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Abstract

Given any observed demand behavior by means of a demand function, we quantify by
how much it departs from rationality. Using a recent elaboration of the “almost implies near”
principle, the measure of the gap is the smallest norm of the correcting matrix function that
would yield a Slutsky matrix with its standard rationality properties (symmetry, singularity,
and negative semidefiniteness). A useful classification of departures from rationality is
suggested as a result. Variants, examples, and applications are discussed, and illustrations
are provided using several bounded rationality models.
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1 Introduction

The rational consumer model has been at the heart of most theoretical and applied work in
economics. In the standard theory of the consumer, this model has a unique prediction in the
form of a symmetric, singular, and negative semidefinite Slutsky matrix. In fact, any demand
system that has a Slutsky matrix with these properties can be viewed as being generated as the
result of a process of maximization of some rational preference relation. Nevertheless, empirical
evidence often derives demand systems that conflict with the rationality paradigm. In such
cases, those hypotheses (e.g., symmetry of the Slutsky matrix) are rejected. These important
findings have given rise to a growing literature of behavioral models that attempt to better fit
the data.

At this juncture three related questions can be posed in this setting:

e (i) How can one measure the distance of an observed demand behavior —demand function—

from rationality?

e (ii) How can one compare and classify two behavioral models as departures from a closest

rational approximation?

e (iii) Given an observed demand function, what is the best rational approximation model?
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The aim of this paper is to provide a tool to answer these three questions in the form of a Slutsky
matrix function norm, which allows to measure departures from rationality in either observed
Slutsky matrices or demand functions. The answer, provided for the class of demand functions
that are continuously differentiable, sheds light on the size and type of bounded rationality that
each observed behavior exhibits.

Our primitive is an observed demand function. To measure the gap between that demand
function and the set of rational behaviors, one can use the “least” distance and try to identify
the closest rational demand function. This approach presents serious difficulties, though. Leav-
ing aside compactness issues, which can be addressed under some regularity assumptions, the
solution would require solving a challenging system of partial differential equations. Lacking
symmetry of this system, an exact solution may not exist, and one needs to resort to approxi-
mation or computational techniques, but those are still quite demanding.

We take an alternative approach, based on the calculation of the Slutsky matrix function of
the observed demand. We pose a matrix nearness problem in a convex optimization framework,
which permits both a better computational implementability and the derivation of extremum
solutions. Indeed, we attempt to find the smallest correcting additive perturbation to the ob-
served Slutsky matrix function that will yield a matrix function with all the rational properties
(symmetry, singularity with the price vector on its null space, and negative semidefiniteness).
We use the Frobenius norm to measure the size of such additive factor. Using Anderson (1986)
“almost implies near” (AN) principle and its recent elaboration, developed by Boualem and
Brouzet (2012), we establish that for every approximation of rational behavior (i.e., the ob-
served demand function being “almost” rational), there exists a rational demand function such
that the two Slutsky matrix functions are also close (“near” symmetry, singularity, and NSD).
This result allows us to use the Frobenius norm of the correcting factor added to the Slutsky
matrix function as the “size” of the observed departure from rationality.

We provide a closed-form solution to the matrix nearness problem just described. Interest-
ingly, the solution can be decomposed into three separate terms, whose intuition we provide

next. Given an observed Slutsky matrix function,

e (a) the norm of its anti-symmetric or skew symmetric part measures the “size” of the

violation of symmetry;

e (b) the norm of the smallest additive matrix that will make the symmetric part of the

Slutsky matrix singular measures the “size” of the violation of singularity; and

e (c) the norm of the positive semidefinite part of the resulting corrected matrix measures

the “size” of the violation of negative semidefiniteness.

Our main result shows that the “size” of bounded rationality, measured by the Slutsky matrix
norm, is simply the sum of these three effects. In particular, following any observed behavior,
we can classify the instances of bounded rationality as violations of the Ville axiom of revealed
preference ~-VARP— if only symmetry fails, violations of homogeneity of degree zero or other
money illusion phenomena if only singularity fails, violations of the weak axiom of revealed pref-
erence ~-WARP- by a symmetric consumer if only negative semidefiniteness fails, or combinations
thereof in more complex failures, by adding up the nonzero components of the norm.

The size of bounded rationality provided by the Slutsky norm depends on the units in which

the consumption goods are expressed. It is therefore desirable to provide unit-independent



measures, and we do so following two approaches. The first is a normalization method, through
dividing the norm of the additive correcting matrix function by the norm of the Slutsky matrix
function of the observed demand. The second translates the first norm into dollars, providing a
monetary measure.

The rest of this paper is organized as follows. Section 2 presents the model. Section 3 goes
over the “almost implies near” principle and applies it to our problem. Section 4 deals with the
matrix nearness problem, and finds its solution, emphasizing its additive decomposition. Section
5 provides interpretations of the matrix nearness problem in terms of the axioms behind revealed
preference and in terms of wealth compensations, and presents unit-independent measures. Sec-
tion 6 presents several examples and applications of the result, including hyperbolic discounting,
the sparse consumer model, and an econometric application to estimation of the Slutsky matrix
with noisy data. Section 7 is a brief review of the literature, and Section 8 concludes. Some of

the proofs of the more technical results are collected in an appendix.

2 The Model

Let 7 € T be an element of the set of theories or models of behavior. Examples of 7 include
behavior derived by a certain utility function, and more generally, the class of rational consumer
models, as well as the class of models satisfying the weak axiom of revealed preference. Consider
a demand function =7 : Z — X, where Z = P x W is the compact space of price-wealth pairs
(p,w), P C RL_, W C R,, and X = R’ is the consumption set. This demand system is a
generic function that maps price and wealth to consumption bundles under a particular 7.

Moreover, assume that 27 (p, w) is continuously differentiable and satisfies Walras’ law. That
is for p> 0 and w > 0 p'2” (p,w) = w. Let the set of functions that satisfy these characteristics
be X C C'. Hence, define also X(Z) C C}(Z), with C'(Z) denoting the complete metric space
of vector valued functions f : Z — RE, continuously differentiable, uniformly bounded with
compact domain Z C RYT!, equipped with the norm ||f||c1 = max({||fillc1,1}i=1,....r), with
I fillera = maz(||fillsc,1, IV fillos,z41) where f(2) = {fi(z)}i=1,....."

Let R(Z) C X(Z) be the set of rational demand functions R(Z) = {z" C X (2)|z"(z) =
2" (p,w) = x subject to p'z < w} for some complete and transitive relation =: X x X —
X.

Definition 1. Define for any 7 € T, the distance from 27 € X to the set of rational demands
R = {z"(p,w)|r € R} C X by the “least” distance from an element to a set: d(z™,R) =
inf{dx(z7,2")|z" € R}.

We shall refer to this problem of trying to find the closest rational demand to a given demand
as the “behavioral nearness” problem. Observe that the behavioral nearness problem at this level
of generality presents several difficulties. First, the constraint set R(Z), i.e., the set of rational
demand functions, is not convex. In addition, the Lagrangian depends not only upon z” but also
on its partial derivatives. The typical curse of dimensionality of calculus of variations applies
here with full force, in the case of a large number of commodities. Indeed, the Euler-Lagrange

equations in this case do not offer much information about the problem and give rise to a large

n fact, any norm that makes X (Z) complete works. We use also the related normed space of real-valued
functions with the norm || - ||co,m = sup.eczl|g(z)| for g : Z — R™, for finite m > 1 and | - | the absolute value.
This norm will come in handy when dealing with some technical proofs in the sequel.



partial differential equations system. To calculate analytically the solution to this program is
computationally challenging.

Having noted these difficulties with the “behavioral nearness” problem, our next goal is to
talk about Slutsky norms. Let M(Z) be the complete metric space of matrix-valued functions,
F : Z — RE x RE) equipped with the inner product (F,G) = Joey Tr(F(2)G(2))dz. This
vector space has a Frobenius norm ||F||> = [.e; Tr(F(2) F(2))dz. Let us define the Slutsky

substitution matrix function.

Definition 2. Let Z C P x W be given, and denote by z = (p, w) an arbitrary price-wealth pair
in Z.2 Consider the price change dp and a compensated wealth change dw = dp'z" (p,w).
Then the Slutsky matrix function ST € M(Z) is defined pointwise: S7(z) = Dpa7(z) +

D™ (2)z7 () € RE*E with entry s7, (p, w) = axz;i’w) + E)z[a(i,w) z7(p, w).

The Slutsky matrix function is well defined for all f € C!(Z). Restricted to the set of rational
behaviors, the Slutsky matrix satisfies a number of regularity conditions. Specifically, when a
matrix function ST € M(Z) is symmetric, negative semidefinite (NSD), and singular with p in
its null space for all z € Z, we shall say that the matrix satisfies property R, for short. The one-
to-one relation between matrices satisfying R and rational theories of behavior will be exploited
to define a metric that represents d(z”, R(Z)) for every z € Z.

Definition 3. For any Slutsky matrix function S™ € M(Z), let its Slutsky norm be defined as
follows: d(S7) = min{||E|| : ST + E € M(Z) having property Ji}.

The use of the minimum operator is justified. Indeed, it will be proved that the set of Slutsky
matrix functions satisfying R is a compact and convex set. Then, under the metric induced by
the Frobenius norm, the minimum will be attained in M(Z). We shall refer to the minimization

problem implied in the Slutsky norm as the “matrix nearness” problem.

3 The “Almost Implies Near” Principle

Intuitively, there should be a close relationship between the “least” distance to the set of rational
demand functions (the behavioral nearness problem) and the Slutsky matrix nearness problem
just defined. In order to make this relationship explicit, we will make extensive use of Anderson
(1986) “almost implies near” (AN) principle and its recent elaboration, developed by Boualem
and Brouzet (2012).

We begin by establishing a technical claim, whose proof can be found in the appendix.
Claim 1. The set X(Z) is a compact subset of C1(Z).

The “almost implies near” (AN) principle allows us to assert that for all € > 0 there exists
d > 0 such that for all 27 € X(Z) with R being d— (almost) satisfied by S7, one can find
x" € X(Z) with associated S” € M(Z) having property R such that dy(z)(27,2") < e. In the
name of the principle, the “almost” part refers tod > 0 (matrix nearness), and the “near” part

to € > 0 (behavioral nearness).3

2Since Z is closed, we use the definition of differential of Graves (1956) that is defined non only in the interior
but also on the accumulation points of Z.

3Instead of relying on nonstandard analysis, Boualem & Brouzet (2012) use functions between metric spaces
to represent a property in Anderson’s language, and a metric to represent his formulas. This treatment is also
useful because it allows us to adapt our results in order to derive an explicit expression for €(§) for an arbitrary
Z CPxW.



The matrix nearness problem allows us to represent property R by a function a with the AN

property, as defined next.

Definition 4. [ [Boualem and Brouzet (2012)] | A function a : X(Z) — M(Z) (with X(Z) and
M(Z) metric spaces) satisfies the “almost implies near” (AN) property at C € M(Z), if for all
€ > 0, there exists a § > 0 such that for every 27 € X'(Z), the inequality dz)(a(z7),C) <

implies the existence of an element xf € X'(Z) satisfying a(zf) = C and dx(z)(2g,27) < €.

The mapping a : X(Z) — M(Z), with X(Z) and M(Z) as defined above, represents property
R when for every 27 € R(Z):

a(z™) =E =0,

where 0 represents the zero matrix function of L x L dimension in the metric space M(Z),
and £ = S" — 57 denotes a solution of the program in the definition of the Slutsky norm. The
analytical expression of the (unique) solution to such a problem, as well as its properties, will
be derived in the sequel (Theorem 1).

We state a result that applies the “almost implies near” principle to our problem.

Proposition 1. * For all € > 0, there exists a 6 > 0 such that for all ™ € X(Z), the inequality
dp(zy(a(x7),0) = ||E|| < & implies the existence of an element xj; € R(Z) satisfying a(xg) = 0
and dx(z) (x5, 27) = ||e||c1 < €. Moreover if d(S™) < 0, then we have the bound

€(0) = mingr.sr=s+||t” — z,||c1

Proof. The proof uses that the solution to the matrix nearness problem is £ = S7 — 5", as shown
in Theorem 1. We want to show that a(z7) = S7 — 5" is AN at 0 € M(Z). By Claim 7, found
in the Appendix, a : X(Z) — M(Z) is continuous. Additionally, the set X' (Z) is compact under
the differentiability assumption, by Claim 1.

Then we conclude (applying Proposition 3.1 in Boualem & Brouzet (2012)) that a is (AN)
everywhere, i.e., a(z”) = ST — 5" = C has the AN property for all C' € M(Z). In particular, a
is AN at 0 € M(2).

Moreover, it follows that lims_0e(d) = 0 (applying Proposition 2.6 in Boualem & Brouzet
(2012)), which implies the bound €(6) = mingr.sr=s-

2T —al||c1- O

We underscore the fact that the AN property is stated for everye > 0, not necessarily ar-
bitrarily small, and therefore, we are able to account for violations of rationality of any “size”,
where the size of the violation is made precise using the ¢(§) function.®

A somewhat surprising, but direct consequence of Proposition 1 is presented below. That is,

by focusing on a compact subset Z C P x W, one makes the definition of behavioral nearness

4As suggested by Jerison & Jerison (1993), the proof is a special case of Anderson (1986), itself reworked in
Boualem & Brouzet (2012), as already discussed.

