τ (i) that satisfy (6). For each of the

drift vectors v(i) we determine the associated jump probabilities q
(i)
Λ of the

jump variables XΛ by an exponential change of measure given by the shift

parameters θv(i) .
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4 Example

Let λ = 1, µ1 = 1.5, µ2 = 2, x = (0.0), y = (1, 1.2), T = 10. The optimal path

φ∗ = arg infφ∈E I(φ), has a zero-sojourn time of τ = 2 time units and then

runs at a constant speed v = (1/8, 0) along face F{1} to state (1, 0).

The naive importance sampling algorithm is based on simulating the random

walk with the original jump probabilities pΛ until time nτ , and next with the

exponentially twisted jump probabilities obtained by the parameter θv until

time nT . It can be shown that the associated estimator is not efficient. Its

behaviour is illustrated by plotting the estimated target probability, and the

estimated variance of the estimator as functions of the sample size k. The

estimates are irregular overestimates of the true value, and the variances get

a shock upward whenever the rare event is hit by a ‘wrong’ path.
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Figure 1. Estimates from the naive importance sampling algorithm

for sample sizes k = 105–107. Scaling n = 10. The dotted line is

the exact probability.

We find numerically a solution of the system (6) with different zero-sojourn

times. The first pair is
(
τ (1), v(1)

)
= (2, (1/8, 0)), which gives the same path

φ∗ as above, the other pair is
(
τ (2), v(2)

)
= (4.6, (1/9, 2/9)), which gives a

path running in the interior face F{1,2}. In the simulations we used mixing

probabilties (0.8, 0.2).

6



2 4 6 8 10
x 10

6

1.69

1.7

1.71

1.72

1.73

1.74
−log10(est)

k
2 4 6 8 10

x 10
6

5.5

6

6.5

7

7.5
−log10(variance)

k

Figure 2. Estimates from the importance sampling algorithm with

universal simulation distribution for sample sizes k = 105–107. Sca-

ling n = 10. The dotted line is the exact probability.

We experimented with various scalings n = 10–200 with sample size k = 50000

and collected the relative half width of the 95% confidence interval RHW

(efficient estimators have RHW that grows at most polynomially), and the ratio

RAT = log E[(γ̂n)2]/ log E[γ̂n] (efficient estimators have RAT that converge to

2).

The conclusion is that the mixed importance sampling estimator improves

the naive one, and is asymptotically optimal, although its variance is still

irregular. Further investigations are needed, also for other starting points, and

other algorithms, for instance with mixing probailities that depend on state

and time [4].
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Figure 3. Performance of the importance sampling estimator with

universal simulation distribution for scalings n = 10–200.
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