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THE NONPARAMETRIC IDENTIFICATION OF TREATMENT
EFFECTS IN DURATION MODELS

BY JAAP H. ABBRING AND GERARD J. VAN DEN BERG1

This paper analyzes the specification and identification of causal multivariate dura-
tion models. We focus on the case in which one duration concerns the point in time
a treatment is initiated and we are interested in the effect of this treatment on some
outcome duration. We define “no anticipation of treatment” and relate it to a common
assumption in biostatistics. We show that (i) no anticipation and (ii) randomized treat-
ment assignment can be imposed without restricting the observational data. We impose
(i) but not (ii) and prove identification of models that impose some structure. We allow
for dependent unobserved heterogeneity and we do not exploit exclusion restrictions on
covariates. We provide results for both single-spell and multiple-spell data. The timing
of events conveys useful information on the treatment effect.

KEYWORDS: Program evaluation, bivariate duration analysis, selectivity bias, hazard
rate, partial likelihood, unobserved heterogeneity, anticipation.

1. INTRODUCTION

THIS PAPER DISCUSSES THE SPECIFICATION and identification of causal mul-
tivariate duration models in economics. Consider a subject in a certain state.
After a stochastic amount of time, the subject leaves this state. A different
type of event may occur at some other random time. We are interested in the
causal effect of the latter event on the duration in the state of interest. Exam-
ples include the effect of training programs or punitive benefits reductions on
unemployment durations, the effect of the hiring of replacement workers on
strike durations, and the effect of promotions on tenure. In biostatistics one
is often interested in the effect of a specific medical treatment. We borrow
this terminology and refer to training programs, punitive benefits reductions,
et cetera, as “treatments,” to their causal effects on the outcome durations as
“treatment effects,” and to the subjects as “individuals.”

At the core of the paper is a discussion of the causal relation between two
durations, the outcome duration Y and the treatment time S. A duration is
simply a nonnegative random variable and it may seem that we can apply stan-
dard models for two nonnegative random variables. However, in an explicitly
dynamic model framework it is easier to discuss censoring and time aggre-
gation, and handle cases where the treatment may not be observed, or even
well-defined, after the subject has left the state of interest. We specify such a
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Iowa, Stockholm School of Economics, Mannheim, Bristol, INSEE-CREST, Tinbergen Institute
Amsterdam, and participants at various conferences. Jaap Abbring acknowledges financial sup-
port by the Royal Netherlands Academy of Arts and Sciences.
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dynamic model framework in terms of the hazard rates corresponding to Y
and S. Hazard rates are the focal points and basic building blocks of econo-
metric duration models. Dynamic economic theories often aim to explain the
rate of leaving a state of interest in terms of economic behavior and external
conditions (see Van den Berg (2001) for a survey).

We construct a causal model that specifies how the outcome varies if we hy-
pothetically manipulate the treatment time. The model also specifies a (not
necessarily randomized) treatment process. Biostatistical studies routinely im-
pose a “consistency” condition that can be interpreted as claiming that each
cause should precede its effect (e.g. Robins (1998) and Lok (2001)). Formally,
it requires that the outcome (transition) paths corresponding to any two treat-
ment times coincide up to a duration y if the treatment (transition) paths are
the same up to y . In more familiar terms, the subject should be in the same
outcome state at time y if both treatments start after y . We impose a weak ver-
sion of this condition that only requires that the corresponding hazard paths
coincide up to y . In economics this embodies a substantial informational and
behavioral assumption. It requires that individuals either have no access to in-
formation on treatment beyond that encoded in the treatment history up to y
or simply do not act on that information, at each time y . Otherwise, there are
anticipatory effects of future treatment and our consistency condition is vio-
lated. Therefore, we refer to this condition as a “no-anticipation” assumption.

Rational forward-looking individuals may be expected to exploit informa-
tion on the (perceived) properties of the treatment assignment process. In
that case, changes in these properties may affect the hazard rate out of the
state of interest before any actual realization of a treatment. Our model frame-
work enables the specification of such effects. Our analysis, however, focuses
on contrasting outcomes between different realized treatment times for a given
assignment mechanism. This is already an ambitious task. We prove a basic
nonidentification theorem that states that no-anticipation and randomized as-
signment of treatment can be imposed on the causal model without restrict-
ing the observational data. This highlights two inference problems. First, we
cannot identify anticipation effects of treatment. Second, we have the stan-
dard econometric selection problem. Without further assumptions, we cannot
distinguish between causal effects and selection effects. In the identification
analysis we take the no-anticipation assumption as fundamental and we only
address the selection issue. It should be judged in each application whether it
makes sense to assume that the observed treatment cannot be anticipated.

Identification requires further structure. We build on the assumption that
all selection effects can be captured by related observed and unobserved co-
variates in the treatment and outcome processes. We examine single-spell and
multiple-spell settings. Single-spell data provide information on a single out-
come spell and possibly treatment for each individual. We prove identification
of two bivariate duration models that allow for time-varying and heteroge-
neous treatment effects and that borrow structure from the well-known non-
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parametric2 mixed proportional hazard (MPH) model. MPH models are the
most popular reduced-form duration models in econometrics (see Van den
Berg (2001) for a survey).

With multiple-spell data we observe multiple outcome spells, with or without
treatment, for each individual or within groups of individuals who share the
same unobservable characteristics. We prove identification of multiple-spell
model generalizations. In particular, we can allow for general nonproportion-
alities. The single-spell results concern bivariate models that embed a marginal
model for the treatment process, or a “selection equation.” For the multiple-
spell case we show that it is sufficient to specify the conditional outcome model
in order to identify treatment effects.

This paper contributes to the extensive literature on the econometric eval-
uation of social programs and treatment effects (see Heckman, LaLonde, and
Smith (1999) for an overview). This literature provides relatively little insight
in problems with dynamically assigned treatments and duration outcomes. We
provide some guidance in tackling such problems, which are frequently en-
countered in empirical research. We also complement the closely related bio-
statistical literature (e.g. Robins (1998)). This literature allows for more com-
plex dynamic treatment regimes, but is not tailored to economic problems and
data. We offer a dynamic economic perspective on the causal model and iden-
tification results for models with unobserved selection effects that cannot be
found in the biostatistical literature. Our identification approach is comple-
mentary to an approach in which regularity assumptions are made that are in-
sufficient for point-identification but that allow for the identification of bounds
for a treatment effect (see, e.g., Manski (1990, 1997)).

Our identification results also extend the existing literature on the nonpara-
metric identification of MPH-type duration models (see the surveys in Heck-
man and Taber (1994) and Van den Berg (2001)). The conditional outcome
parts of our models can be interpreted as univariate duration models with
an endogenous time-varying regressor (the treatment process), where the en-
dogeneity originates from a dependence on unobserved characteristics. We
demonstrate that these models are identified under similar assumptions as
those in the literature.

The empirical literature contains studies in which models are estimated that
are similar to the models we consider. For example, Card and Sullivan (1988),
Gritz (1993), Bonnal, Fougère, and Sérandon (1997), Abbring, Van den Berg,
and Van Ours (1997), and Van den Berg, Van der Klaauw, and Van Ours (2004)
study the effect of a treatment of unemployed workers on the transition rate
from unemployment to work, allowing for a causal effect on the transition rate
as well as for related unobserved heterogeneity in order to deal with selectivity.
Lillard (1993) estimates a model for the joint durations of marriage and time
until conception of a child, and his model allows the rate at which the marriage

2In Subsection 3.2 we justify this terminology.
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dissolves to shift to another level at moments of child birth. Lillard and Panis
(1996) estimate a model on the joint durations of marriage, nonmarriage, and
life, and their model allows the death rate to shift to another level at moments
of marriage formation and dissolution. These studies also allow for related
unobserved heterogeneity. Below we use the effect of a sudden unemployment
benefits reduction on the transition rate to work as an example.