5We can be now more specific on the importance of compactness of X'(Z). Note that one can avoid requiring
compactness and replace it with the condition that a is onto. More precisely, we need to solve the partial
differential equation system S"(z) = Dpa"(z) + Dwz"(2)z"(z)’. The condition that the map a is surjective
amounts then to guaranteeing existence of a solution of the PDE system. If a is onto, then it follows that
limgs_0€(d) = 0. In fact, if § — 0 and a is onto, then S"(z) — S7(z), and it follows that z7(z) = [ (z), the
minimizer of €(d) in the feasible set {z% : d(a(z}),0) < 6,8 — 0}. That is 27 (z) € R(Z) and S7(z) has property
R, leading to the desired lims_,g€e(d) = 0. Then, applying Proposition 2.6 in Boualem & Brouzet (2012), we
conclude thata is (AN) at 0.



operational. Then the function dx(z)(z7,2") is a distance between any two demand functions,
induced by the norm of the complete metric space C*(Z). Observe that for any arbitrary compact
subset Z C P x W, C}(Z) and M(Z) are compact-valued sets, as they are the images through
continuous mappings of a compact set. By the next result, Proposition 2, we are able to guarantee
that the minimum is attained in X(Z) assuming only that the elements of X' (Z) and their first-
order derivatives are continuous. Therefore, we have a local metric for 7 € X(Z) defined
for each z € Z and R(Z) as |le||[c1 = d(27,R(Z)) = min{dxz)(z7,2")|z" € R(Z)}, where
2" (z) = 27(2) + e(z) with p’e(z) = 0 by Walras’ law.

Formally, we have:

Proposition 2. The infimum is attained in the distance from a behavioral demand ™ € X(Z)
to the set of rational demands R(Z). FEquivalently, the “least” distance can be defined as
d(z",R(Z)) = min{dyz)(z7,2")|z" € R(Z)}.

Proof. Note that X(Z) C C*(Z), and that C'(Z) is a metric space with norm || - ||c1,2 = || - ||c1-
Note also thatM(Z) is a metric space with Frobenius norm ||-||. Furthermore, X'(Z) is compact,
by Claim 1, and property R can be expressed with a continuous function a : X(Z) — M(Z) by
Proposition 1. This allows us to apply Anderson’s almost-near principle.

Consider the two programs:

Program (I), the behavior nearness problem:

lellen,z, = mingslla™ — a"llo 1

subject to

x" € R(Z).

Program (II), the matriz nearness problem:

EIP = mingentnz) foepy TrS7(2) — ST(2)[S7(2) — S7()])d=

subject to

S” having property fR.

Here, as already noted, property R stands for:

ST(z) <0

S"(z) = S"(z)

S™(z)p = 0.

Recall that S™ € M(Z) has property R if and only if 2" € R(Z).

Applying Proposition 1, we can conclude that the behavioral nearness problem has at least
one solution such that ||e||c1,r, < €(d) and || E|| < 4. O

4 The Matrix Nearness Problem: Measuring the Size of
Violations of the Slutsky Conditions

Having established the formal link between the solutions to the behavioral nearness and matrix
nearness problems, we turn to the latter. In this section we provide in our main result the
exact solution of the matrix nearness problem, which allows us to quantify the distance from
rationality by measuring the size of the violations of the Slutsky matrix conditions.

We begin by reviewing some definitions.



It will be useful to denote the three regularity conditions of any Slutsky matrix function with
shorthands. We shall use o for symmetry, 7 for singularity with p in its null space (p—singularity)
and v for negative semidefiniteness.

Given any square matrix-valued function S € M(Z), let S*¥™ = L[S + 5’] be its symmetric
part, if S = S7 (i.e., a Slutsky matrix function), then S7 = S%¥™. Equivalently, S? is the
projection of the function ST on the closed subspace of symmetric matrix-valued functions,
using the inner product defined for M(Z).

Every square matrix function S € M(Z) can be written as S(z) = S%¥™(2) + S*+¢¥(z) for
z € 7, also written as S = S7 + E7, where S7 = S§%Y™ is its symmetric part and E7 = §skew =
%[S — 5’| is its anti-symmetric or skew-symmetric part.

Any symmetric matrix-valued function S*¥™ € M(Z) can be pointwise decomposed into the
sum of its positive semidefinite and negative semidefinite parts. Indeed, we can always write
S%(z) = 87(2)+ + S9(z)— , with S7(2)4+5%(2)- = 0 for z € Z, EY = 59(z);+ being positive
semidefinite (PSD) and S?¥ = S negative semidefinite (NSD) for all z € Z. Thus, one can
write S7(z) = S7(2) + 87 (2) = E¥(2) + 57" (%) for all z € Z. Moreover, for any square matrix-
valued function S € M(Z), its projection on the cone of NSD matrix-valued functions under the
Frobenius norm is 7" = S7.

In general, a square matrix function may not admit diagonalization. However, we know
thanks to Kadison (1984) that every symmetric matrix-valued function in the set M(Z) is
diagonalizable.® In particular, S° can be diagonalized: S7(z) = Q(2)A(2)Q(2)".” Here, A(z) =
Diag[{\i(2)}i=1,...,1], where A(z) € M(Z), with A; : Z — R a real-valued function with norm
[|||s (anorm in C*(R)), and A\; < Ay < ... < Ap with the order derived from the metric induced
by the || - ||s norm.® Let Q(z) = [q1(2) .. .qr(2)], where Q € M(Z) and its columns ¢ € C1(Z)
are the eigenvector functions such that for I =1,..., L: §9(2)q(2) = \i(2)q(z) for z € Z.

Any real-valued function can be written as A(z) = A(z)++A(2)—, with A(2)+ = maz{A(2),0}
and A(z)— = min{A(z),0}. This decomposition allows us to write S7"(z) = S7(z)- = Q(2)A(2)-Q(z)’
for A(z)— = Diag[{\(z)-}i=1,.....] with A\;(2)_ the negative part function for the \;(z) function.
We can write also E¥ = S9(z)+ = S79(2)—=S7(2)_for z € Z,or BV = 57(2)4+ = Q(2)A(2)+Q(z)
with A(z)4 defined analogously to A(z)_. Finally, any matrix function that is singular with p
in its null space will be denoted S™, that is, S™(z)p = 0.

We are ready to state our main result:

Theorem 1. Given a Slutsky matriz S™(z) for z € Z, the solution to the matriz nearness
problem is S™(z) = S7™Y(2), the negative semidefinite part of S”™(z) defined by:

ST (2) = S§7(2) + E7(2),

[S7(2)pp’ + pp' 87 (2) — =GR py).

where S%(z) = 1[S7(2) + S7(2)] and E™(z) = —

1
p'p

6In fact, Kadison (1984) has shown that any matrix function My, (U) with U a von Neumann algebra is
diagonalizable. Let U be L°°(Z), and notice that Z is a separable Hilbert space. Let Z be o—finite measurable, a
subset of a Borel algebra generated by closed rectangles in Riil, then L°°(Z) is a von Neumann algebra and all
F € M(CY(Z)) C M(L*(Z)) are diagonalizable. Observe that there is an injection from: : C1(Z) = L>(2),
such that we can identify any element in C! with the von-Neumann algebra with the supremum norm.

7As is standard, A represents the diagonal matrix of eigenvalues, and Q is an orthogonal matrix that lists each
eigenvector as a column.

8The order of the eigen-values is inessential to the results but it is convenient for the proofs. Observe that we
can have many diagonal decompositions all of which will work for our purposes.



We elaborate at length on the different components of this solution right after the proof of

the theorem.

Proof. We first establish that the matrix nearness problem has a solution, and that it is unique.

This is done in Claim 2. Its proof is in the appendix.
Claim 2. A solution to the matrix nearness problem exists, and it is unique.

The rest of the proof of the theorem is done in two parts. Lemma 1 gives the solution imposing
only the singularity with p in its null space and symmetry restrictions. After that, Lemma 2

rewrites the problem slightly, and the solution is provided by adding the NSD restriction.

Lemma 1. The solution to mina||S™ — A|| subject to A(z)p =0, A(z) = A(z) for all z € Z is
ST,

Proof. The Lagrangian for the subproblem with symmetry and singularity restrictions is:

L= [, Tr([S7(2) — AR)[S7(2) — A(2)])dz + [, N A(2)pdz + [, vee(U) vec[A(z) —
A2)),

with A € RY and U € RF x RL. Using that the singularity restriction term is scalar
(N So™(2)p € R), as well as the identity Tr(A’B) = vec(A) vec(B) for all A, B € M(Z),°

one can rewrite the Lagrangian as:

L = [ Tr(IS7(2) = AE)IST(2) — A(2)]) + Tr(A(=)pN) + Tr(U"[A(z) — A(=))]dz

Using the linearity of the trace, and the fact that this calculus of variations problem does
not depend on z or on the derivatives of the solution S?™, the pointwise first-order necessary
and sufficient conditions in this convex problem (Euler Lagrange Equation) is:

ST(z) = %[ST(z) +S57(z) + N -U+U';

S7™(z)p = 0;

S7T(z) = ST (z).

With some manipulation, one gets:

597 (2)p = S7(2)p+ 5M'p — 3Up + 5U'p.

Using the restriction S%™(z)p = 0 we have:

Se(z)p+ 3 'p— sUp+ 3U'p=0.

Then:

A= p}p[—S"(z)p—&- sUp—U'p].

This result reduces the system of first order conditions to:

7 (2) = §%(2) — LS (2)pp' + L AU = U'lpp’ — LU - U;

STT(z) = ST (2)".

Let E™(z) = —p}pS”(Z)pp/ + p}p%[U —Ulpp’ — 3lU = U"].

By imposing the symmetry restriction on S%™(z), it follows that E™(z) must be symmetric.

Therefore,

E™(2) = —5500'S%(2) + 5 50/ [U' = U] = 3[U" = U]
Postulating that

U-U = %pp’S”(z),

we get

9The vec(A) symbol stands for the vectorization of a matrix A of dimension L x L in a vector a = vec(A)
of dimension L? where the columns of A are stacked to form a. Observe that the symmetry restriction can be
expressed in a sigma notation (entry-wise) but this matrix algebra notation help us to make more clear the use
of the trace operator in the objective function.



LU = U'pp' = L1 2ppS7(2)pp! = L [HE ) - L[Sy
since p’'S7(z)p is a scalar.
Then, S77™(z) = S7(z) + E™(z), where
x L 1o o 57(z)pl'p
B7(2) =~ (57l + w7 (2) - BT

pp pp

along with the implied multipliers A and U, satisfies all the first-order conditions of the problem.
Since we can use arguments identical to those in Claim 2 —only not imposing NSD—, we know
that the solution is unique. Hence, this expression describes the solution to the posed calculus of

variations problem with the symmetry and singularity restrictions. The proof is complete. [

If S°™ < 0 then we are done, since it has property % and minimizes ||E||? (by Lemma 3.
Otherwise, the general solution is provided after the following lemma, which rewrites the problem

slightly.

Lemma 2. The matriz nearness problem can be rewritten as min4||S™ — Al|?> subject to A €

M(Z) having property R.

Proof. Recall the matrix nearness problem: mincaq(z)||S™ — Al|? subject to A satisfying sin-
gularity, symmetry, and NSD. This is equivalent, by manipulating the objective function to:
minaepm(z)||E7 — E™ + 57" — A||2. Writing out the norm as a function of the traces, and using
the fact that E is skew symmetric, while the rest of the expression is symmetric, we get that
this amounts to writing: minae pm(z)||E°|[> +|| — E™ + 57 — A||? subject to A having property
R. This is in turn equivalent to: minacaz)||E7||? + ||ET||> — 2(E™,[S7™ — A]) + || ST — A]|?
subject to A having property k. Then, exploiting the fact that E™ and S; = S%™ — A are orthog-

onal (as proved in Lemma 6), we obtain that the problem is equivalent to min e pm(z)||E7||* +
||[E™||> + ||E”||? subject to A having property fR.
Hence, since the objective function of the matrix nearness problem ||E||? = [|E°||*+]||E™||* +

||S7™ — A||?, solving the program minaem(z) || E| |2 subject to A having property R is equivalent

to solving min ae pm(z)||S”™ — A||? subject to the same constraints. O

Now, the best NSD matrix approximation of the symmetric valued function S%™ is " =
S™¥_ Then, the candidate solution to our problem is A(z) = S"(z) for all z € Z. Notice that
S7(2) is symmetric and singular with p in its null space by construction. Indeed, recall that
ST (2) = Q(2)A(2)Q(z) and S"(z) = ST™¥(z) = Q(2)A(z)-Q(z)’. Then it follows that S"(z)
is symmetric for z € Z. Moreover, by definition \;(z)— = min(0,\;(z)) for I =1,..., L. Since
S7™(z)p = 0, it follows that Ar(z) = 0 is the eigenvalue function associated with ¢r(z) = p
eigenvector. Then we have that Ay (z)- = 0 is also associated to the eigenvector p, and we can
conclude that S™(z)p = 0.

As just argued, S”(z) has property %R, i.e., S”(z) is in the constraint set of the matrix nearness

problem or Program II. We conclude that it is its solution. O

The importance of Theorem 1 is to provide a precise quantification of the size of the depar-
tures from rationality by a given behavior, as well as a revealing decomposition thereof. Indeed,
as was evident in the previous proof, the objective function of the matrix nearness problem can

be expressed as follows:
112 = [E|* + [|E™]1> + 12|



We should think of the three terms in this decomposition as the size of the violation of sym-
metry, the size of the violation of singularity, and the size of the violation of negative semidefi-
niteness of a given Slutsky matrix, respectively. The three terms are the antisymmetric part of
the Slutsky matrix function, the correcting matrix function needed to make the symmetric part
of the Slutsky matrix function p-singular, and the PSD part of the resulting corrected matrix
function. Note that if one is considering a rational consumer, the three terms are zero. Indeed,
if S7(z) satisfies property R for all z € Z, S7(z2) = S9(z) and E°(z) =0, S*7(z) = S7(2) and
E™(z) =0, and S™(z) = S7™¥(z) = S7™(z) and E”(z) = 0. If exactly two out of the three
terms are zero, the nonzero term allows us roughly to quantify violations of the Ville axiom of
revealed preference ~-VARP—, violations of homogeneity of degree 0, or violations of the com-
pensated law of demand (the latter being equivalent to the weak axiom of revealed preference
~WARP-), respectively. We elaborate on these connections with the axioms of consumer theory
in Subsection 5.1 below.