We do not impose exclusion restrictions on covariates, i.e. we do not require
that the data contain a variable that affects the treatment assignment but does
not affect the outcome of interest other than by way of the treatment. A vari-
able that is observed by the analyst is often also observable to the individuals
under consideration. If such a variable affects the treatment process, then a ra-
tional individual will take this variable into account in determining his optimal
strategy. This behavior affects the rate at which the individual leaves the state
of interest. As a result, exclusion restrictions are difficult to justify and instru-
mental variable methods of inference are not likely to be of help. A practical
issue is that the latter methods are often not tailored to our dynamic frame-
work. One may be tempted to time-aggregate the treatment process into a
binary indicator for treatment in an interval and apply standard methods for
binary treatments. However, this way we would lose track of the parameters
of interest and throw away identifying information. Moreover, it is not clear
what to do when treatment and outcome occur in the same interval or when
observations are right-censored before the end of the interval.

We also avoid conditional-independence assumptions, which require that all
selectivity in the assignment of treatment can be controlled by conditioning on
observed covariates. In many econometric applications, there may be unob-
served heterogeneity in treatment assignment and outcomes. By the argument
against instrumental variables assumptions above, any unobserved heterogene-
ity in treatment assignment is likely to imply unobserved selectivity and viola-
tions of conditional independence.

Finally, we show that multiple-spell data are similar to linear panel data in
the sense that the intuition for identification in linear panel-data models carries
over to our nonlinear models.

Section 2 develops the causal framework and the basic nonidentification re-
sult. Sections 3 and 4 derive the identification results for the single-spell and
multiple-spell cases, respectively. Section 5 concludes.

2. A FRAMEWORK FOR CAUSAL INFERENCE

2.1. A Potential Outcome Framework

Consider a population of individuals flowing into a state of interest and
the durations these individuals subsequently spend in that state. We are in-
terested in the causal effect of a single binary treatment that is either assigned
at some time in R+ := [0�∞) after entering the state or not assigned at all. We
can cast this problem in the standard potential outcome framework pioneered
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by Neyman (1923) by recognizing that our dynamically assigned binary treat-
ment can be reinterpreted as a set of mutually exclusive treatments indexed
by R+ := R+ ∪ {∞}. Here, the point ∞ represents the no-treatment case. To
each treatment s ∈ R+ corresponds a random variable Y ∗(s)≥ 0, the potential
outcome in the case that we would intervene and assign treatment s. Causal in-
ference is concerned with contrasting potential outcomes corresponding to dif-
ferent treatments. Because the treatments are mutually exclusive, we can never
observe potential outcomes corresponding to different treatments simultane-
ously. In the words of Dawid (2000), potential outcomes are complementary.
This is what Holland (1986) calls the “fundamental problem of causal infer-
ence.” A solution is to impose sufficient structure on the model to allow for
causal inference from actual (experimental or observational) data. The inher-
ently dynamic setting of our model and its application in economics call for a
separate discussion.

Unlike Neyman and much of the more recent literature (e.g. Rubin (1974),
Holland (1986), and Heckman, LaLonde, and Smith (1999)), we have to deal
with infinitely—actually uncountably—many potential outcome variables.3 For
a careful discussion, we explicitly introduce the probability space (Ω�F�P) on
which all random variables are defined. {Y ∗} := {Y ∗(s); s ≥ 0}, which collects
all potential outcomes, is an R+-valued stochastic process, which we require
to be measurable. Treatments are assigned according to an R+-valued random
variable S. The actual outcome is Y := Y ∗(S); all other potential outcomes are
counterfactual. Measurability of {Y ∗} ensures that Y is a random variable (by
application of Billingsley (1995, Theorem 13.1)). We refer to the pair ({Y ∗}� S)
(or, rather, its distribution) as a causal model specification. A causal model is
a set of causal model specifications.

Now consider a sample of individuals i with i = 1�2� 
 
 
 � n, with potential
outcomes and treatments ({Y ∗

i }� Si) that are distributed like ({Y ∗}� S) above.
We focus on inference of characteristics of the marginal distributions of Y ∗(s),
like the means µ(s) := E[Y ∗(s)]. For example, suppose that µ(s) < ∞ for
all s ∈ R+ and that we have been able to ensure randomized assignment, so
that {Y ∗} ⊥⊥ S. Then µ(S)= E[Y |S] almost surely. So, under some additional
smoothness assumptions, we can estimate µ by standard nonparametric regres-
sion techniques.

3Manski (1997), however, derives nontrivial bounds on the effects of continuous treatments
under the assumption of monotone (and bounded) responses. Gill and Robins (2001) extend
Robins’ earlier work on g-computation to continuous treatments under additional continuity
conditions. Also, structural models routinely allow for causal effects of continuous variables. See
Heckman (2000) for a review and Pearl (2000) for a discussion of the link between structural
models and potential outcome models.
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2.2. The Dynamic Causal Model and the Accumulation of Information

So far we have ignored the fact that our problem is inherently dynamic. To
facilitate an explicit discussion of dynamics, we assume that Y ∗(s) is a contin-
uous random variable, and we focus on its hazard rate, which is given almost
everywhere by

θY∗(s)(y)= lim
dy↓0

Pr(Y ∗(s) ∈ [y� y + dy)|Y ∗(s)≥ y)

dy



The corresponding integrated hazards are denoted by ΘY∗(s)(y) :=∫ y

0 θY∗(s)(u)du. We assume that ΘY∗(s)(y) < ∞ for all y ∈ R+, and that
limy→∞ΘY∗(s)(y) = ∞. The latter assumption entails that Pr(Y ∗(s) < ∞) = 1,
which may be restrictive in certain applications. It is dropped in Section 3.

It is well known and easy to check that under these assumptionsΘY∗(s)(Y
∗(s))

has a unit exponential distribution. This suggests the following approach to-
wards a causal model. Explicitly including the sample point ω as an argument,
let

Y ∗(s�ω)=Θ−1
Y∗(s)(E(s�ω))�

with Θ−1
Y∗(s)(·)= inf{y ∈ R+ :ΘY∗(s)(y)≥ ·} the generalized inverse of ΘY∗(s) and

E(s� ·), s ∈ R+, unit exponential random variables. Then, it is easy to derive
that Y ∗(s� ·) is indeed a continuous random variable with integrated hazard
ΘY∗(s), for given s ∈ R+.

We adopt the following corresponding causal interpretation. First, nature se-
lects an ω according to the model (Ω�F�P). Then we intervene and set s, and
thus ΘY∗(s) and E(s� ·).4 Nature does not re-randomize after our intervention,
so ω is fixed throughout the experiment. As the distribution of E(s� ·) is in-
variant to our choice of s, the potential integrated hazards ΘY∗(s) have a causal
interpretation. Note that this does not require invariance of the actual realiza-
tion E(s�ω). Indeed, we are not interested in the structure of E(s� ·) beyond
distributional invariance.5 Having established this, it is unnecessary and cum-
bersome to use notation that explicates the dependence of E on s and to carry
along the argument ω. We can simply specify Y ∗(s) :=Θ−1

Y∗(s)(E), with E a unit
exponential random variable, and focus our analysis on ΘY∗(s).6 If we have ran-
domized assignment and observe the distribution of Y conditional on S, then

4Note that this explicitly allows for randomness at the individual level like Freedman (2002)
and unlike, for example, Holland (1986).

5The joint distributions of {Y ∗} can only be determined if we make further assumptions on
the joint distributions of the process {E}. We would need these distributions to evaluate truly
counterfactual statements, notably those involving “causes of effects” (Dawid (2000)). Dawid
argues that any such assumptions are fundamentally untestable, except in the unlikely case that,
at least in principle, {E} can be fully determined by scientific inquiry.

6Measurability of Y ∗ is ensured by requiring that (s� e) �→ Θ−1
Y∗(s)(e) is measurable (again by

Billingsley (1995, Theorem 13.1)).
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ΘY∗(s) can be estimated using standard hazard regression techniques (see, e.g.,
Fleming and Harrington (1991)).

We are now ready to discuss more substantive dynamic issues. Heuristically,
θY∗(s)(y)dy is the probability that the outcome spell ends in a small interval
[y� y + dy), conditional on survival up to y and under treatment s. For each
treatment s ∈ R+, introduce a dynamic treatment indicator {Ns(y);0 ≤ y <∞}
such that Ns(y) = 0 if y < s and Ns(y) = 1 if y ≥ s. Then, {NS} is a count-
ing process that tracks the actual treatment status over time. An issue that is
central to a behavioral science like economics is the dynamic accumulation of
information concerning treatment by the individual. As a routine “consistency”
condition, biostatisticians typically impose that the outcomes up to some time
y only depend on the treatment history {Ns(u);0 ≤ u < y}, for a given assigned
treatment s ∈ R+ (Robins (1998) and Lok (2001)). A weak version of this con-
dition requires that hazard rates for any two treatments s� t ∈ R+ coincide al-
most everywhere up to the first of the two treatments, min{s� t}. This consis-
tency condition seems natural, by simply requiring that cause precedes effect.
However, in social sciences, individuals may act on knowledge of the moment
of realization of a future treatment. In such cases, individuals are said to antic-
ipate the treatment. We can therefore phrase our “consistency” condition as a
“no-anticipation” assumption.

ASSUMPTION 1 (No anticipation): For all s� t ∈ R+,

ΘY∗(s)(y)=ΘY∗(t)(y) for all y ≤ min{s� t}


Suppose that individuals are informed about the treatment time at the start
of the spell. If individuals act on this information and their actions affect out-
comes, the potential hazards corresponding to different treatments will diverge
from time 0 onwards. Similar but subtler patterns arise if individuals dynami-
cally accumulate treatment-specific information that strictly includes the actual
treatment history. An example is that the treatment time is revealed at some
fixed interval before the treatment time. If the econometrician only observes
the moment of the actual treatment, then in these cases the above assumption
is violated. Now one may argue that in such cases the real treatment (or, at
least, the first treatment) concerns the information shock rather than the ac-
tual exposure or participation, and that the real moment of treatment is the
moment at which the information about future actual exposure or participa-
tion arrives. Information shocks cannot be anticipated. This leads to a some-
what different interpretation of Assumption 1, namely that the econometrician
observes the real treatment.7

7If we observe the timing of all information shocks we can use a multiple-treatment extension
of our model that is not hard to envision.
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It is important to stress that Assumption 1 does not exclude that forward-
looking individuals act on properties of the treatment process. It only requires
that such effects are the same between interventions manipulating the future
treatment status. In that sense, the potential outcome part of our model is
a model for contrasting treatments for a given information structure. It does
not allow us to contrast outcomes to outcomes in a world without treatment.
One of the contributions of this paper is to make these problems explicit in a
dynamic setting.8

2.3. A Basic Nonidentification Result

So far we have assumed that the econometrician always observes S and
therefore {NS}. However, in many applications treatment is irrelevant and/or
unobserved if it occurs after the spell of interest has ended. From now on,
we explicitly entertain the possibility that we only observe the treatment his-
tory {NS(y);0 ≤ y < Y } realized at Y . Assume that S and {Y ∗} are such that
Pr(Y = S) = 0 (see also Assumption 2 below). In this case, a large data set
would provide

QS(y� s) := Pr(Y > y�S > s�Y > S) and
(1)

QY(y) := Pr(Y > y�Y < S)

for all (y� s) ∈ R
2
+. These are the sub-survival-functions of (Y�S) and Y for the

sub-populations with respectively Y > S and Y < S. So, we have the following
definition.

DEFINITION 1: Two causal model specifications ({Y ∗}� S) and ({Ỹ ∗}� S̃) are
observationally equivalent if (QS�QY) = (Q̃S� Q̃Y ), where Q̃S and Q̃Y are de-
fined by (1) for Ỹ := Ỹ ∗(S̃) and S̃.

Note that the distribution of the identified minimum of (Y�S), i.e. the small-
est of Y and S joint with the identity of this smallest duration, is fully character-
ized by (Q0

S�QY), with Q0
S(s) = QS(−∞� s) for all s ∈ R+ (Tsiatis (1975)). We

will occasionally exploit that our models of (QS�QY) embed competing risks
models for (Q0

S�QY ).
Now, first note that, under Assumption 1 and randomized assignment, ΘY∗(s)

can be identified from a standard hazard regression on the treatment history
alone. This does not require information on {NS(y);Y < y ≤ ∞}. We show in
the Appendix that any data pair (QS�QY) can be supported by a causal model

8Heckman, LaLonde, and Smith (1999) have addressed similar issues within the context of the
static binary-treatment potential outcome model. They differentiate between the no-treatment
outcome in a world with treatments and outcomes in a world without treatments.



TREATMENT EFFECTS IN DURATION MODELS 1499

specification that satisfies Assumption 1 and randomized assignment.9 This im-
plies the following proposition.

PROPOSITION 1: To each causal model specification ({Y ∗}� S) corresponds an
observationally equivalent specification ({Ỹ ∗}� S̃) that satisfies Assumption 1 and
randomized assignment ({Ỹ ∗} ⊥⊥ S̃).

Note that the “no-anticipation” assumption is made on the marginal distri-
butions of {Y ∗} whereas the “randomized-assignment” assumption is made on
the relation between S and {Y ∗}. One reason for failure of randomized assign-
ment can be that there are causal (in particular, anticipatory) effects of the
outcome on treatment assignment.

Proposition 1 provides two insights. First, without further structure, we can-
not distinguish between causal effects and spurious selection effects. This is
the standard selection problem. Second, we cannot distinguish between po-
tential outcome models with and without anticipation (as defined by Assump-
tion 1). This problem also haunts other methods for inference of treatment
effects but is rarely mentioned. Anticipation is often tacitly ruled out. Sub-
section 2.4 illustrates Proposition 1 by way of an example. Except for that
subsection, we assume throughout the remainder of the paper that Assump-
tion 1 is true, and we focus on separating causal and spurious effects. So, we
address the first nonidentification problem, but not the second. This requires
additional structure. We impose this by explicitly modelling selection effects
as related effects of vectors of observed covariates X and unobserved (to the
econometrician) covariates V on outcomes and assignment. To this end, de-
fine a continuously-distributed potential outcome Y †

sxv for each possible value
(s�x� v) of (S�X�V ). Similarly, let S†

xv be the random treatment time in the
case that we assign covariate values (x� v). The processes {Y †} and {S†} again
have to be measurable. For definiteness, we assume that there are no causal ef-
fects of S and Y on (X�V ). Consistency with the previous model setup requires
that Y ∗

s = Y †
sXV and S = S†

XV . The actual outcome is Y = Y †
SXV . We assume that

there is no anticipation: Assumption 1 holds for the integrated hazards of {Y †}
for all (x� v) in the support of (X�V ). In the sequel, it is understood that we
mean this slightly stronger assumption if we refer to Assumption 1.

Instead of randomized assignment we impose that all selection effects can
be captured by conditioning on (X�V ):

ASSUMPTION 2: {Y †}⊥⊥{S†}. The distribution of (Y †
S†
xvxv

� S†
xv) is absolutely con-

tinuous with respect to Lebesgue measure on R
2
+ for all (x� v) in the support of

(X�V ).

9Gill and Robins (2001) provide a related result for a different model.
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This is reminiscent of conditional-independence assumptions but also allows
for conditioning on unobserved covariates. The covariates (X�V ) should in-
clude all joint determinants of outcomes and assignment, including any infor-
mation that triggers relevant behavioral responses. Note that Assumption 2
excludes the trivial case where the covariates fully determine either the treat-
ment or the outcome. Thus, after controlling for (X�V ) there is always some
random variation left in both.

The restriction to time-invariant observed covariates is unnecessarily strong
for the exposition of the causal model and we could easily extend the analysis
to external time-varying covariates.10 However, in our identification analysis we
will only deal with time-invariant covariates, which is in line with most of the
literature on the identification of duration models (see Heckman and Taber
(1994), and Van den Berg (2001) for surveys). The main reason to restrict at-
tention to time-invariant observed covariates in this literature and our paper is
expositional convenience. Results by Honoré (1991) and Heckman and Taber
(1994) suggest that identification often benefits from any additional variation
of the observed covariates over time. In this sense, our analysis provides a base-
line that can be enriched by extensions to observed time-varying covariates.