The violations of the property R have traditionally been treated separately. For instance,
Russell (1997), using a different approach (outer calculus), deals with violations of the symmetry
condition only. In this case, ||E||? = ||E7||*.

Another application of our result connects with Jerison and Jerison (1993), who study the
case of violations of symmetry and negative semidefiniteness independently. They prove that
the maximum eigenvalue of S7(z) can be used to bound ||e||%, locally when NSD is violated and
E?(z) can be used to bound ||e||Z, when symmetry is violated. Indeed, this is consistent with our
solution to Program IL In this case ||E||> = ||E?||? + |57 +||?, where maz({\/(2)+ }i=1...1) <
187 |12 < d - maz({\(2)+ }i=1.... 1), with d = Rank(S?(z);) (by the norm equivalence of the
maximum eigenvalue and the Frobenius norm).

Remark 1. The strict convexity of the objective functional of Program II and the convexity
of the constraint set suggest that the solution to Program II can be found by the alternating
projection algorithm. Indeed, one can first project S7(z) on the set of symmetric matrices, then
project the result on the set of singular matrices with p in their null space, and finally project this
second result on the set of negative semidefinite functions. The alternating projection algorithm
can only guarantee that S”(z) has property R, but it may not necessarily be the solution to the
problem. However, in our case, this specific sequence of projections yields the solution because

the procedure results in the additive decomposition of ||E||? provided in Lemma 2.

Remark 2. Using Lemma 3, one can deduce the analytic expression of E™(z) as a projection
on a convex set. The lemma says thatS?7(z) = S9(z) + E™(z) is also the nearest matrix
function with p in the null space of S?(z). Thus E™(z) must be the minimal matrix additive
adjustment in the Frobenius norm such that [S?(z) + E™(z)]p = 0. Then, for any fixed z € Z
this problem is analogous to the matrix nearness problem of finding the nearest linear symmetric
system. Defining the feedback error r(z) = —S7(z)p, it follows that E™(z) = W -
% (Dennis & Schnabel, 1979; Higham, 1989). The resulting matrix function S%7(z) is
the projection of S?(z) on the set of symmetric matrix functions with p in its null space as made
precise in Claim 6.

We underscore that the compactness of My (Z) is inherited from the mild assumptions of
continuity of the demand system and its derivatives if we limit ourselves to a compact set Z.
Furthermore, with the supremum norm we guarantee that S”(z) is continuous. Indeed, the

following is a property of the solution to our problem:
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Claim 3. S"(z) is continuous.

Proof. This follows from the Theorem of the Maximum. Specifically, let F : M(Z) — M(Z)
be such that F(M(Z)) has property SR. This is a compact-valued correspondence with a closed
graph. Also, F is continuous and the Frobenius norm || - || is a continuous functional. It follows
that S” is continuous. Alternatively, S is the result of three projections on closed subspaces
applied to the convex set of constraints. Such projections are continuous mappings under the

conditions that we have imposed, and then S is continuous by construction in all z € Z. O

5 Behavioral Interpretations of the Slutsky Matrix Near-

ness Norm

5.1 Connecting with Axioms of Revealed Preference

The Slutsky regularity conditions are implied by utility maximization, but they can also be
derived from the axioms behind revealed preference. Roughly, each of the conditions can be
related to an axiom. Some of these relations have been used by Jerison and Jerison (1992) in
order to provide a behavioral interpretation to the Slutsky matrix distance from symmetry. Our
aim is to generalize this link while providing a behavioral interpretation of the matrix nearness
norm decomposition.

We briefly review connections between the different axioms. Since Houthakker (1950) it is
known that, for the class of continuous demand functions, the strong axiom of revealed pref-
erence —SARP- implies that a demand can be rationalized. Hence, the Slutsky conditions are
satisfied. Nonetheless, it is also known that SARP is indeed strong in the sense that it implies
symmetry of the Slutsky matrix function and also implies WARP and therefore NSD of the
Slutsky matrix function. A weaker axiom implies only the Slutsky matrix function symmetry
condition: the Ville axiom of revealed preference ~-VARP— is equivalent to the symmetry con-
dition and therefore to integrability of the demand system (Hurwicz & Richter, 1979). VARP
postulates the nonexistence of a Ville cycle in the income path of a demand function. WARP
implies that the Slutsky matrix function is NSD, and furthermore, the NSD and singularity
in prices are equivalent to a weak version of the WARP (Kihlstrom et al., 1976). VARP is a
differential axiom and does not imply SARP or WARP (Hurwicz & Richter, 1979). WARP does
not imply VARP or SARP for dimensions greater than two.

A continuously differentiable demand function is said to be rationalizable if it fulfills SARP.
However, we can also impose other weaker axioms to have the same result while making connec-
tions to the additive components of our Slutsky norm. In particular, VARP and WARP imply
that a demand function is rationalizable. Finally, we can impose the Wald Axiom, homogeneity
of degree zero and VARP, which also imply a rationalizable demand. Moreover, to appreciate
our decomposition, the Slutsky symmetry condition is related to VARP, the singularity in prices
is related to homogeneity of degree zero and the NSD is related to the Wald axiom.

Before stating the main result of this subsection, for completeness, it is useful to posit the
axioms that we employ and their relevant implications for the class of demand functions that
we are considering and for the associated Slutsky matrix functions. Our primitive is a member
of the set of demand functions X (Z) = {27 € C1(Z)|p'2"(z) < w} with Z a compact set.
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The first Slutsky condition (price is its left eigenvector) is given by the balance axiom or

Walras’ law.
Axiom 1. (Walras’ law) The first axiom requires that p'x™ (p,w) = w.

We have that 27 € X(Z) satisfies Walras’ law if and only if its Slutsky matrix function
ST € M(Z) has the following property: p'S™(z) =0 for z € Z.
The second Slutsky condition (price is its right eigenvector or singularity in prices) is given

by “no money illusion”.
Axiom 2. (Homogeneity of degree zero -HDO-) ™ (az) = 27 (z) for all z € Z and a > 0.

It is easy to prove that 7 € X(Z) satisfies HDO if and only if S7(z)p =0 for z € Z.

The symmetry of the Slutsky matrix function is given by VARP.1? To state this axiom we need
to define an income path as y : [0,b] — W (¢ — w) and a price path p : [0,b] — P. Let (y(t), p(t))
be a piecewise continuously differentiable path in Z. Jerison and Jerison (1992) define a rising
real income situation as whenever (%(t), %(t)) exists, leading to %(t) > %(t)’ﬁ (p(t),y(t). A
Ville cycle is a path such that: (i) (y(0),p(0)) = (y(b),p(b)); and (ii) %(t) > %(t)’af(p(t),y(t))

for ¢t € [0, b].
Axiom 3. (Ville axiom of revealed preference -VARP-) There are no Ville cycles.

Hurwicz and Richter (1979) proved that =7 € X(Z) satisfies VARP if and only if S7 is
symmetric.

The negative semidefiniteness condition of the Slutsky matrix is given by the Wald axiom.
The Wald axiom itself is imposed on the conditional demand for a given level of wealth. Fol-
lowing John (1995) a demand function is said to fulfill the Wald axiom when so do the whole
parametrized family (for w € W) of conditional demands. Formally, a demand function can be
expressed as the parametrized family of conditional demands. That is: 27 (p,w) = {27 (p) }wew
where 2™ : P+ X such that p'a™"(p) = w for all p € P.

Axiom 4. (Wald aziom) a7 € X(Z) is such that for every w € W and for all p and P,
ﬁle,’w(p) S w o= p/a?T’U)(ﬁ) Z w.

The Wald axiom implies that S™ < 0 (John, 1995).
The Slutsky singularity in prices and the NSD conditions are equivalent to the following
version of WARP.

Axiom 5. (Weak aziom of revealed preference -WARP-) If for any z = (p,w) Z = (p,W):
pz7(p,w) <w = p'z"(p,w) > w.

This is the weak version of WARP, as in Kihlstrom et al. (1976). We follow John (1995),
who proves that for continuously differentiable demands (that satisfy Walras’ law) WARP is
equivalent to the Wald Axiom and HDO. Kihlstrom et al. (1976) and John (1995) prove that
a7 € X(Z) satisfies WARP if and only if S <0 and S7(z)p = 0.

These axioms interact in interesting ways with direct consequences on the properties of the

Slutsky matrix function. VARP and Walras’ law imply homogeneity of degree zero. WARP and

10We present the axiomatization due to Ville as reinterpreted by Hurwicz and Richter (1979) and Jerison and
Jerison (1992). There are alternative discrete axioms due to Jerison and Jerison (1996), that also do the job and
are potentially testable.
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Walras’ law imply homogeneity of degree zero and the Wald Axiom. Ultimately, VARP, Walras’
law and the Wald Axiom implies a rationalizable demand.

The relations to our three Slutsky components can be summarized as follows: If VARP holds
then E? = 0, if the Wald Axiom holds then E¥ = 0, if homogeneity of degree zero and Walras’
law hold then E™ = 0. Finally, if WARP and Walras’ law hold then F™ = 0 and E¥ = 0.

We are ready to summarize the main point of this section in the following remark.

Remark 3. The square matrix nearness norm || E||? will be equal to zero if and only if 27 satisfies
VARP, is homogeneous of degree zero in prices and wealth, and satisfies the Wald Axiom.
Moreover,
(i) ||E||*> = ||E?||?* only if VARP fails while either of the following two situations happens:
(i) Walras’ law or HDO and the Wald Axiom hold. (ii) Warp holds.
(i) ||E||* = ||E™||? only if HDO and Walras’ law fail while VARP and the Wald Axiom hold.
(iii) ||E||* = ||E¥||* only if the Wald axiom fails while either of the following two situations
happens: (i) Walras’ law and VARP hold. (ii) HDO and VARP hold.

We can also observe ||E||?> = ||E¥||? only if WARP fails while Walras’ law and VARP hold,
but as we saw we do not need the failure of WARP to be stronger than the Wald axiom in order
to have this case. The first part of the remark follows from the Frobenius’ theorem and from
the equivalence of the Ville axiom, WARP and Walras’ law or VARP, Wald Axiom and HDO to
the Slutsky conditions. Indeed if x” satisfies any of two groups of axioms, then it can be seen as
rational and ||E||? = 0. Conversely, if ||E||? = 0 it follows that ST fulfills the Slutsky regularity
conditions and that =7 satisfies the axioms.

The second part of the remark can be explained as follows. If x” satisfies Walras’ law and
WARP, it follows that E™(2) = 0 and E¥(z) = 0, leading to |[|E||*> = ||E°||>. Then, thanks
to Jerison and Jerison (1992; 1996; 1993) we know that the degree of asymmetry of the skew-
symmetric part of a Slutsky matrix function grows with the rate of real income growth along the
worst (“steepest”) Ville cycle. Along the same lines, due to Russell (1997), we know that the
size of the skew-symmetric matrix is exactly the distance from integrability of 7. If 7 satisfies
the Ville axiom and homogeneity of degree zero, then it follows that ||E|[? = ||E¥||?, which
corresponds to the PSD part of S7(z) = S7(z) + S7(2) = S”(2) + E¥(z) for z € Z. Then it
follows that the size of || E||? grows exactly according to the degree of violations of the differential
form of WARP (or the Wald Axiom in this case). Finally, if 27 satisfies the Ville axiom and
the Wald Axiom but both the HDO and Walras’ law fail then S7(z) + E™(z) < 0, it follows that
||E||? = ||E™||?; in this case, E™(z)p = —S7(z)p, which shows that the size of E™(z) grows in the
same direction as the degree of violations of the differential version of the homogeneity of degree
zero condition (or Walras’ law due to symmetry of S7). In fact, by construction ||E™|| measures
how far S7 is from having the price vector in its null space (as its eigenvector associated to the
null eigenvalue).!! There are partial converse implications to those just presented: If ||E°|| = 0
then VARP holds. If ||E™|| = 0 then Walras’ law or HDO hold. If ||E¥|| = 0 and ||E™|| = 0 then
WARP holds.

11 The idea of measuring violations of axioms by translating their consequences to a metric space was done for
decision making under uncertainty and expected utility in Russell (2003).
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5.2 Slutsky Wealth Compensations

We now describe ways to obtain related quantifications, in wealth terms, of departures of ra-
tionality. This builds upon the ideas of Russell (1997). First, we define the set B, = {¢ €
]Ri +1¢'z7 (p, w) = W} that is, all the price vectors that belong to the budget hyperplane for a fixed
wealth w and bundle 27 (p,w) = ™" (p). We also define a directional derivative for any function
[ € C*(Z) with respect to prices in the direction of a vector v € R as D, , f(z) = D,f(2)v.
Observe that ¢ € By, can be expressed as a function of ¢ : P x {w} — B, and the following
identity holds for any ¢ € B, and any z” € X(Z): [z7 (p, W) Dpq(p,W)] + ¢ Dpz™ (p,w) = 0. This
identity is obtained under Walras’ law and uses the definition of the set B, (i.e. we differenti-
ate q(p,w)'z™ (p,w) = w with respect to p). We define the conditional Slutsky matrix function
pointwise: S™%(p) = Dpaz™"(p) — £ Dpx™" (p)pz™*(p)’. It can be shown that all the results
of the Slutsky matrix norms carry over to this conditional Slutsky matrix function (to see this,
note that our derivations do not depend on the parameters p, w but only on the structure of the
matrix).