It is more difficult to deal with time-varying unobserved covariates. We do
not deal with this except for the case where the covariate paths are common
within strata (see Section 4). We recognize that this imposes an important re-
striction on the model. After all, it is not hard to think of realistic examples with
time-varying unobserved covariates. It is a useful topic for further research to
study identification of models with such time-varying unobservables. In par-
ticular, instrumental variables (or, better, processes), if available, may enable
identification.

2.4. Example: The Effect of Time-varying Benefits on the
Unemployment Duration

In this subsection we illustrate the nonidentification result in Proposition 1
in the context of a specific economic-theoretical (job search) model frame-
work. The treatment is a reduction of the benefits level of an unemployed in-
dividual at time S, and the outcome Y is the unemployment duration. In the
first model version, individuals have perfect foresight concerning the realiza-
tion of S, whereas in the second model version they only know the stochastic
assignment rule. In other words, in the first version there is full anticipation
whereas in the second there is none. We demonstrate that the implied causal
models contain observationally equivalent causal model specifications. Note
that in both cases the researcher does not observe S unless it precedes Y .

10See Kalbfleisch and Prentice (1980, Section 5.3), Heckman and Taber (1994), and Abbring
(2001, Section 3.2) for discussions of external covariates in survival analysis.



TREATMENT EFFECTS IN DURATION MODELS 1501

Consider a standard partial search model describing an unemployed individ-
ual (e.g. Mortensen (1986)). Job offers arrive at a rate λ · e, where e≥ 0 is the
intensity of search and λ > 0 is a structural parameter. The corresponding flow
of search costs equals 1

2e
2. The wage offer distribution is degenerate at w. An

individual initially receives unemployment benefits equal to w while searching,
but these are reduced to b at time S. The individual maximizes her expected
lifetime income discounted at the rate ρ > 0. For expositional convenience we
impose that

λ=
√

2ρ+ 1
2(w− b)

(2)

throughout this section.
In the first model version, the individual knows her value s of S from the

outset. From the Bellman equations for the expected present value it can be
deduced that

θY∗(s)(y)=


2ρ
(2ρ+ 1)eρ(s−y) − 1

if 0 ≤ y ≤ s and

1 if y > s.
(3)

For each given s, θY∗(s) increases on [0� s) and is continuous at s. To further
facilitate the exposition, we assume that assignment is randomized. We take
S to have the density g(s) ∝ (2ρ + 1 − e−ρs)2e−s. Recall that the data can be
summarized by (QS�QY). It can be shown that

QS(y� s)= 2(ρ+ 1)(2ρ+ 1)
4ρ2 + 10ρ+ 5

(1 + max{0� y − s})e−max{y�s} and

QY(y)= 4ρ+ 3
4ρ2 + 10ρ+ 5

e−y


(4)

In the second model version, we assume that the benefits reduction arrives
at a constant rate (i.e. that S is exponentially distributed) and that assignment
is again randomized. The arrival rate of the benefits reduction is known to
the individuals, but an individual does not know her realization s of S in ad-
vance. Apart from this, the second model version is the same as the first model
version. In particular, the wage and initial benefits level w and the reduced
benefits level b are the same. We also use identical specifications of search
technologies and preferences, but we allow the discount rate ρ and the search-
technology parameter λ to be different between the model versions. We make
this explicit by using ρ and λ for the first model version only and by denot-
ing the corresponding parameters in the second model version by ρ̃ and λ̃,
respectively. The restriction in (2) is imposed on both sets of parameters. Note
that our intervention involves a manipulation of s without changing the hazard
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rate of S. From the Bellman equations it can be deduced that the hazard rate
θY∗(s)(y) is constant at some level below 1 before s and equals 1 after s.

For given w, b, and ρ, we can tailor the parameters of the second model
version so that it implies the data (QS�QY) in (4). In particular, let the arrival
rate of the benefits reduction in the second model version be 2(ρ + 1)(2ρ +
1)/(4ρ2 + 10ρ + 5). Then, for sufficiently large ρ we can pick a discount rate
0 < ρ̃ < ρ such that the second model version is observationally equivalent to
the first.11 For example, if w = 1, b = 1

2 , and ρ = 5%, then λ = 1
049 by (2) in
the first model version. An observationally equivalent model version without
anticipation follows if we choose a constant rate 0
419 of benefits reductions
and a discount rate ρ̃= 1
23%. In this model version, the hazard rate θY∗(s)(y)

jumps from 0
581 to 1 at s. By (2), λ̃= 1
012.

3. SINGLE-SPELL DATA

3.1. Model Framework

Single-spell data ideally provide the joint distribution of (Y� {NS(y);0 ≤ y <
Y }), conditional on observed covariates X . In obvious notation, suppose the
data come in the form of a collection {QS�QY } := {(QS(·|x)�QY(·|x));x ∈ X }
of conditional sub-survival functions. Here, X ⊂ R

k, 1 ≤ k < ∞, is the sup-
port of X . The results of Subsection 2.3 (applied for given values of X) im-
ply that Assumptions 1 and 2 are not sufficient to identify the causal model
from {QS�QY }. In this section, we show that the model is identified under ad-
ditional separability (proportionality) assumptions. For ease of exposition we
omit counterfactual indicators in the notation.

Assumption 2 implies that any dependence between Y and S conditional on
(X�V ) stems from causal effects of S on Y . Unobserved selection effects are
fully captured by the unobserved covariates V . So, it is convenient to specify

11To provide some intuition, note that θY∗(s)(y) at y < s cannot be identified from data with
S = s, because data on S are unavailable if Y < S. At the very best one can pin down the mixture
hazard rate∫ ∞

y

θY∗(s)(y)e−ΘY∗(s)(y)g(s)ds

/∫ ∞

y

e−ΘY∗(s)(y)g(s)ds

over the potential hazards corresponding to treatments s in [y�∞). In both model versions this
hazard rate equals

lim
dy↓0

Pr(y ≤ Y < y + dy|Y ≥ y� S ≥ y)

dy
≡ −Q′

Y (y)

Q0
S(y)+QY(y)

= 4ρ+ 3
4ρ2 + 10ρ+ 5

if we set ρ̃ equal to

32ρ4 + 96ρ3 + 88ρ2 + 24ρ− 1
2(4ρ+ 3)(4ρ2 + 10ρ+ 5)




This last expression is positive if ρ >− 3
4 + 1

4

√
3 + 1

4

√
2 ≈ 0
037.
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the model as a mixture of the joint distribution of (Y�S)|(X�V ) over the dis-
tribution of V |X . In turn, the joint distribution of (Y�S)|(X�V ) is the product
of the distributions of Y |(S�X�V ) and S|(X�V ). So, {QS�QY } is fully specified
by the following.

MODEL 1A: The hazard rates of Y |(S�X = x�V ) and S|(X = x�V ) are given
by

θY(t|S�x�V )=
{
λY(t)φY(x)VY if t ≤ S,
λY(t)φY(x)δ(t|S�x)VY if t > S,

(5)

and

θS(t|x�V )= λS(t)φS(x)VS�(6)

respectively. V is an R
2
+-valued random vector (VY �VS)

′ distributed with distribu-
tion G independent of x. The following regularity conditions and normalizations
hold.

(i) φY and φS are continuous functions φS : X → (0�∞) and φY : X →
(0�∞) such that φY(x

∗)=φS(x
∗)= 1 for some a priori chosen x∗ ∈X .

(ii) The functions λY : R+ → (0�∞) and λS : R+ → (0�∞) have integrals

ΛY(t) :=
∫ t

0
λY(τ)dτ <∞ and ΛS(t) :=

∫ t

0
λS(τ)dτ <∞

for all t ∈ R+. For some a priori chosen t∗ ∈ (0�∞), ΛY(t
∗)=ΛS(t

∗)= 1.
(iii) G is such that Pr(V ∈ (0�∞)2) > 0.
(iv) δ : R

2
+ ×X → (0�∞) is such that

∆(t|s�x) :=
∫ t

s

δ(τ|s�x)dτ <∞ and

Υ(t|s�x) :=
∫ t

s

λY (τ)δ(τ|s�x)dτ <∞

exist and are continuous on {(t� s) ∈ R
2
+ : t > s} ×X .

Equations (5) and (6) have mixed proportional hazard (MPH) specifications,
except for the factor involving δ. An assumption implicit in equation (5) is that
Y ⊥⊥ VS|(S�X�VY). Similarly, equation (6) embodies the assumption that S ⊥⊥
VY |(X�VS). One could say that VY captures the “unobserved heterogeneity” or
“frailty” in Y and VS captures the unobserved determinants of S.12 In applied

12Here, VY and VS are not necessarily interpreted as unobserved covariates (as in Subsec-
tion 2.3) but rather as their (proportional) effects on the conditional hazards.
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duration analysis, it is common to specify φi(x)= exp(x′βi), so that the hazard
function is multiplicative in all separate elements of x. Note that we allow the
elements in X to be discrete and/or continuous.

Conditional on (X�V ), the variables Y and S are only dependent through
δ(t|S�X). Thus, by Assumption 2, this factor can be given a causal interpre-
tation as the “treatment effect” of S on Y . Note that δ(t|s�x) only enters
θY(t|S�x�V ) at durations t > S. So, Model 1a satisfies Assumption 1.13 If δ= 1,
treatment is ineffective. On the other hand, suppose that δ equals some con-
stant larger than one. When S is realized, θY increases by (δ− 1) · 100%. This
stochastically reduces the remaining outcome duration in comparison to the
case where the treatment is given at a later point of time. More generally,
Model 1a allows the treatment effect to depend on elapsed duration t, the
treatment time S, and the observed covariates X . By implication, it may vary
with the time t− S since treatment. If the treatment itself takes some time, the
effect of t − S may for instance capture a low exit rate during treatment. In
Subsection 3.3, we discuss an alternative model that allows δ to depend on a
third unobserved component but not on the treatment time.

The functions λY and λS are called the “baseline hazards.” The correspond-
ing hazard rates are said to be duration dependent if the functions λY and
λS are nontrivial. The functions ΛY , ΛS, and Υ appear naturally whenever
we integrate the hazard rates over their first (duration) argument. We do not
require that limt→∞ ΛY(t) = ∞, limt→∞ΛS(t) = ∞, or limt→∞Υ(t|s�x) = ∞.
This means we allow for Pr(Y = ∞) > 0 and Pr(S = ∞) > 0, which is impor-
tant in many applications. Also, we allow VY and VS to have mass points at 0,
which entails that some subjects have a hazard rate θY(t|S�x�V ) identically
equal to zero and/or θS(t|x�V ) ≡ 0. In the latter case, a mass of individuals
never receives treatment. Note that we allow for two sources of defectiveness
(see Abbring (2002) for discussion).14

3.2. Identification

The components of Model 1a that can be freely varied are ΛY , ΛS , φY , φS ,
∆, and G (we take the support X of X as given). If we specify each of these
components, we have fully pinned down the data {QS�QY }. Our identification
analysis is nonparametric in the sense that we allow each of the model compo-
nents to vary in infinite-dimensional function spaces, restricted by the regular-
ity conditions of Subsection 3.1 and some additional assumptions. Let M be

13This also ensures that the stochastic process Pr(Y ≤ t|S�X�V ) is measurable with respect to
σ({NS(s);0 ≤ s < t}�X�V ) and Pr(Y ≤ t|S�X�V )= Pr(Y ≤ t|{NS(s);0 ≤ s < t}�X�V ). We may
therefore apply the conventional exponential representation of the survivor function (Fleming
and Harrington (1991)).

14Model 1a and the analysis below can be straightforwardly extended with causal effects of the
outcome on the treatment, introducing the mirror image of δ in equation (6). In applications of
this, one typically observes not only {QS�QY }, but the full joint distribution of (Y�S)|X . This is
needed to identify causal effects in both directions.



TREATMENT EFFECTS IN DURATION MODELS 1505

the collection of all (ΛY�ΛS�φY�φS�∆�G) that are admissible under a given
set of assumptions. We simply refer to M as the “model” (under a given set
of assumptions and for a given structure as in Model 1a) and to each M ∈ M
as a “specification” of the model. Each specification M ∈M maps into exactly
one data collection {QS�QY }. By analogy to Definition 1, two specifications
M�M̃ ∈M are said to be observationally equivalent if the corresponding data
{QS�QY } and {Q̃S� Q̃Y } are equal. Thus, we have the following definition.

DEFINITION 2: A model M is identified (from {QS�QY }) if observational
equivalence of any two specifications M�M̃ ∈M implies that M = M̃ .

If M is identified, then we also say that the components ΛY , et cetera, are
identified.

Recall that, in the case of Model 1a, ∆ is only defined, and only needs to
be identified, on {(t� s) ∈ R

2
+ : t > s} × X . Once we know ∆, we can identify

δ(t|s�x) for almost all t > s, for all s ∈ R+ and x ∈ X . This covers the relevant
area, as δ(t|s�x) only enters the model through the factor δ(t|S�x)NS(t−). Also
note that concerning the effects of x we focus on nonparametric identification
of the maps φY and φS . In practice, one may start off with a parametric spec-
ification of, for example, φY and require that all parameters can be recovered
from its graph {(x�φY(x));x ∈ X }. In the case where φY(x) is log-linear in
x′βi, this requires that X is not contained in a proper linear subspace of the
k-dimensional Euclidian space R

k.
Now, consider the following assumptions.

ASSUMPTION 3: {(φY(x)�φS(x));x ∈X } contains a nonempty open set in R
2.

ASSUMPTION 4: E[VY ]<∞ and E[VS]<∞.

Note that Assumption 3 does not impose exclusion restrictions on the struc-
tural components of the hazards, but does require independent variation in
these components. If k = 2, φY(x) = exp(x′βY), and φS(x) = exp(x′βS) for
some βY and βS such that (βY βS) has full rank, then it is sufficient that X
contains a nonempty open set in R

2. Assumption 4 is a common assumption in
the analysis of single-spell duration data with MPH-type models (e.g. Elbers
and Ridder (1982)).

The identification analysis in this section exploits that Model 1a embeds a
competing risks model for the distribution {Q0

S�QY } of the identified minimum.
This embedded model is a standard MPH competing risks model that does
not involve the treatment effect δ. Conditional on the observed covariates X ,
the competing risks are only dependent through the unobserved covariates V .
Heckman and Honoré (1989) study the identifiability of similar competing risk
models. Here, we rely on the following result of Abbring and Van den Berg
(2003).
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PROPOSITION 2: Under Assumptions 3 and 4, ΛY , ΛS , φY , φS , and G in
Model 1a are identified from {Q0

S�QY }.

This leads to the main result.

PROPOSITION 3: Under Assumptions 3 and 4, ΛY , ΛS , φY , φS , ∆, and G in
Model 1a are identified from {QS�QY }.

The proof of this proposition provides some intuition on what drives the
identification of the treatment effect. Consider individuals who receive a treat-
ment at s. The natural control group consists of individuals whose spells have
not ended at s and who have not yet received a treatment. A necessary con-
dition for a meaningful comparison of these groups is that there is some ran-
domization in the treatment assignment at s. The model allows for such ran-
domization because we specify assignment by way of the hazard rate of S. The
integrated hazard rate

∫ S

0 θS(τ|x�V )dτ has a unit exponential distribution in-
dependently of (x�V ) (see, e.g., Ridder (1990) and Horowitz (1999)). Thus,
there is a random component in the assignment that is independent of (x�V ).
This component affects Y only by way of the treatment.15 However, the pres-
ence of this component is not sufficient for a meaningful comparison. We still
have to deal with a selection effect: the unobserved heterogeneity distribution
is different between the treatment and control groups at s. This can be cor-
rected by exploiting the information in the competing risks part of the data.
The competing risks part of the model determines the distribution of VY in the
two groups at s and the competing risks part of the data enables the identifica-
tion of this.