Russell (1997) defines for price vectors ¢,r € By, |¢’E?(2)r| = m1, where my is twice the
wealth compensation required by an agent (who fulfills homogeneity of degree zero and the weak
axiom but not necessarily the Ville axiom —symmetry—) in order to move from 7 to ¢ on the
budget hyperplane instead of moving from ¢ to r. This quantity is zero for the rational consumer.
Our result builds upon this finding and extends it to the case of the three possible violations of
the Slutsky regularity conditions.

Before stating the main result of this section, we need some intermediate definitions. For
a given observed demand z7 € X(Z) consider the following three associated demand functions
in X(Z) (that satisfy Walras law) that have special properties, linked to the Ville Axiom, ho-
mogeneity of degree zero, and the weak axiom. (i) Let 2® € X(Z) be a demand that satisfies
the Ville axiom, with Slutsky matrix function equal to S¢ € M(Z) (i.e., the symmetric part of
the ST € M(Z)). (ii) Define 2" € X(Z) as the demand function that satisfies the Ville axiom,
homogeneity of degree zero in prices and wealth, and its Slutsky matrix function is equal to
S7™ € M(Z) (i.e., the projection of S7 on the subset of matrix functions that are symmetric
and have p in its null space). (iii) Finally, we have " € X(Z), the rational demand function
that has its Slutsky matrix function equal to S” € M(Z) (i.e., the projection of S € M(Z)
on the subset of rational Slutsky matrix functions). The existence of a function that satisfies
(iii) is guaranteed by the result proved in proposition 1. In the same spirit, we can guarantee
the existence of °, 2" € X(Z) by suitable straightforward modifications of the AN principle.
The proof is direct when we notice that the properties of a demand function satisfying the Ville
axiom or homogeneity of degree zero can be expressed in an analogous way as the rational case.!?
Then, we can conclude that there exists an 2/ € X(Z) for j = s, h,r such that we can write
27 + e/ = 27, where ¢/ € C}(Z) is a residual function that has the property: p’e’(p,w) = 0 and

lle?[lcr = €(8).
Proposition 3. For any triple of vectors p,q,r € B, define:

e (i) |[pE° (p,w)r| = %ml if only symmetry is violated;

12We note that the Ville Axiom and homogeneity of degree zero can be expressed using a continuous map
a’ : X(Z) — M(Z), and by finding an appropriate §7 > 0 for j = s, h such that ||S?|| < §° and ||E™|| < §". Also
note the closedness of the symmetric and the singular in p matrix function sets in M(Z) (in this setting this is
sufficient to guarantee the compactness of these sets).
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e (ii) |¢'E™(2)p| = ma if only singularity is violated;
o (iii) |¢'EY (p,w)r| = ms if only NSD is violated.
Then,

e (i) mi € R is the wealth compensation that a non rational consumer with wealth W will
have to be given in order for her to accept a price change from r in direction q instead of

a change from q in direction r.

e (ii) The quantity mo € R corresponds to the compensation that a consumer that satisfies
the Ville axiom but that does not fulfill homogeneity of degree zero must receive to accept

a price change from q in direction p.

o (iii) And mg € R is the difference in wealth compensations that must be paid in order to
accept a movement from q in direction r between the e—closest rational consumer and that
of a consumer that satisfies the Ville axiom, homogeneity of degree zero but that does not
necessarily fulfill the Wald aziom (or the WARP).

Proof. We proceed to prove the three different parts:

(i) For fixed wealth w:

' E7 (p,w)r| = |3[¢'S" (p,w)r — ¢'S™(p,w)'r]|.

¢ E? (p,w)r| = |5[¢' Dpa™" (p)r — ¢ Dpx™* (p)p — ¢’ Dpa™" (p)'r + p' Dypa™" (p)'r]

Since p,r € B,, it follows that

' E? (p,@)r| = |3[[z7" (p) Dpa(p)r+a™* (p)' Dypa(p)pl—[z7" (p)’ Dpr (p)a-+a™* (p)' Dyr (p)pl]l-

Observe that D,r(p,w)q = Dpr(p)q is the directional derivative of r with respect to prices
along that direction and with the magnitude of ¢ € B,. Then the quantity m;roughly measures
the difference between the compensation in wealth from a price movement r in the direction ¢
rather than the reverse.

For parts (ii) and (iii), we need an intermediate result, that takes into account the fact that
dz7 + ¢l = w+ e for j = s,h,r as defined above. That is, ¢, € B, may no longer
fulfill Walras’ law for e—closest demands that satisfies certain axioms. However, for any ¢ € B,
this identity is satisfied: ¢’z = w + ¢’¢. This in turn implies that: ¢(p,w) Dya? (p,w) =
q(p,w)'Dye’ (p,w) — [Dpg(p,w) z" (p,w)]" or equivalently ¢'D,x? = D,(q'e’) — [Dpq'z7] for j =
s, h,r. Here, D,(¢'e?) = [Dpq'e’]' + ¢’ Dpel.

(ii) ' B (p, @)p| = | — ¢ 5[ (p.@)pp’ + pp'S° (p,w) — EXDPLL pprjp) Tt s proved in the
appendix that if Walras’ law holds then |¢’ E™(p,w)p| = 0. We also know, that for singularity to
be the only failure of the Slutsky conditions, Walras’ law and homogeneity of degree zero must
fail together. In this case, |¢/ E™(p,w)r| > 0. To see a wealth interpretation of this quantity, we
will choose ¢ = p and r = p:

Then, |p'E™(p,w)p| = |p'S°(p,w)p|. Moreover if the failure of Walras’ law is independent
of the level of prices p'z™(p,w) = ¢ < w for ¢ € Ry, then it follows that |p' E™(p,w)p| =
|w — 2% (p)'p| = ma. Where ma = |w — ¢, that is, mg is exactly the absolute size of the
violation of Walras’ law.

Then msy, quantifies the wealth extraction that this non rational consumer accepts at prices
p. Also, we can derive the following measure (modifying the proof in the appendix accordingly):

_ "Dy ;
¢ E™ (p, w)p| = |L22ZZ@P [y gy gsw (p)]] o [w — .
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To complete this part of the proof we show the existence of * € X'(Z). It suffices to recall that
the AN principle can be appropriately modified by letting || E|| = ||E?|| < § and by noticing that
the cone of symmetric matrix functions is closed, and it is contained in the compact set M(Z).
Then, there exists an e—closest demand function x® € X(Z) with the desired characteristics.

(iii) |¢'E¥ (p,w)r| = |¢'ST™(2)r — ¢'S"(2)r| since S77(z) = S7™(2) + E¥(2) = ST (z) +
S77(2) by the direct sum decomposition of the space of symmetric matrix functions. For fixed
w :

lg'E” (p,w)r| = |¢'S% (p,w)r — ¢'S"(p,w)r| = [[¢'Dpx®(p,W)r — ¢'Dpa” (p,w)r]|. We know
that ¢’ E™r = 0. Then it follows that:

' E¥ (p,w)r| = [¢ Dpa>* (p)r—q' Dypa”* (p)r]+1d’ 3 Dpa™ (p)pz™* (p)'r—q' 5 Dpa>* (p)pz** (p)'r]

Notice that, D,z""(p)p = Dpz>“(p)p + Dye"™ (p)p. Note that S™ = [Dpz® + Dyasz®] +
[Dye” + Dye"e” + Dyate”] = ST + E.

Since, Ep = 0 it follows that D,e™*p = 0 because DpeT’wp+Dwer’weT*w/p—l—Dwxse“w/p =0
and "% p =0 by construction.

Then, |¢'EY (p,@)r| = |¢' Dpz*® (p)r — ¢' Dpaz™" (p)r| = |¢' Dpe™* (p)r| = ms3.

Finally, by using the identity for ¢,r € B,, and the fact that 2* = z when Walras’ law hold
we obtain the desired result:

lg'E” (p, w)r| =

2" (p, 7Y [Dya(p, W)r] 2" (p, w)' [Dya(p, w)rT)~[a(p, ) Dy(q'e” (-))r—a(p, ) Dy(a(-) e (1],

that is, the difference between the wealth compensation that has to be made for the consumer
to accept a change from ¢ with respect to prices in the direction r when she is rational versus
when she satisfies the Ville axiom and homogeneity of degree zero but not necessarily the weak
axiom. To this quantity, a correction term is subtracted that measures the difference between
the product of g times the marginal change of ¢'e? = w — " for j = h,r with respect to prices
in the direction of r for both kinds of consumers (rational and Ville Axiom plus homogeneity of
degree zero). Equivalently, |¢’E”(p,w)r| = |[q¢(p, w)' Dye” (p,w)r — q(p,w)' Dye” (p,w)r]| = ma.
That is, a measure of the difference between the marginal change of the correction term e’ in
the direction r when initial prices are ¢ between the two types of consumers. In particular, when
z"(p,w) = 27 (p,w) this simplifies to |¢'E” (p,w)r| = | — q(p,w)' Dpe" (p,w)r| = ms.

Of course, the existence of " € X(Z) follows from our result in Proposition 2. By an
analogous argument to part (ii) of this proof we modify the E = —[E?(z) — E™(2)] = —[S"(2) —
S7™(2)] (||E|| < 0) and note that the intersection of the cone of symmetric matrix functions
with the set of matrix functions with p in its null space is closed and thus compact under our
assumptions. Furthermore, the AN principle guarantees under these conditions that there exists

an e—closest demand z" € X(Z) with the required properties. O

Remark 4. The extension of Russell’s (1997) idea for using a Slutsky residual matrix to our
case, which covers all three possible violations, makes heavy use of the AN principle, modified
appropriately in each case to guarantee the existence of a “corrected” demand system that fulfills
certain axioms. This extension comes at a cost. Indeed, the wealth compensation measure does
not depend only on the primitive 2™ € X(Z), but it must incorporate corrections for price
changes that may not belong to the budget hyperplane of the relevant demands. In geometric
terms, one can think of the correction term as measuring the change in the cosine of the angle

between the price vector g and the residual e/ with respect to prices in the direction r times
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the initial vector of prices g. This measure is converted in wealth (i.e., for fixed p = p and w,

q'e = cos(0q.c)||q]| - |e]| and D, (q'e) = D, (cos(0y.¢)q|| - ||e||) with the euclidean norm in R% ).

The proposition serves mainly as a blueprint on how to compute measures to the size of
bounded rationality that are expressed in wealth terms. These measures have the advantage
of having an intuitive interpretation, in the sense that a rational consumer should have always
for all p,q,r € B, a measure of ¢E(z)r = 0 where r may be equal to p, since E(z) = 0. The
measures are imperfect, though: observe that there is a family of measures for each ¢,r € B,
and for each w that must be fixed for a particular application. In addition, this measure of the
size of bounded rationality does not induce a metric, as nothing prevents that there exists a
q,7 € B, such that ¢'E(z)p = 0 when E(z) # 0.

Remark 5. Consider two consumers with demands z7!(p,w) and z72(p,w) satisfying Walras’
law and exhibiting identical violations of the Wald Axiom and homogeneity of degree zero (or
violations of WARP). Suppose further that the first consumer violates the Ville axiom, but the
second satisfies it. We write 27! (p,w) + e*!(p,w) = 2°!(p,w) and z72(p,w) = 2°%(p, w). When
forced to satisfy the Ville axiom, both have the same first order behavior for compensated wealth
changes. In that case, for prices ¢,p € le) U Bg, assuming there is a ¢ vector in the budget line
of both consumers different from p,we have:

2¢'E (p,w)p| + |¢'E™ (p,@)p| > |¢'E™(p,w)p|. That is, [m'|+|mI'| > [mZ?| since mj' =
q'S° (p,w)p = mi? because both consumers fulfill Walras’ law, and in that case ¢’ E™ (p,w)p =
¢ E™(p,w)p = q'S° (p,w)p as shown in proposition 3. Also observe that |m]?| = 0 by construc-
tion.

In other words, the wealth measure of bounded rationality is larger for ™' than for z72.
Observe that this can be concluded only when assuming the equality in first order compensated

72 But this assumption can be

behavior of the “corrected” (Ville axiom) demand z*! and x
justified in an interesting way when we think of 72 as a “minimally perturbed” version of z™!
(with Slutsky matrix function S7), such that 272 is the demand of the first consumer when

forced to satisfy the Ville axiom.

5.3 Normalizations and Relative Matrix Nearness

The norm of bounded rationality that we have built so far is an absolute measure. Therefore,
for a specific consumer, this distance quantifies by how far that individual’s behavior is from
being rational. Furthermore, one also can compute how far two or more consumers within a
certain class are from rationality, and induce an order of who is closer in behavior to a rational
consumer. However, we are limited to the case where the setting of the decision making process
is fixed in the sense that the decision problem faced by each of the individuals is presented in
the same way. This implies that the measure is unit dependent, being stated in the same units
(the units in which the consumption goods are expressed).

Therefore, we next propose a relative matrix nearness norm that, while keeping most of the

features of the absolute measure of bounded rationality, is unit-free.

Definition 5. For any non null Slutsky matrix function S™ € M(Z), let its relative Slutsky

ﬁ(ss:l?, where d(S7) = ||E|| is the absolute matrix nearness

norm be defined as follows: p(S7) =

distance to rationality.
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Observe that we have excluded from the definition the case of null Slutsky matrix functions
(i.e., ST =0 € M(Z)). This, however, is just a technicality since the null ST satisfies property
R, and hence, one can postulate p(0) = 0.