The results in our companion paper, Abbring and Van den Berg (2002b),
provide some additional intuition for the case of a constant treatment effect δ.
We show that single-spell data are informative on the sign of ln(δ) even if
there is no variation in X . If treatment and outcome are typically realized very
quickly after each other, no matter how long the elapsed duration in the state
of interest before the treatment, then this is evidence of a positive causal treat-
ment effect. The selection effect does not give rise to the same type of quick
succession of events. If there is no such pattern but yet there is a correlation
between the points in time of treatment and outcome, then this is evidence
of a dominating selection effect. Somewhat loosely, local dependence indi-
cates a causal effect whereas global dependence indicates a selection effect.

15It is tempting to interpret this random component in terms of the randomness of the outcome
of S at t that remains if the hazard rate θS(t|x�V ) at t is specified. Consider an individual who
has not yet been given a treatment and whose spell has not yet ended, at t. Basically, in a small
time interval [t� t + dt), the probability of treatment is θS(t|x�V )dt, and the probability of no
treatment is 1−θS(t|x�V )dt. This is a Bernoulli trial. Given the value of θS(t|x�V )dt, its outcome
is completely random.
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This is not surprising given that the treatment only works after it has been re-
alized, whereas the unobserved heterogeneity values affect the hazard rates
everywhere. This illustrates the usefulness of the information on the timing of
events to assess treatment effects. There is a similarity to the identification
of MPH models with exogenous time-varying explanatory variables (Honoré
(1991)).

Further evidence is provided by a comparison to the identification of the
treatment effect in standard latent variable models with a regression specifica-
tion for the outcome of interest, a binary treatment indicator, and a regression
specification for a corresponding latent variable (Abbring and Van den Berg
(2002a)). By analogy to Ridder (1990) and Horowitz (1999), the distributions
of Y |(S�X�V ) and S|(X�V ) in our Model 1a can be written in a regression
form. The most fundamental difference between our model and latent vari-
able models concerns the fact that the former incorporates the timing of the
treatment whereas the latter do not. It is generally acknowledged that an exclu-
sion restriction is required for identification of the treatment-effect parameter
in latent variable models. Since we do not need exclusion restrictions to iden-
tify our model, it follows that the information on the timing of treatment is very
useful.

3.3. Heterogeneous Treatment Effects

Model 1a excludes unobserved heterogeneity in the treatment effect. Recent
contributions to the literature on treatment evaluation are often concerned
with treatment effects that may depend on unobservables (see, e.g., Heck-
man, LaLonde, and Smith (1999) for a survey). The following model allows
δ to depend on unobservables, but, unlike Model 1a, excludes variation of δ
with S.

MODEL 1B: The hazard rates of Y |(S�X = x�V ) and S|(X = x�V ) are given
by

θY(t|S�x�V )=
{
λY(t)φY(x)VY if t ≤ S,
λ∆(t)φ∆(x)V∆ if t > S,

(7)

and

θS(t|x�V )= λS(t)φS(x)VS�(8)

respectively. V is now a R
3
+-valued random vector (VY �V∆�VS)

′ distributed with
distribution G∆ independent of x. The relevant regularity conditions and normal-
izations of Model 1a hold and:

(i) φ∆ :X → (0�∞) is a continuous function such that φ∆(x
∗)= 1 for some

a priori chosen x∗ ∈X ;
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(ii) the function λ∆ : R+ → (0�∞) has an integral

Λ∆(t) :=
∫ t

0
λ∆(τ)dτ <∞

for all t ∈ R+; for some a priori chosen t∗ ∈ (0�∞), Λ∆(t
∗)= 1;

(iii) G∆ is such that Pr(V ∈ (0�∞)3) > 0.

The treatment effect,

δ(t|x�VY �V∆) := λ∆(t)φ∆(x)V∆

λY (t)φY (x)VY

�

indeed depends on unobservables, but not on S. Note that δ is only well-
defined for VY > 0 here. We could use the point ∞ to represent the case VY = 0
but, instead, we focus directly on identification of λY , λ∆, φY , φ∆, and G∆.

First, note that Model 1b embeds the same MPH competing risks model
as Model 1a, so that Proposition 2 again applies. We need some additional
assumptions.

ASSUMPTION 5: {φ∆(x);x ∈X } contains a nonempty open interval in R.

ASSUMPTION 6: E[V∆VS]<∞.

These new assumptions are simply standard MPH assumptions (e.g. Elbers
and Ridder (1982)) on the embedded model for (Y −S)|(S�Y > S�X = x�V ).
After all, this is a MPH model with hazard λ∆(y)φ∆(x)V∆ at time y − S
(since S). The finite-mean Assumption 6 applies to V∆VS rather than V∆ be-
cause of the conditioning on S.

PROPOSITION 4: Under Assumptions 3–6, ΛY , Λ∆, ΛS, φY , φ∆, φS , and G∆ in
Model 1b are identified from {QY�QS}.

The results in this section require separability assumptions, independence of
X and V , sufficient variation in the observed covariates, and finiteness of the
means of V . Although it is common to make such assumptions in applied du-
ration analysis, they are sometimes hard to justify (see, for example, Van den
Berg (2001)). To deal with this, we extend our analysis in two directions. In the
next subsection we show that observed covariates, and most of the assumptions
above, are not needed for identification if we have multiple-spell data. In Ab-
bring and Van den Berg (2002b) we show that single spells are informative on
aspects of δ and G even if there is no variation in X .
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4. IDENTIFICATION IN THE CASE OF MULTIPLE-SPELL DATA

4.1. Multiple-spell Data

In this section, we study identification from data that cover multiple outcome
and treatment spells for each individual. We focus on the case in which the data
provide information on the distribution of two full spells over the population of
individuals. The extension to more than two spells is trivial. Actually, the use of
the term “individual” is not very appropriate here, because the setup includes
cases in which physically different individuals share the same value of V and
we observe one duration for each of these individuals. It is convenient to refer
to either such a group of individuals or a single individual for which we have
multiple spells as a stratum. For each stratum, we observe a random draw from
the joint distribution of (Y1� {NS1(y);0 ≤ y < Y1}�Y2� {NS2(y);0 ≤ y < Y2}).
We add subscripts 1 and 2 to random variables and functions corresponding to
respectively spell 1 and 2 in a stratum. So, Y1 is the outcome duration in the
first spell, Y2 the outcome duration in the second spell in a stratum, et cetera.
By analogy to (1), the multiple-spell data distribution can be characterized by

QSS(y1� y2� s1� s2) := Pr(Y1 > y1�Y2 > y2� S1 > s1� S2 > s2� Y1 > S1�Y2 > S2)�

QYS(y1� y2� s2) := Pr(Y1 > y1�Y2 > y2� S2 > s2� S1 >Y1�Y2 > S2)�

QSY (y1� y2� s1) := Pr(Y1 > y1�Y2 > y2� S1 > s1� Y1 > S1� S2 >Y2)

and
QYY(y1� y2) := Pr(Y1 > y1�Y2 > y2� S1 >Y1� S2 >Y2)

for all (y1� y2� s1� s2) ∈ R
4
+. Throughout this section we suppress observed co-

variates. The identification results do not require variation in observed covari-
ates. Moreover, the model allows for full interaction of such covariates with
all other determinants. All results can be interpreted as being conditional on
observed covariates.

As with linear panel data, the fact that we observe multiple outcomes for
given unobserved heterogeneity values can be exploited to deal with unob-
served heterogeneity under conditions that are mild relative to the single-
spell (i.e. cross-sectional) case. Intuitively, we need some separability of the
outcome hazards, in treatment effect and unobserved covariate components.
Then, if the unobserved components are constant between spells in a stratum,
variation between spells and within strata can be used to control for selection
effects and identify the treatment effects.

In the next subsection, we study the multiple-spell analogues of Models 1a
and 1b. These models allow for different baseline hazards and treatment ef-
fects between spells within a stratum, but have multiplicative unobserved het-
erogeneity in the hazards. In the vein of the literature on identification of
multiple-spell duration models (Honoré (1993)), we explore identifiability of
fully specified bivariate models. In Subsection 4.3, we focus on identification
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of the treatment effect in models that only specify the conditional distribution
of the outcome spells. Stratified partial likelihood (SPL) arguments are ap-
plied to prove identification of the treatment effects in a model that allows for
interactions between duration effects and unobserved heterogeneity.