Claim 4. The p : M(Z) — Ry relative error is positive, unit-free, and has the following com-
ponentwise bounds:
Let E? #0, E™ #0, E” #0. Then, {24 <1, 2
p(S7) < V6.

The proof of this claim can be found in the appendix. The following equation, used in it, is

. . 9 Eo 2 EW 2 ELI 2
of importance: p(ST)?* = ‘I‘IS*”? + I“‘Sfl“‘g + ||||ST||||2'

<1, and ‘Illgj\‘\l < 2, leading to

The bounds established in the claim can sometimes be made tighter. For instance, if £ = EY,

_NER _ ISE o maz{lAls}

p(ST) = = < <1.
) =171 = 1871 S “maz AL

This is because ST shares the same non negative eigenvalue functions as S7, and then [|ST|| <
157

This claim shows that all violations of rationality in the consumer choice setting are indeed
bounded above and we have computed the exact upper bound for the relative matrix nearness
error: p(-) < /6.

However, it is interesting to think of p(S7) = 1 as being an important threshold for bounded
rationality, in the sense that it is the upper bound for violations of VARP alone and WARP
alone. It is also interesting to note that the violations of WARP have a higher upper bound for
the relative measure than the other two axioms.

Another useful approach to deal with the unit dependence of the Slutsky matrix norm that

we have built is to consider a normalized Slutsky matrix that is expressed in dollars.'3

Definition 6. For any Slutsky matrix function ST € M(Z), let its normalized Slutsky matrix

?

function be S = Diag(p)S™ Diag(p) = A,STA,, or element-wise ?Zj = STipip;-

Observe that this normalized Slutsky matrix function is expressed in dollar terms, and that
its Frobenius norm is ||S" (2)]|? = Loes Tr(S (2)'S"(2)) = Locz 20,187 (2)pipj]*dz. We can
reformulate our matrix nearness problem using a dollar-norm for any Slutsky matrix function
defined as [|S7||ls = |[S" (2)||, which is the Frobenius norm applied to the weighted matrix
function. Under this new norm choice we have max 4||S™ — Al|s where A has property .

We state a technical remark that underscores how the main results carry over to this modified

problem.

Remark 6. '

A* = 57 when only the VARP is violated but ||E||s = ||ApE?Ap||. Also, one has the same
S9T = S§7 4+ E™, but the negative semidefinite matrix nearness solution is no longer the same as
under the Frobenius norm.

The solution to this problem is given implicitly by:

S™ = argmina<o||Ap[STT — AJA,||? — 2(A, E™A,, Ap[STT — A]JA,), where ST has property
R and has an associated rational demand that is e- close to the observed demand by the almost

implies near principle.

13We thank Xavier Gabaix for suggesting the use of this norm and pointing out its importance.
14The proof of this technical remark is in the appendix.
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The exact solution to this problem is given by S” = Azjl(ApS"’”Ap),A;1 with the quadratic

dollar norm given by:

1115 = lIApE7 Ap||* + [[Ap E™Ap|[* + [|Ap B Ay |2,

where E* = AJ 1 (A,S7TA,) AT

We use p to make clear that the projection under the dollar norm such that the Slutsky matrix
function fulfills the NSD constraint is different from the solution under the Frobenius norm (v).
Here we provide the main elements of the proof or this technical remark while leaving the details
to the appendix. To solve this problem we use the alternating projection technique. Therefore,
we postulate S7™* as a solution to the problem above, where S7™# = A;l(ApS"mAp),A;l.
Define E# = A1 (A,S7™A,) AL

We can easily check that S7™# is a symmetric matrix and since for every matrix function
such that S(p, w)p = 0 then S(p, w)A,1 = 0 where 1 € RE. Tt also follows that ST+ (p, w)p=0
since (A,S”™ (p,w)A,)-1 =0 and A, 'p = 1. We conclude that this must be the solution, and

since it is unique, we let ST = S%™#. Moreover,

HE”% = ||APEUAP||2 + ||ApE7TAp||2 + ||ApEMApH2'

The weighted norm is important in applications. In principle, the interested reader can tailor
a different symmetric positive definite weighting matrix instead of A, as a function of the specific
application. The alternating projection algorithm will still yield the solution.

It is also important to observe that the objective function using the dollar-norm is bounded
above by [|ST — Allg < [|Ap]|?-||S™ — Al[, so we know that the bounds that we have established

for the relative norm carry over to this case.

6 Examples and Applications

The rationality assumption has long been seen as an approximation of actual consumer behavior.
Nonetheless, to judge whether this approximation is reasonable, one should be able to compare
any alternative behavior with its best rational approximation. Our results may be helpful in

this regard, as the next examples illustrate.

6.1 The Sparse-Max Consumer Model of Gabaix (2012)

This model generates analytically tractable behavioral demand functions and Slutsky matrices.

In this example, we compare the matrix nearness distance to the “underlying rational” Slutsky

matrix function proposed by Gabaix and compare it to the one proposed here. This example

shows that there exists a rational demand function that is behaviorally closer to the sparse max

consumer demand proposed by Gabaix than the “underlying rational” model of his framework.
Consider a Cobb-Douglas model 9P (p,w) such that:

2P = S for i =1,2.

CD _ _ ajw
,pi p?
CD _ o4
Liw = p:
0P = Moy o oo
; p? i Pi p?
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CD _ o &w

) pi P
The Slutsky matrix function is:

S

_ ojow o1 Gow
SCD(p ,w) — ;D% pP1 P2
’ o oW _ aroow
pP1 p2

b2
Let us denote Gabaix’s theory of behavior of the Sparse-max consumer by G. Then the

demand system under G is:

G _ o w S
ai = 0é SR o 7% fori=1,2.
J
This demand system fulfills Walras’ law. This function has an additional parameter with
respect to 2P (p,w), the perceived price p&(m) = m;p; + (1 — m;)p¢. The vector of attention

to price changes m, weights the actual price p; and the default price p¢.

Consider the following matrix of attention for the sparse-max consumer:
o [ 10 ]
0 0

That is, the consumer does not pay any attention to price changes in ps, but perceives price
changes perfectly for p;. One of Gabaix’s elegant results relates the Slutsky matrix function of
x%, to the Cobb-Douglas benchmark. The behavioral Slutsky matrix evaluated at default prices
(in all this example p = p?) is:

8% (p,w) = SP(p,w)M

_ xjoxw O

5% (p,w) = 5

o arw
P1 P2
This matrix is not NSD, nor singular with p in its null space. Applying Theorem 1, the

nearest Slutsky matrix when p = p? is:

5 _ 1w a1 QW
—_p P P1 D2
Sr(p’w) = 2 - 1

1+p3 Q1 QW i Qew
pP1 P2 D3
Also, one has

E(]L U)) = ST(p7w) - ST(p7w)

| Do) b(p) (=5 )
Bl = l [1—b(p)[—2re2]  b(p)(21572) ]
with

pP1 P2 p3
2
_ _Pa
b(p) = pi+p%
Now, we compute a useful quantity:
Tr(E'E) = “e2ei.

PIp;
It is convenient to compute the contributions of the violations of symmetry and singularity

in p separately.
, , 2 was2al
Tr(E'E) = Tr(E® E7) + Tr(E™ E7) = 35255 + 5252
the values that w takes, the contribution of each kind of violation is equal and amounts to
exactly half of the total distance. In fact, we have: ||E|]> = % ["Tr(E°(w) E°(w))dw +
. w
1

1 fETr(Eﬂ(w)’Eﬂ(w))dw—(E?’—ﬂ"’)“f“ with p = p¢
2Jw - 3 P2p2 p=p.

Note, however, that in this example the third component of the violations, the one stemming

In this case, regardless of

from NSD, is zero when the prices are evaluated at the default. Since the behavioral model
proposed by Gabaix does not satisfy WARP and its Slutsky matrix function violates NSD, we
conclude that the the violation of the WARP is not massive, in fact, it affects the size of the

Slutsky norm only through its interactions with homogeneity of degree zero or “money illusion”.
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Our approach can also be used in the general case. We compute the previous quantities at any
p, and any p? with m = [1,0]".
/ _ ’w20¢220‘f [pg]Q : o oy _ L T v _
Tr(E'E) = P I e o S T TR with Tr(E? E°) =Tr(E™ E™) and E¥ = 0.
The expression above has a positive derivative with respect to pd for a;y +a = 1, this indicates

that 8%35 (-) > 0 for any p. A sparse consumer that does not pay attention to ps will be further
from rationality when the default price pd is high. Furthermore, the power of our approach lies
in the decomposition of ||E||? = |[|E°||? + ||E™||?. In this case, the decomposition suggests that
the violation of WARP can be seen as a byproduct of the violations of symmetry and singularity
stemming from the “lack of attention” to price changes of good 2 and the “nominal illusion” or
lack of homogeneity of degree zero in prices and wealth in such a demand system.

By Proposition 1, we can automatically conclude that there exists a " € X(Z) with Slutsky
matrix function S” € M (Z) such that ||E|| < § and |[2% — 2"|| < €(J), i.e., there is a rational
demand system x" € R(Z) that is e-close in the behavioral sense to 2% € X(Z) that is different
from the underlying Cobb-Douglas model. It must be underlined that the Cobb-Douglas model
and 2" are related to ¢ in different ways. The first one is a distortion of a rational model
using the sparse max operator, while the second is e—closest behaviorally, as defined here.
Our approach helps to complement the understanding of how much this particular bounded
rationality model differs from the standard rational one.

Indeed, fixing p = p?, one can compare the Tr(E’E) to the trace of the residual matrix of
the distance between S¢ and S¢P from the Cobb-Douglas consumer:

Tr(ELpBop) = P22 020l with Bop = SG — §OP or

3 pip3
Tr(ELpEcp) = t==Tr(E'E), notice that 0 < b(p) < 1 for p >> 0. Then, as expected due

b
to our theoretical resu(lljc)s, the S”(p, w) obtained using Theorem 1 is uniformly closer (under the
Frobenius norm) to S%(p,w) than the Cobb-Douglas matrix in any compact space Z of pairs
z = (p,w) where ||E|| and || E¢|| are defined. This result says that both || E||? = @HECDW are
proportional for any segment of wealth [w, W] due to linearity of the definite integral operator.
To finish this example, we will study a very simple region Z, with the aim of illustrating how

one can learn from the effect of a behavioral parameter such as a; and pg. Let Z = {w,p; =

1,z € 1,21}, then Sl ) = §os — Do’ (rgrarmap — griays ) One can now

visualize this § in the a, pg space, that is at pd € [1,2] and a; € [0, 1] (figure 1). We can observe

that «; has a non-linear effect on 4, and the distance toward the rational matrix goes to zero

when either a; — 0 or a; — 1 for all pd € [1,2].

6.2 Hyperbolic Discounting

The literature on self-control and hyperbolic discounting has flourished in macroeconomics and
development economics. In this example, we study a three-period model that allows us to
illustrate the use of our methodology. Our aim is to measure the violations of property R by
naive and sophisticated quasi-hyperbolic discounters.

The optimization problem for a consumer that can pre-commit is:

Maz(ory,_, 4 w(zy) + fu(xh) 4 SO u(xh)

subject to the budget constraint

i pir} = w.

The first order conditions are:

u'(27) = Apy

21



0.6

0.4+

\ - 016

- ~0.12

0.08

0.04

Figure 1: Level curves sparse-max consumer example .
axis and pg € [1,2] on its horizontal axis.

BOu (x5) = Ap2
B0 (z5) = Aps3

With CRRA utility with relative risk aversion o:

U’(xf) = [af]™7
= [B0 ’”]0961

b = [0 2] ot
Then, imposing the budget constraint:
praf + pa[BOLL) 7 2t + ps[BO? L] o = w,
which gives the demand system:
27 = [p1 + po[BIR]% + palB6222] ] 1w
ah = [B6%]7 2}

P _ [,802 1;1;_;] 2P

The figure plots « € [0, 1] on its vertical

The naive quasi-hyperbolic discounter will have the following demand system:

In the first period, the consumer assumes she will stick to his commitment in the second

b = [p1 + pa[BOLL)7 + ps[BO2EL] 7] L.

period and consumes the same amount as in the pre-commitment case:

However, when period two arrives, she re-optimizes taking as given the remaining wealth

h
w— pizy.

h _ W—le’f
P2+P3[59p2]
953 = [59p2]”$2

1
o

The analytical result for the matrix nearness norm has a nice expression:
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Figure 2: Level curves hyperbolic discounter example . The figure plots § € [0, 1] on its horizontal
axis and 6 € [0, 1] on its vertical axis.

1 1 1N\ 2
9%p1\ ” op, \ = [ BOp, \ =
(o =17 43+ ) ((252) - ()" ()"

1 2 1 1 4
2 BOp. o BOp1 o B862p o
20 (p3 < p32) +p2) (p2 ( pzl) +p3 (71,3 1) +p1)
which readily gives us that: (i) when o = 1 then Tr(E'E) = 0 and § = 0, that is the demand

is rational, (ii) when 8 = 1 then Tr(E'E) = 0, (iii) finally when 8 — 0,0 — 0, then § — 0.

In these three cases by the previous results € — 0. In fact, in the limit cases the hyperbolic

Tr(E'E) =

demand system is rational. Take for instance case (iii), because the agent consumes everything
in the first period and gives no weight to the other time periods then it is trivially rational, with
S™ — 0 and o} — 1% and x4, 2% — 0. In case (i), the logarithmic utility case, the hyperbolic
discounter manages to keep his commitment and therefore her consumption is time consistent
and ||E|| = 0.

To illustrate further the use of the tools developed here, we find an explicit value for
in terms of the behavioral parameters (3,6, for an arbitrary rectangle Z of prices and wealth.
Consider the region Z = {p1,p2,p3 = L,w € [1,2]} , with ¢ = % we compute 6(3,60), which
can be represented graphically in the box 8 € [0,1], § € [0,1]. The analytical expression for
IO
T 2(B26241)7(82(04462)+1)*

The level curves (figure 2) show that the hyperbolic discounter is very close to the rational

consumer, in the matrix nearness sense, for very low values of 3,6 and for values of 8 < % This
makes intuitive sense as a lower § means heavier discount on the future and lower consumption

of goods of time 2 and 3 that are the ones affected by self-control.
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The analytical expression for § is messy. When evaluated at 8 = 0.7 and 6 = 0.9, then
0 = 0.074, where the parameters are taken from the empirical literature.

Another observation that we can draw from this example is that for any arbitrary compact
region Z of prices and wealth analyzed ||E|[*> = ||E?||>. That is, only the asymmetric part
plays a role in the violation of property PR. In other words, under this numerical conditions
the hyperbolic discounter violates symmetry but it satisfies singularity in prices and negative
semidefiniteness. The hyperbolic discounter fulfills WARP.

Finally, one can also use this example to identify pairs (3,6) that are “equidistant” from
rationality, capturing an interesting tradeoff between the short-run and the long-run discount

factors and its effects on the violations of the Slutsky conditions.

6.3 Sophisticated Quasi-Hyperbolic Discounting

The sophisticated quasi-hyperbolic discounter is intuitively closer to rationality. However, the
Slutsky norm helps appreciate some of the subtleties and assess which conditions of rationality
are fulfilled by this type of consumer. We build this example as a followup to the naive quasi-
hyperbolic consumer. In this case, the consumer knows that in ¢ = 2 she will not be able to
keep her commitment and therefore will adjust her consumption at ¢ = 1. Then the consumer

maximizes

maxﬁhu(xih) + BOu(ah) + BO%u(z})

where 2 2% are known to her in ¢ = 1 and depend on period 1 consumption. However, she
can control only how much she consumes in the first period. Taking first order conditions and

keeping the assumption of the naive quasi-hyperbolic case, the first order conditions are:

h
oxg

sh
oxs

oxh
hy O3
+ BGQU,(%)ax;h =0

u'(25") + B0/ (a3)

Under the parametric assumptions made in the previous example, the new demand system
of the sophisticated hyperbolic discounter is:

() = 4]

ox
(“)x‘fh

sh1—o h1—o g 27..h1—0 B‘rg
[21"]77 + B0[z5] + B0%[x3] =10
O0x}$

w—piah
p2-+p3[B072]
h _ p21L .k
T3 = [59172]"5”2-

1
o

8w2h — p1 .
s P2g3g L
Oz} P2+P3[#]“
h paBOqL
Oy pi| P3 =
N Tyre u
w3 p2+ps| Pi =

Then the first period consumption under the sophisticated hyperbolic discounting is:

1 —1
1-0 | 7

h p180 + p1 BO*[BOL2]
it = p +n w

(o2 + al022)]
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The argument in the integral of the expression for ¢ for a generic Z is given by the quantity:

Tr(E'E) =

2/c

1\ 52
(612t~ %0 3 + ) (302 405 (22)) oy
P3 (ps . ) 7 +p2>

4

_ 1
91)1(1)3(’3252)%-&-192)0 1<ﬂpz+ps(ﬂgg’2)%> ’ N

204
P2

b1

As expected, this implies that: (i) when ¢ = 1, § = 0 for any Z; (ii) when 8 =1, 6 = 0;
and (iii) when 8 = 0, 6 = 0. Thus, in all these cases, ¢ = 0. Also, the decomposition of
||E||? = ||E?||?, which means that only the symmetry property is violated, while the weak
axiom and the homogeneity of degree zero in prices and wealth are preserved.

Finally, we want also to compare this quantity with the case of the naive hyperbolic dis-
Tr(E, Esp)
Tr(E) En)
a lower 0 for any Z and any parameter configuration. To simplify expressions, we let p; = 1

counter. The ratio of r = < 1 means that the sophisticated hyperbolic consumer has
for i = 1,2,3. The first finding is that the relation between the naive and the sophisticated
discounter ¢’s depends crucially on the parameter o. For o = 1, they are equal to zero: this is a
knife-edge case, in which the marginal rates of substitution yield optimal consumptions equal to
the commitment baseline. For o = %, the sophisticated hyperbolic discounter has a uniformly
lower §. However, for o = 2, the naive hyperbolic discounter has a uniformly lower §. Although
this may seem counterintuitive, it tells us that the closest rational type (which need not be the
commitment baseline) is closer for the naive than it is for the sophisticated consumer. More
precisely, in light of the interpretation of the matrix nearness norm, the slope of the steepest
Ville cycle changes with the amount of wealth remaining after the first period. Consequently,
if there is a larger amount of remaining wealth for “re-optimization” in the second period, the
Ville cycle slope is greater. This is the case when o < 1, which increases the consumption in
period 1 of the sophisticated hyperbolic discounter leaving less residual wealth and thus a lim-

ited rate of growth of the real income path along the Ville cycle. Furthermore, to enhance the
1
2
Z ={p1,p2,p3 = 1L, w € [1,2]} as in the previous example for the naive discounter.

comparison for the case of o = =, we compute explicitly the expression for ¢ in the same region

14(8 — 1)28%0® (862 + 1)
(8262 (862 (562 +2) +2) + 1)

The level curves of this § expression are very similar to the naive case, but it is even closer

*(8,0) =

to rationality everywhere. Evaluated at the typical values of § = 0.7 and 6 = 0.9, one gets the

value 6 = 0.0703847, which is slightly lower than the ¢ of the naive hyperbolic case for the same

=1
g=3.
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Figure 3: Level curves hyperbolic discounter example . The figure plots 8 € [0, 1] on its horizontal
axis and 6 € [0, 1] on its vertical axis.

6.4 Semiparametric and Nonparametric Estimation of the Slutsky Ma-

trix Norm with Noisy Data

Even though our Slutsky matrix norm main attractiveness is its analytical tractability, our ap-
proach can be useful when applied to observed consumer behavior where nonparametric estimates
of the demand function are obtained from noisy data. Its main advantage over alternatives that
use a least distance approach to measure violations to rationality such as Blundell et al. (2008) or
Varian (1990) is its closed-form solution. Moreover, it not only quantifies by how much a behav-
ior departs from rationality, but also suggests why (e.g. the violations to the Slutsky conditions
and its axiomatic counterparts). It also has a potential advantage with respect to tests on the
Slutsky regularity conditions such as those proposed by Hoderlein (2011) and Haag et al. (2009)
because our approach deals with the condition in a unified manner. Here we propose a blueprint
of a consistent estimator for departures from rationality using our results of the matrix nearness
problem. The estimator of our functional is semiparametric and uses the plug-in principle. Its
main interest rests in its simplicity.

In most applications, one observes noisy versions of our primitive 7 € X (Z). Indeed, the
practitioner may have access to a noisy version of the expenditure of households given the
sampled prices and incomes and budget shares for each commodity. In this setting, we formally
define these alternative functions of consumer behavior as o” € X(Z) (e.g. when the demand
is modeled as a budget share, then o7 is defined componentwise o] (p, w) = W). Also,
we assume that we observe IV identically and independently distributed draws of the random
vector Y = (A P W), where A = f(P,W,V) is the noisy measure of the budget shares that
depends on (random) price and wealth (P, W) pairs and on a vector V of noise or unobserved
heterogeneity. In this simple framework, we assume that (P, W) is independent of V. Ideally,
the practitioner should use experimental data for individual choice with a bundle set that is

infinite X C R” and a random linear budget constraint with the objective of inferring the shape
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of 7. However, the typical situation that a practitioner faces does not involve experimental
data. In that case, the interested reader should use the Slutsky matrix function estimator that
addresses the issues of endogeneity and heterogeneity (Hoderlein, 2011) while imposing strong
assumptions about the population demand behavior (Lewbel, 2001).

To retain generality, we will only assume that there is some functional of the observed random
variable A such that it is equal to the deterministic o for given observables (prices and wealth).
A classical assumption is that E[A|P = p,WW = w] = o"(p,w) (Haag et al., 2009). More
recently, Blundell et al. (2013) use the conditional quantile of A, assumed to correspond to the
actual deterministic behavior component such that Q,(A|P = p,W = w) = o"(p,w), where
we interpret 7 both as a type of behavior and a population quantile. In this environment, we
redefine our problem without loss of its structure. We can compute the Slutsky matrix function
associated to a7, and call it S%7. It must be the case that S*7 inherits all the properties of
ST when 7 is a rationalizable behavior. In particular, if it is symmetric, p-singular and NSD
then our results hold for a”. The typical budget share estimation is done under Walras’ law,
so we assume it here as well.'® Interestingly, we find that our semiparametric estimator can be
seen as a generalization of the well-known Slutsky matrix symmetry test, and it is close to an
L, distance test of symmetry proposed by Hagg et al. (2009).

Our aim is to provide a blueprint to estimate the distance from rationality of a” (or 7). We
define the quantity of interest v = [|E*||? = [, g(z)dz (or § in the case of ™) where the function
g is defined pointwise as g(p, w) = Tr[E* (p, w)E*(p,w)].*® Abusing notation, we omit « from
the following derivations.

The first step in the estimation of -, is the nonparametric estimation of the function g. Note
that g is constructed using only the shares a” and its partial derivatives (e.g., Dpa” and D,a7)
that we can readily estimate in this environment. 7

(i) Plug-in estimator. By the plug-in principle, we propose the estimator ¥ = fzg(z)dz =
I'(g), where ' : C(Z,R4) — R is a linear functional and [, [|g(z)||* < oo. This functional is
Fréchet differentiable (or Hadamard differentiable), then the plug-in estimator converges.

In particular, we will take advantage of a sufficient condition (i.e. the fact that v = I'(g),
and that T' is a linear bounded functional of g). To see this, observe that for all f € C(Z,R)
we have: [['(g) —T(f)| <c |lg(z) = f(2)||c for some constant ¢ > 0.!8 Since I is a bounded
functional, it follows that if § % g, and then T'(§) & I'(g).

In the remaining part of this application, we propose an estimation procedure for the first
nonparametric step for this estimator. This procedure takes advantage of our closed-form so-

lutions to the matrix nearness problem. The emphasis of this procedure is on obtaining an

151t is desirable to use estimators for 7 when heteroscedasticity is not an issue for the estimation technique.

16We can write v = [, %h(z)dz or~y = ]E[ZEIIZ’VVI;;] where h is the probability density function (pdf) of (P, W)
that is assumed to be bounded away from zero and whose support is Z. This will be useful to simplify the algorithm

to compute the estimator as explained in the appendix. The estimator can be written as 4 = % > ﬁg(zl)

where §(z%) can be computed only at the data points.

Tn particular, following Hagg et al. (2009), in the case where E[A|P = p, W = w] = a7 (p,w), we can use
the Naradaya-Watson local polynomial estimator of the conditional mean for a” and the partial derivative of &"
for the corresponding functions of interest. Then we are ready to construct an estimator of §g. To estimate h we
can use a traditional kernel estimator for probability density functions h. We must underline that Haag et al.
(2009) shows that the asymptotic properties of an object such as § are driven by the rate of convergence of the
derivatives of a”, and therefore, we can treat&” as known in the asymptotic theory.

181n fact, note that by linearity of the integral operator, we have

T(g— )l <c¢ maz,ez|g(z) — f(2)|]. Then we can construct a c¢ using the fact that |I'(g — f)| < T'(lg — f])

r

and fixing ¢ = maxfeLz(Z,R_*_){m} for f #g.
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algorithm that provides a consistent estimator of g in general settings, when we have consistent
estimators of a” and its derivatives.

The procedure can be summarized in two steps:

e Use a local smoother on {pi,wi,gi}ie{l’...w}to obtain and estimate of §(p,w) for all
(p,w) € Z.

e Use the plug-in principle and obtain ¥ =T'(g) = fZ g(2)dz.

(ii) Properties of the estimator. The advantage of the semiparametric estimation procedure is
that it is consistent if we have a uniform consistent estimator as an input. Formally, we state

the following remark.

Remark 7. The semiparametric estimator 4 - v as n — oo if the estimators of a” and its

derivatives converge in probability to their true value.

The asymptotic distribution of this statistic can be done under regularity conditions using
the classical results of Newey (1994). The interested reader might want to check the following:
(i) Mean square continuity. To achieve this we have to use an o(n~'/4) consistent estimator of
g. (ii) Linearity. This condition holds trivially when we know h then ~ is a linear functional
of g. In fact, the functional derivative of E[m(z,~, g)] with respect to g is E[c(P, W)dg(P, W)]

where c¢(p,w) = m. (iii) Stochastic equicontinuity. Proving stochastic equicontinuity if
possible depends on the specific estimator used by the practitioner. Under these conditions, the
estimator converges at n~1/2 rate.

(iii) Symbolic or algebraic algorithm for the estimation of g.!% In the case of the first
nonparametric step, we propose a simple polynomial estimator for all the components of our
Slutsky matrix norm. These components (matrix functions) will be used to compute 4 using
the plug-in principle and other quantities of interest. We assume that we have polynomial
consistent estimators of a” and its partial derivatives such that S7(p,w) = Srqp"w? (ie.,
we use the Einstein notation where p” = pi'py*---pj~, and w? is the g-th power of w and
Srgp"w? =32 . Sreptt o prrw? with —k < 7y,¢ < k and S, constant matrices). Notice
that our map a : X(Z) — M(Z) is closed to rational polynomials in the sense that if a7 is
a rational polynomial then F has rational polynomial entries. Indeed, if a”and its derivatives
are polynomials then S7 has polynomial entries. Moreover, S%” having rational polynomial
entries implies that the eigen-values and eigen-vectors (of S7™) are rational polynomials and so
is S” (entrywise). Finally, F itself has rational polynomial entries. In this case, we can apply
our analytical solutions in a very simple and numerically efficient way using readily available
algorithms.