4.2. Identification of the Full Model

Consider the following multiple-spell analogues of Models 1a and 1b:

MODEL 2A: Multiple spells within a stratum are only dependent through the
covariates V , i.e. (Y1� S1)⊥⊥ (Y2� S2)|V . The hazard rates of Yk|(Sk�V ) and Sk|V
are

θYk(t|Sk�V )=
{
λYk(t)VY if t ≤ Sk,
λYk(t)δk(t|Sk)VY if t > Sk, and

θSk(t|V )= λSk(t)VS (k= 1�2)�

respectively. V := (VY �VS) has distribution G. Regularity conditions as in Model 1a
apply. For some a priori chosen t∗ ∈ (0�∞), ΛY1(t

∗) = ΛS1(t
∗) = 1 (in obvious

notation).

MODEL 2B: Same as Model 2a except that

θYk(t|Sk�V )=
{
λYk(t)VY if t ≤ Sk,
λ∆k(t)V∆ if t > Sk, (k= 1�2)�

and V := (VY �V∆�VS) has distribution G∆. For some a priori chosen t∗ ∈ (0�∞),
Λ∆1(t

∗)= 1.

The first line excludes any causal effects across different spells within a
stratum. Outcomes and treatments may be related between spells, but only
through common unobservable components. The normalizations are innocu-
ous because the unobserved covariates can capture the scale of first-period haz-
ards. In both models, the same unobservables enter the first and second period
hazards multiplicatively. This suggests that we can exploit the panel structure
of the data, even though the baseline hazards and treatment effects are not
specified to be the same in the first and second spell of a stratum. Indeed, we
have the following result.

PROPOSITION 5: ΛY1 , ΛY2 , ΛS1 , ΛS2 and, respectively, ∆1, ∆2, and G in
Model 2a and Λ∆1 , Λ∆2 , and G∆ in Model 2b are identified from (QSS�QYS�
QSY �QYY).

The proof exploits that both models embed a two-spell version of the com-
peting risks model with hazards that are proportional in V and t. Abbring and
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Van den Berg (2003) show that ΛY1 , ΛY2 , ΛS1 , and ΛS2 (but not G) in Model 2a
or 2b are identified. Unlike the single-spell case, we do not invoke a competing
risks result that also provides identification of G. This would impose additional
conditions on the model that we can circumvent here by exploiting the addi-
tional (non-competing-risk) information in (QSS�QYS�QSY �QYY ).

Note that we do not need finite E[V ]. Also, recall that we implicitly allow
observed covariates X to enter the model in a general way. We could add X as
an argument to each of the model components in Models 2a and 2b and allow
V and X to be dependent. The gain (in terms of identification) from using
multiple-spell data is similar to the gain from using such data for MPH models
without treatment effects (Honoré (1993)).

4.3. Identification and Estimation from a Stratified Partial Likelihood

The results in the previous subsection show that multiple-spell data allow for
robust inference on the treatment effects under the assumption of proportional
unobserved heterogeneity common within strata. In panel regression models
with individual-specific effects, a “within estimator” can be used to estimate the
regression parameters. This analogy suggests an analysis of the multiple-spell
model of Y |(S�V ) only, i.e. without specifying the marginal distribution of
(S�V ). In this subsection, we analyze identification of treatment effects in such
a conditional model. The analysis is based on a Cox (1972) partial likelihood
for stratified data.16

First, we adapt the notation. The SPL method allows for general interactions
between time and unobserved covariates. Therefore, we replace VY by a (for
now) stochastic process {VY }. It is implicitly understood that {VY } replaces VY

in V . We have the following model.

MODEL 2C: Multiple outcome spells within a stratum are only dependent
through the covariates V and related treatments S1 and S2, i.e. Y1 ⊥⊥ (Y2� S2)|
(S1� V ) and Y2 ⊥⊥ (Y1� S1)|(S2� V ). The hazard rate of Yk|(Sk�V ) is

θYk(t|Sk�V )=
{
λYk(t)VY (t) if t ≤ Sk,
λYk(t)δk(t|Sk)VY (t) if t > Sk, (k= 1�2)


Regularity conditions as in Model 1a apply. In particular λYk(·)VY(·) is (pathwise)
integrable on bounded intervals. We normalize λY1 = 1.

16The analysis of a partial likelihood for stratified data was pioneered by Holt and Prentice
(1974). See Ridder and Tunalı (1999) for an econometric SPL application with ample attention
for practical problems like censoring. In medical science, SPL methods have been applied in a
similar context in so-called “co-twin control” analyses of mortality (see Lichtenstein, Gatz, and
Berg (1998)).
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The unobserved heterogeneity {VY } only enters hazard rates at t through its
current value VY (t). It is crucial that {VY } is the same between the spells in
a stratum. The spell-specific baseline hazards λY1 and λY2 allow for different
duration dependence patterns between the spells. The normalization λY1 = 1
is innocuous, as {VY } can absorb the duration dependence and scale of θY1 .

Let Y(1) := min{Y1�Y2} be given. Intuitively, the probability that, say, the
first spell in the stratum is the shortest, i.e. Y1 = Y(1), does not depend on the
factor {VY } that is common between the spells in the stratum. It only depends
on the duration dependence factor λY2 and the treatment effects, which may
be different between the spells if the treatment histories {NS1(τ);0 ≤ τ < Y(1)}
and {NS2(τ);0 ≤ τ < Y(1)} are. Formally,

Pr(Y1 = Y(1)|Y(1)� {NS1(τ);0 ≤ τ < Y(1)}� {NS2(τ);0 ≤ τ < Y(1)}� V )(9)

= δ1(Y(1)|S1)
NS1

(Y(1)−)

δ1(Y(1)|S1)
NS1

(Y(1)−) + λY2(Y(1))δ2(Y(1)|S2)
NS2

(Y(1)−)

=



1
1 + λY2(Y(1))

if S1� S2 >Y(1),

δ1(Y(1)|S1)

δ1(Y(1)|S1)+ λY2(Y(1))
if S1 <Y(1) < S2,

1
1 + λY2(Y(1))δ2(Y(1)|S2)

if S1 >Y(1) > S2,

δ1(Y(1)|S1)

δ1(Y(1)|S1)+ λY2(Y(1))δ2(Y(1)|S2)
if S1� S2 <Y(1).

The right-hand side does not depend on V . Indeed, the only unknown com-
ponents are the second-period baseline hazard, which captures the duration-
dependence difference between spells, and the treatment effects. For the first
sub-population of strata in (9), with S1� S2 > Y(1), the only reason the spells
may not be equally likely to be the shortest is a difference in the baselines
at Y(1). Treatment effects are irrelevant because in both spells treatment has
not started at time Y(1). The second and third sub-populations are directly in-
formative on the treatment effects as the treatment status of the spells at Y(1)

is different. Finally, the strata in which S1� S2 <Y(1) provide some more diffuse
information on the parameters because the treatment effect enters for both
spells.

Because V does not enter the right-hand side of (9), the same expression
is valid for Pr(Y1 = Y(1)|Y(1)� {NS1(τ);0 ≤ τ < Y(1)}� {NS2(τ);0 ≤ τ < Y(1)}),
which follows from data. So, we can first identify ΛY2 from data on the first
sub-population of strata and then ∆1 and ∆2 from the second and third sub-
populations, respectively. So, we have the following result.
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PROPOSITION 6: ΛY2 , ∆1, and ∆2 in Model 2c are identified from (QSS�QYS�
QSY �QYY ).

Equation (9) has obvious implications for estimation.

5. CONCLUSION

In this paper we have analyzed the effect of a dynamically assigned binary
treatment on a duration outcome. At the core of our analysis is a basic noniden-
tification result: (i) no anticipation and (ii) randomized treatment assignment
can be imposed without restricting the observational data. Throughout the pa-
per, we have taken the no-anticipation assumption to be fundamental. Cases
in which agents are provided with and act on information on future treatments
can be handled in a multiple-treatment extension of our framework in which
both the actual treatment and information shocks are modelled as treatments.