Notice that the estimator of E7, Eo = _%(gw — g;q)prwq = E:qprwq is computed using
only constant matrix subtraction. The estimator of E™ has rational polynomial entries instead
p}p. However, we can factor the estimator in two
components, a scalar rational polynomial and a polynomial matrix: Em = ﬁ[ﬁ;tpswt]. The
change of subscripts denotes that this is a new polynomial matrix due to the following operation

of just polynomial ones due to the presence of

F:tpswt = EZ’; (p, w)p"w? where EZ:; (p,w) = —(pp'?iq + giqpp’)m is a polynomial matrix
itself and Ezt is a constant matrix coefficient of the polynomial expansion of the matrix factor

of E™ after rearranging the polynomial terms.

19For a numerical algorithm, the reader is referred to the appendix.
20This formula works under the assumption of Walras’ law or adding-up.
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Finally, the computation of the estimator of E* is more involved. We can apply the algorithms
of Kitamoto (1994) on $7™# = (p'p)S°™ if the polynomials have no interaction terms. More
generally, we can exploit an additional structural property of Somp . Most modern algorithms de-
signed to obtain an eigen-decomposition or a spectral decomposition of a polynomial matrix need
that S belongs to the class of para-hermitian polynomial matrices (i.e. S‘“”’p(—p, —w) =
S ™P(p,w)’). If this is not the case, one can always obtain the para-hermitian matrix transfor-
mation S (z) = §7™P(—2) 7P (2), where ST (2) = Q(—z)A(—2)'A(2)Q(z)’, and where
Q(z) is a para-unitary polynomial matrix such that Q(—z)'Q(z) = I and A(z) is a diagonal
polynomial matrix. Then, the estimator is defined pointwise as E¥(z) = ﬁ [Q(—2)A(2)1Q(2)].
Observe that one can recover A(z) from A(—z)'A(z) (Foster et al., 2010). To exploit the para-
hermitian property when possible is generally recommended, because of the increasing avail-
ability of algorithms to compute it. In particular, by using a decomposition algorithm for
multivariate polynomial matrices with this property proposed by Avelli and Trentelman (2008)
to obtain algebraic solutions to the PSD projection of $™7.2!

We want to underscore that, in the process of deriving an estimator for E , we have reduced
the computation of the matrix function F to a simple algebraic or symbolic algorithm when the
primitives are polynomials. Therefore, this process can also be applied when the practitioner
has access to deterministic polynomial evaluator of ™ or a Taylor approximation thereof. The
benefits may be important computationally because we transformed the infinite-dimensional
problem into a finite-dimensional one (except for the EY that requires to apply a specialized
algorithm).

We can use the approximate function E to calculate an estimator of . We start by obtaining
¢ = Tr(Ej E) for j € {o,m, v}, and we use the plug-in estimator to compute the approximate
5= [, 4(2)dz

As we can see, our closed-form solutions for the departures of rationality are advantageous
when proposing estimators and algorithms for the computation of our Slutsky matrix norm.
The asymptotic distribution and other properties of the matrix function polynomial estimator
(87,5 and E), are potentially interesting avenues for future research. Also, it seems natural
to use these techniques to impose rationality in nonparametric demand estimation when using

sieves techniques.??

21In the case of para-hermitian polynomial matrix functions, there is a spectral decomposition algorithm
with para-unitary matrices such that S%7(z) = Q(—2)'Q(z) where Q(z) € R™*L. Denote Q(z) =
[G1(2) @a(2) -G (2)], in other words, S (z) = 37", G,(—2)q,(2)". In this setting, we can obtain the PSD
part EY(z) = Y pcx Gk (—2)Gk(2), where K = {k € {1---m}|gy(—2)'qx(2z) > 0}. Certainly, E¥(z) is symmet-

ric, PSD, and singularity in p is preserved since Q(—z)'Q(z)p = 0 and p’Q(—z)'Q(z) = 0, which implies that

q,(z)p=7q(—2))p=0foralll € {1,--- ,m}. Uniqueness of the solution ensures that this is the PSD projection.
Alternatively, we can obtain the PSD part by noticing that this decomposition can be seen also as a J-spectral
Iy 0 0
decomposition where S%7(z) = F(—z)'JF(z) with F(z) € REXL and J = [ 0 —-Ig 0 :| , where I
0 0 0
LXL

denotes an identity matrix of dimension ¢, t = « is the number of positive eigen-values, t = 3 is the number of
negative eigen-values, and m — (a + ) is the number of null eigen-values. Then E¥ = Q(—z)'J+Q(z), where

Io 0 0
Jo=| 0 0 0 )
00 0, .,

22The consistency of the plug-in estimator stems from the boundedness of the operator I' (and Hadamard
differentiability). Observe that the consistency of the coefficients of E polynomial matrix are guaranteed in the
case of polynomial primitives. For general cases, we have approximate solutions that nevertheless can be made
arbitrarily precise at a computational cost.

23Recent work on two-step estimators by Ackerberg et al. (2012) may prove useful in this setting to compute
the asymptotic variance because it assumes that the first step is done using polynomial approximations
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7 Literature Review

The canonical treatment of measuring deviations from rational consumer behavior was establish
by Afriat (1973) with its critical cost-efficiency index. Afriat’s index measures the amount by
which budget constraints have to be adjusted so as to eliminate violations of the Generalized
Axiom of Revealed Preference (GARP). Varian (1990) refines Afriat’s measure by focusing on the
minimum adjustment of the budget constraint needed to eliminate violations of GARP. Houtman
and Maks (1985) measure deviations from GARP through identifying the largest subset of choices
that is consistent with maximizing behavior.

The closest treatment of the problem to our work is the approximately rational consumer
demand proposed by Jerison and Jerison (1993) These authors are able to relate the violations of
negative semi-definiteness and symmetry of the Slutsky matrix to the smallest distance between
an observe smooth demand system and a rational demand. Russell (1997) proposes a measure
of quasi-rationality. Russell’s measure corresponds to Slutsky matrix symmetry violations. He
uses exterior calculus and obtains a measure of non integrability that corresponds to the residual
of a symmetric decomposition of the Slutsky matrix.

Our work gives a different methodological approach to this problem and generalizes the
results to the case of violations of singularity of the Slutsky matrix. More importantly, this new
approach allows to treat the three kinds of violations of the Slutsky conditions simultaneously.
For instance, new behavioral models like the sparse-max consumer (Gabaix, 2012) suggest the
presence of a money illusion such that prices are not in the null space of the Slutsky matrix.

More recently, Echenique, Lee and Shum(2011), give a new measure of violations of revealed
preference behavior called the “money pump index” . Also Jerison and Jerison (2001) propose a
way to bound Afriat’s index of cost-efficiency using an index of violations of the symmetry and
negative semidefiniteness Slutsky conditions. It would be interesting to compare our Slutsky

matrix norm with these other approaches.

8 Conclusion

By redefining the problem of finding the closest rational demand to an arbitrary observed be-
havior in terms of matrix nearness, we are able to pose the problem in a convex optimization
framework that permits both a better computational implementability and the derivation of
semiparametric consistent estimator and tests. We define a metric in the space of smooth de-
mand functions and finally propose a way to recover the best Slutsky approximation matrix
function under a Frobenius norm. Our approach gives a geometric interpretation in terms of
transformations of the Slutsky matrix or first order behavior of demand functions. As a result,

a classification of the different kinds of violations of rationality is also provided.
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Appendix

Proof of Claim 1:

Proof. First, we show thatX(Z) is closed. Take any sequence {z"},cn of demand functions
with 2™ € X(Z). For any n € N, we have p'2"(z) = w by assumption. Let the arbitrary
convergent sequence be such that ™(z) — z(2) to some function z € C'(Z). Then we want to
show that, for 2" (z) = [z7(2) - - - 27 (2)], if 27'(2) — x(2) then p'z(z) = w. By Walras’ law, we
have p’a2™(z) = w. Define the function ¢"(z) = p’z™(z) — w, taking limits on this new function
limp—0og™(2) = limnﬁoo[zlel px)(z) — w] it follows that g™ (z) — 0 and since z = (p,w) and
z € Ri‘f is given we can conclude that p’z(z) = w. This implies that x € X(Z).

We also show thatX'(Z) is uniformly bounded. Since 2™ € X (Z) is continuously differentiable
and Z is compact, then every z7(z) is compact-valued, and so is Va7 (z). Then, there exists a
bound M.~ > 0 such that ||z]|[c1,1 < Myr for [ =1,..., L. Then let M = max{ M+ },-cx(z)-
It follows that ||z]||c,1 < M for I =1,...,L, for all z € Z, and for all 27 € X(Z).

Finally, we demonstrate that X (Z) is equicontinuous. This is a direct consequence of the
assumption of continuous differentiability and the compactness of Z. In fact, under the assump-
tions of continuity of Dz7(z) = [Dpa"(z) Dy,x7(z)], then set {Va](z) € C(Z)} is uniformly
bounded in Z (by the same uniform boundedness argument of X' (Z)). Also, by the multivariate
mean value theorem applied to each function z](z), it follows that for I = 1,..., L, for every
u > 0 there exists a v; > 0 (v; = M| such that for Z € [21, 22]: ||V] (Z)]|oo,L+1 < M), depending
only on wu, such that for a pair z1,20 € Z: d(z1,22) < vy = ||z](z1) — 2] (22)|lc11 < u
for all entries of the functions ™ € X(Z). Under the || - ||c1 norm for X (Z), it follows that
[|[27(21) — 27 (22)||c1 < w.?* Finally we choose | = argmaz,{||z](21) — 27 (22)||c11} and we
fix v = v;. Then we can conclude that for every w > 0 there exists a v > 0 which depends
only on u (since all v; depend only on u), such that for a pair 21,20 € Z: d(z1,22) < v =
|27 (1) — 7 (22)||c1 < u ¥V 27 € X(Z).

To conclude, we apply the Ascoli-Arzeld theorem to the family of functions 2™ € X' (Z). Since

X(Z) is closed, uniformly bounded and equicontinuous, it is a compact subset of C1(Z). O

Claim 5

The following claim is an auxiliary result to be used in the sequel.

Claim 5. The map s : X (Z) — M(Z) defined as s(z”) = S7 is continuous.

Proof. First, we will prove that D, : X(Z) — M(Z) and D,, : X(Z) — C(Z,RL) are not
only closed linear operators, but are also continuous maps. In general, differential operators are
closed but not continuous. However, in this specific domain, Dy, D,, are defined everywhere by
assumption, additionally D, and D,, are closed operators, and finally X(Z), M(Z) are Banach
spaces with the norms || - ||c1 and || - || respectively, and so is C(Z, RL), the space of continuous
functions f : Z — RL with supremum norm || - ||s,z. Then, by the closed graph theorem, we

can conclude that D, and D,, are continuous maps.

24Three different norms are used in this proof. The partial derivatives of z] are not required to be differentiable

hence the norm in this space is the supremum norm || - ||oo. By contrast, z]is continuously differentiable and has
norm || - ||¢1,1- For a fixed z = Z, ||27 (Z)||c1,1 = maz (|| (Z)||0o,1,1IVZT (Z)||oc,L+1)- Finally, the norm in X(Z)
is || - ||c1 as defined in Section 2.
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Second, take a convergent sequence in X (Z), {a] }nen — 2. To finish the proof we want to
show that lim,_,.os(z],) = s(z”). By continuity of D,, D,, and by the properties of the limit of a
product of vectors it follows that lim,—oos(z]) = limp— oo Dpx], +1impy 0o D] [limp s 0ox™] =

ST, where s(x™) = S7, thus proving continuity of s. O

Proof of Claim 2

Proof. The problem is ming-||S™ — S”|| subject to S"(z) < 0, S"(z) = S"(2)", S"(2)p = 0 for
z€Z.

Under the Frobenius norm, the minimization problem amounts to finding the solution to

mingr [,c, Tr([S7(z) = 87(2)]'[S7(2) — S"(2)])d=

subject to

S7(2) <0

ST(z) = S"(2)

S"(z)p=0

The objective function is strictly convex, because of the use of the Frobenius norm. This
norm is also a continuous functional.

The constraint set Mg (Z) is convex and closed. In fact, the cone of negative semi-definite
matrices is a closed and convex set. Also, the set of symmetric matrices is closed and convex,
and finally the set of matrices with eigenvalue A = 0 associated with eigenvector p is convex.
To see the last statement, let A(z)p = 0, B(z)p = 0, and let C(z) = aA(z) + (1 — o) B(%) for
a € (0,1). It follows that C(z)p = 0. Then Mx(Z) is the intersection of three convex sets and
is therefore convex itself. It is also useful to note that all three constraint sets are subspaces of
M(Z) and the intersection Mg (Z) is itself a subspace of M(Z).