The paper thus focuses on identifiability of the effects of a single binary
treatment under the no-anticipation assumption, but allowing for general un-
observed selectivity in the assignment process. We show that, under some sep-
arability assumptions, the (possibly heterogeneous) treatment effect is identi-
fied from single-spell data without the need to rely on exclusion restrictions,
conditional independence, parametric functional-form assumptions, or multi-
ple observations on the same individual. These results show that the timing of
events conveys useful information on the treatment effect. In a companion pa-
per (Abbring and Van den Berg (2002b)), we develop simple procedures for
assessing the direction of the treatment effect that exploit this idea.

With multiple-spell data, the model is identified under even weaker condi-
tions. In particular, we do not need some of the separability assumptions that
are important for identifiability with single-spell data.
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APPENDIX

PROOF OF PROPOSITION 1: Take some (Y�S) and the corresponding (QS�QY) as given. By
Miller (1977, Theorem 1), there exists a (Ŷ � Ŝ) such that Ŝ ⊥⊥ Ŷ , Q̂0

S = Q0
S , and Q̂Y = QY . (This

theorem extends the nonidentification results by Cox (1959, 1962) and Tsiatis (1975) for continu-
ous competing risks models to general mixed discrete-continuous models.) Let

ΘỸ∗(s)(y) :=
{
ΘŶ (y) if 0 ≤ y ≤ s,
ΘŶ (s)− ln[Pr(Y > y|Y > s�S = s)] if y > s.
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Let E be a unit exponential random variable such that E⊥⊥ Ŝ. Set S̃ = Ŝ, Ỹ ∗(s)=Θ−1
Ỹ∗(s)(E) for all

s ∈ R+ and Ỹ = Ỹ ∗(S̃). Clearly, {Ỹ ∗} satisfies Assumption 1 and {Ỹ ∗} ⊥⊥ S̃. Direct computations
confirm that ({Ỹ ∗}� S̃) is observationally equivalent to ({Y ∗}� S). In particular, it is easy to check
that Q̃Y = Q̂Y and Q̃0

S = Q̂0
S , so that Q̃Y =QY and Q̃0

S =Q0
S by construction. Q.E.D.

PROOF OF PROPOSITION 3: By Proposition 2, ΛY , ΛS , φY , φS , and G are identified from
{Q0

S�QY }. For fixed x ∈ X ,

∂QS(y� s|x)
∂s

=φS(x)λS(s)L(S)
G (φY(x)[ΛY (s)+Υ(y|s� x)]�φS(x)ΛS(s))(10)

for all y ∈ R+ and almost all s ∈ R+ such that s < y . LG is the bivariate Laplace transform of G,

LG(z1� z2) :=
∫ ∞

0

∫ ∞

0
exp(−z1vY − z2vS)dG(vY � vS)

and L(S)
G (z1� z2) := ∂LG(z1� z2)/∂z2 for all (z1� z2) ∈ (0�∞)2. For given s and x, the right-hand

side of (10) is a strictly increasing and identified function of Υ(y|s� x). This identifies Υ(y|s� x)
and therefore

∆(y|s� x) =
∫ y

s

∂Υ (τ|s� x)/∂τ
λY (τ)

dτ

for all x ∈ X and all y� s ∈ R+ such that s < y (using continuity). Q.E.D.

PROOF OF PROPOSITION 4: By Proposition 2, ΛY , ΛS , φY , and φS are identified from
{Q0

S�QY }. For fixed x ∈ X , ∂2QS(y� s|x)/∂y∂s and ∂2QS(y� s|x∗)/∂y∂s exist for almost all y� s ∈ R+
such that s < y . For these (y� s)

∂2QS(y� s|x)/∂y∂s
∂2QS(y� s|x∗)∂y∂s

(11)

=φS(x)φ∆(x)
L(∆S)
G∆

(φY(x)ΛY (s)�φ∆(x)(Λ∆(y)−Λ∆(s))�φS(x)ΛS(s))

L(∆S)
G∆

(ΛY (s)�Λ∆(y)−Λ∆(s)�ΛS(s))



LG∆
is the trivariate Laplace transform of the distribution G∆ of (VY � V∆� VS) and L(∆S)

G∆
(z1� z2� z3)

:= ∂2LG∆
(z1� z2� z3)/∂z2∂z3 for all (z1� z2� z3) ∈ (0�∞)3. Letting y ↓ 0 and s ↓ 0, both sides of (11)

above reduce to φS(x)φ∆(x) because E[V∆VS] = limz↓(0�0�0)L(∆S)
G∆

(z) < ∞. As we have identified
φS and the left-hand side consists of data, this identifies φ∆.

Again for arbitrary x ∈ X and y� s ∈ R+ such that s < y ,

∂QS(y� s|x)/∂s
λS(s)φS(x)

= L(S)
G∆
(φY(x)ΛY (s)�φ∆(x)

(
Λ∆(y)−Λ∆(s))�φS(x)ΛS(s)

)
�(12)

with L(S)
G∆
(z1� z2� z3) := ∂LG∆

(z1� z2� z3)/∂z3. Note that the left-hand side of this equation is al-
ready identified. As s ↓ 0, the right-hand side reduces to

L(S)
G∆
(0�φ∆(x)Λ∆(y)�0)
(13)

After imposing y = t∗, we can identify the completely monotone function −L(S)
G∆
(0� ·�0) on a

nonempty open set in R by appropriately varying x in (13). This identifies −L(S)
G∆
(0� z�0) for all z ∈

(0�∞) because of the real analyticity of −L(S)
G∆
(0� ·�0) (see below). Subsequently, Λ∆ is identified

from (13), because the right-hand side is strictly monotone in Λ∆ .
Finally, by appropriately varying x and y in equation (12), we can trace L(S)

G∆
on a nonempty

open subset of R
3. This identifies L(S)

G∆
on (0�∞)3 because −L(S)

G∆
is real analytic. A proof of these
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statements is in a 2000 working paper version of this paper and is available upon request. With
LG∆

(0�0�0)= 1, this identifies LG∆
. Q.E.D.

PROOF OF PROPOSITION 5: By Abbring and Van den Berg (2003), ΛY1 , ΛS1 , ΛY2 , and ΛS2 are
identified.

(i) For Model 2a, define Υk(y|s) := ∫ y

s
λYk (τ)δk(τ|s)dτ, k= 1�2. Note that

ΛY2(t
∗)

{∫ t∗

0

[∫ y

s

∂2[QSY (τ� t� s)+QSS(τ� t� s� t)]/∂τ∂s
∂2QSY (τ� t� s)/∂s∂t

dτ

]−1

dt

}−1

= Υ1(y|s)


Because we know ΛY2(t
∗) and ΛY1 , this identifies ∆1. Similarly, we can identify Υ2 and ∆2 from

QYS and QSS .
Now, consider

∂[QSY (y�0� s)+QSS(y�0� s�0)]/∂s
λS1(s)

= L(S)
G (ΛY1 (s)+Υ1(y|s)�ΛS1 (s))�

for y > s. As we know ΛY1 , ΛS1 and Υ1, we can find a nonempty open set in R
2 on which we know

L(S)
G . The function −L(S)

G is real analytic, so this determines L(S)
G on (0�∞)2 (recall the discussion

in the proof of Proposition 4). Together with LG(0�0)= 1, this identifies LG.
(ii) For Model 2b, t1� s1 ∈ R+ such that s1 < t1 and t2� s2 ∈ R+ such that s2 < t2,∫ t1

s1

[∫ t2

s2

∂3QSS(y1� y2� s1� s2)/∂s1∂s2∂y2

∂3QSS(y1� y2� s1� s2)/∂s1∂s2∂y1
dy2

]−1

dy1 = Λ∆1 (t1)−Λ∆1 (s1)

Λ∆2 (t2)−Λ∆2 (s2)



Setting s1 = s2 = 0 and consecutively t1 = t∗ and t2 = t∗ identifies Λ∆2 and Λ∆1 . Identification of
G∆ follows as under (i). Q.E.D.
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