Now we prove that not only the symmetric and the NSD constraints sets are closed but
all Mn(Z) is closed. Any matrix function in the constraint set is a symmetric NSD matrix
with p in its null space. Therefore, every sequence of matrix functions in the constraint set
has the form D"(z) = Q"(2)A"(2)Q"(z)’, where A"(z) = Diag[ \!(2)]ie1,.... With ascending
ordered eigenvalues functions. It follows that the eigenvalue function in position L, L is the
null eigenvalue A\, = 0, or the null scalar function. That is, imposing an increasing order
the position 1,1 is then held by A7(z) < A(z) < ... < 0 where the order is induced by the
distance to the null function using the euclidean distance for scalar functions defined over Z.2°
The matrix function Q™(z) = [¢} ---p] is the orthogonal matrix with eigenvectors functions
as columns. For all D"(z) € Mn(Z), A} = 0 is associated with the price vector ¢} = p
always, to guarantee that p is in its null space. The eigenvectors are defined implicitly by the
condition D™ (z)ql(z) = A"(2)q}'(z) with pointwise matrix and vector multiplication and ¢} L p
or {q",p) = 0 using the inner product for C°(Z) for i = 1,...,L — 1 and for all n € N. Take any
sequence of { D™ (2) }neny with D™(2) € Mn(Z) for each z € Z, with limit lim,—, .o D" (z) = D(z).
We want to show that D(z) € Mg (Z). It should be clear that any D™ (z) — D(z) converges to
a symmetric matrix function (the symmetric matrix subspace is an orthogonal complement of a
subspace of M(Z) (the subspace of skew symmetric matrix functions) and therefore, it is always
closed in any metric space). It is also clear that D(z)p = 0 since A} = 0 for all n and certainly

A} — 0 with the associated eigenvector ¢} = p for all n and g} — p. This condition, along with

25This eigenvalue functions can be labeled because the domain Z is simply connected. The order admits
crossing eigenvalue functions.
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symmetry, guarantees that ¢;’,; — ¢ L p. Finally, the set of negative scalar functions is closed.
Then, A}, — A(2)- with Aixp(2)— = min(0, Aixr(2)). This is a negative scalar function by
construction, since if A\jxr(z) > 0 then Ajzr(z)— = 0. Then Mn(Z) is closed.

Let Mg(Z) C M(Z) be the subset of Slutsky matrix functions, defined as the image of
the Slutsky map defined over X(Z). Let s : X(Z) — M(Z), be a matrix map defined by
s(z7) = Dpa™ 4+ Dya7[z7], i.e s(X(Z)) = Ms(Z). By Claim (1), X(Z) is compact and by
continuity of the s map (proven in Claim 5), it follows that Mg(Z) is a compact set. Since
Mx(Z) C Mg(Z), and given that Mx(Z) is a closed subspace of a compact set, then My (Z)
is also compact.

Note also that the image of the feasible set satisfying the constraints is closed (because all
constraint sets images are pointwise subspaces of euclidean metric spaces of finite dimension
and therefore are closed) and convex because it is the intersection of three convex sets. Under
the assumption of z € Z for Z compact, then it follows that the constraint set is pointwise
compact. To see why the previous statement is true observe that the set of images of M(Z) for
a fixed z, Im,(M(Z)) consists of real-valued L x L matrices that forms a vector space that is
isomorphic to the euclidean space RE*. Then let Mn(Z) be the set of matrix functions that
have property R. It follows that Im,(Mn(Z)) C Im,(M(Z)), is compact if and only if it is
closed and bounded. Observe first that Mg (Z) is closed since it is in the intersection of three
closed sets. The entries of a matrix S € R are not necessarily bounded for all (p,w) € RE+Y
but Im,(Mn(Z)) is bounded. Then Mx(z) is pointwise compact.

In conclusion, since the Frobenius norm in M(Z) is a continuous and strictly convex func-

tional and the constraint set is compact and convex the minimum is attained and it is unique. [

Proof of Claim 4

Proof. First, we establish the basic properties of this new measure:
Positive: p(S™) > 0 by construction (if ST € M(Z2)).
Unit-free: p(e¢S7) = p(S7) (if ST € M(Z) and ¢ € R).
peST) = fifst = p(S7)
Let E7 # 0, E™ # 0 and E” # 0. Next, we establish each of the componentwise bounds.
We write
BN _ Nl3(s™ = S70I_ 51201570 _

= -2 =1.
1571l st = ST

Next, since

E7(2) = —L[S7(2)pp’ + pp'S° (2) — G2,
By Walras’ law:

E™(z) = ——=[S9(2)pp’ + pp'S?(2)],

then

IE™I| < 5751157 )] - eI

Note that ||pp’|| = p’p then

1
p'p

[[E™]] <1157 (2)]
and

BT _ 118° ()]
s = e < L

Next, since S7™ = S7 + E™ = Z[S™ + ST+ E™
then. [[S77[] < 2].57]|
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and

[[S77]] < 2[|S7]].

It follows that:

[E"]| [LE]|

571 < 2fisey < 2

Finally, recall that
 — El|

P(ST) = fisy

and

2 _ LETIPHIE
p(ST)" = 57T

Using the componentwise bounds afor established yields the overall bound of /6.

PHIEYIE _ B | IETIE |, B
2 s T s T+ EeE

Lemma 3

Lemma 3. The solution to minal||S™ — Al| subject to A(z)p = 0 and A(z) symmetric is the

nearest matric function with this characteristics for S°(z).

Proof. Using the symmetric, skew symmetric matrix decomposition of S” we can write:

15T = AJ> = ||S° + —A(z) + E°|[2 = |87 — Al]* + || E°||? + 2(S7 + —N, E?)

Since S7(z) — A(z) is symmetric, it follows that (S7 + —N, E7) = 0, because Tr([S?(z) +
—A(2)E°(z)) =0, for z € Z. In fact, the trace of the product of a symmetric matrix-valued
function and skew symmetric valued function is zero for any z € Z.

This implies that the proposed program can be written as:

maza||S” + E7 — A(2)|* = ||S7 — A(2)|]” + [| E° |

with A(z) = A(z)" and A(z)p = 0.

With the solution A(z)* = S7(z)+ E™(z), with E7(z) the nearest matrix function under the
Frobenius norm that makes [S?(z) + E™(z)]p = 0.

Thus, A(z)* = 577 (2). O

Lemma 4

Lemma 4. The solution to the problem with only the symmetric restriction active is S°(z) =

3157(2) + 57 ()]

Proof. Consider the reduced problem with only the symmetry restriction active:

mingr [, Tr([S7(z) = 87(2)]'[S7(2) — S"(2)])d=

subject to

ST(z) = S"(2)".

This is equivalent to minimize

§7(2) = argmingrer [, ,[Tr(S7(2)'S7(2))=Tr(S"(2)S7(2))=Tr(S7(2)' S™(2))+Tr(S"(2)S"(2))]dz

The optimization solution when only the symmetry restriction is active is obtained using the
strong Euler-Equation. The objective function expansion is obtained using the linearity of trace
operator. We also use the property that 9Tr(AX')/0X = A. Note that the Lagrangian only
depends on the function S"(z) and not on z or its derivatives. Therefore the first order pointwise
conditions give:

—57(z) = ST(2) +257(2) =0, for z € Z

which yields
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89(z) = 5[S7(2) + S7(2)'].
It is useful to note that this corresponds to the symmetric decomposition of a square matrix

function. 0

Lemma 5

Lemma 5. The negative semi-definite nearest matriz function to S°(z) is also the NSD nearest

matriz function to S”(z).

Proof. It is a known fact that the nearest NSD matrix to S7(z) is the projection of this function
on the NSD cone (Higham, 1989). That is, it is the negative semidefinite part of the matrix
S%(z).

To obtain it, let S7(z) = Q(2)A(2)Q(z)’, where A(z) is the diagonal matrix of eigenval-
ues, (with ordered entries), of S7(z) and Q(z) is an orthogonal matrix whose columns are the
eigenvectors associated with A(z). Every real, symmetric matrix has such decomposition.

Also note that one can decompose the symmetric matrix S7(z) into its PSD part and NSD
part: S7(z) = S(2) +57(2). Here, ST = > 5 JoNiqiq; and S7 = >, _(Nigig;- We abuse
notation and let \; < 0 denote A\;” = min(0, \;) and A\; > 0 represent A\ = maxz(0, \;).

In other words, S7(z)- = Q(2)[A(z)-]Q’, with A_(z) = diag(min(A;,0))ic1...L-

We want to solve

maxy||ST — NJ||

subject to N(z) < 0, that is negative semidefinite.

Notice that, S7(z) = S9(z) + E?(z), can always be decomposed in the sum of its symmetric
and skew-symmetric part.

Then the objective functional can be written as

IST = N|| = IS + B — N]|

Then:

57 = N2 = |57 + ~N + E7|[2 = |87 - N|? + || E7]

Because S7(z) — N(z) is symmetric it follows that (S7(z) + —N(z), E?(z)) = 0, since
Tr([S?(z) + —N(2)]E?(z)) = 0, for any z. That is the trace of the product of a symmet-
ric matrix-valued function and skew symmetric valued function is zero for any z € Z.

This implies N*(z) = S9(z)—. The solution is the negative semidefinite part of S7(z). O

Claim 6
Claim 6. The matrix E7(z) is pointwise orthogonal to S(z)+. That is Tr(E™(2)'S(z)+) = 0.

Proof. By definition S77™(z) = S9(z) + E™(z), with E™(z) a symmetric matrix such that
E™(z)p # 0 when S%(p)p # 0 and E™(z) = 0 when S?(p)p = 0. Thus, E7(z) is always
singular.

One can then write the direct sum decomposition of the set A(z) of symmetric singular
matrix functions with the property that p’A(z)p = 0 as follows: A(z) = P(z) & N(z) for all
z € Z, where

P(z) ={E™(2): Tr(E™(2)pp’) =0 and  E"(2)p#0 for E7"(z)# 0}
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and
N(z) ={N(2) : Tr(N(2)pp') =0,  N(2)p = 0}.

To see that this is a direct sum decomposition, first observe that P(z) N N (z) = {0}, with
0 denoting the zero matrix function, by construction. Furthermore, any A(z) € A(z) can be
written as a sum of A(z) = E™(z)+ N(z) since A(z)p = 0 or (exclusive) A(z)p # 0, for A(z) # 0.
Furthermore, p’ A(z)p = p'E™(2)p 4+ p'N(z)p = 0 for any E™(z), N(z). Then the decomposition
is precisely A(z) = E™(z) when A(z)p # 0 and A(z) = N(z) when A(z)p = 0. Since every
direct sum decomposition represents the sum of a subspace and its orthogonal complement,
andN (z) is a subspace in the space of symmetric matrix-valued functions, it follows that P(z)
is its orthogonal complement. In particular, since S(z)+p = 0 and Tr(S(z)pp’) = 0, it follows
that Tr(E™(2)S(z)+) =0, for z € Z. O

Claim 7

Claim 7. The map a : X(Z) — M(Z) defined element-wise as a(x™) = S™ — S7 is continuous.

Proof. The continuity of the map a follows directly from the continuity of the Slutsky map
s and the continuity of the projections maps that generates S”. By Claim 5, we know that
s: X(Z) = M(Z) is continuous. It remains to be shown that the projection maps are indeed
continuous. For this we need that the range of the projection map is a closed subspace under the
metric induced by the norm of M(Z). The first projection is p; : s(X(Z2)) — Sym(M(Z)) with
range equal to the closed subspace of symmetric matrix-valued functions on M(Z), therefore p; is
continuous. The second projection is ps : Sym(M(Z)) — P(Z) with P(Z) defined as in Claim 6.
The closedness of P(Z) is not trivial and is proved now. Take a sequence of matrices { E™"},en
in P(Z), now consider the definition of this space and it must be the case that Tr(E™"pp’) =0
with E™"(z)p # 0 for E™"(z) # 0. Taking limits in the three conditions (one equality and two
inequalities), it follows that lim,, .o E™"(z) = E™ € P(Z), therefore P(Z) is closed and ps is a
continuous map. Finally, the third projection ps : Sym(M(Z)) & P(Z) — Sym(M(Z))_ that
is with range equal to the closed cone of negative semidefinite matrix-valued functions is also a

continuous map. It follows that a is continuous. O

Proof of Remark

If Walras’ law hold then |¢'E™(p,w)r| = 0 for any ¢,r € B,.
In particular for a fixed w:

| E™(p,0)r| = | = ' 55157 (0. @)pp’ + pp'S7 (p,0) — ELLDELL gy | = 0

The proof is separated in three parts:

(i) First component:
E™Np) = =4/ 5557 (0. w)pp'r = ¢ [Dpa™* (p) — 5 Dy (p)pz™" (p) P17
-

P »'p
Since 2" (p)'p = w then E™! = [¢' Dpa™" (p)p — ¢/ Dpr™* (p)p] &L = 0.

(i) Second component:

E™2(p) = ¢’ pp' S (p, W)r = L2p/[Dpz® (p) — £ Dypars (p)pas (p)'Ir

Deriving p/z*" (p, w) = W with respect to prices, it follows that p’D,z*"(p) = —z>* (p)’.
E™2(p) = L[~ (p)'r + 2 (p)'r] = 0

(iii) Third component:
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E™3(p) = q o B e — L[/ [S7 (p, W)p) 'pp]
By deﬁnltlon of the condltlonal Slutsky matrix function for a fixed w:
E™3(p) = old' ' Dpa®* (p)'p — 0/ e (0)p' Dpa** (p) plpl b7y
E™3(p) = ﬁ[q [w — &p'z*" (p)wlp] &%

E™3(p) = Zii Z:; [w —p'z%"(p)] = 0 when Walras law hold.

Proof of Remark 6

max4||ST — Al|s with A satisfying R.

Then notice that ||S™ — Al|g = ||ST — A

S7=AI = [|A, (8™ — AIAI? = [IA,[87 — A+ E7]A, ||

— IA(S” — AP + Ay 7y

Observe that if A is symmetric then A, AA, is symmetric, if A is skew-symmetric then A, BA,,
is also skew-symmetric. This means that (A,E7A,, A,[S7 — AJA,) = 0.

Similarly, for the general case:

1Ap[S™ = AIA |12 = [|A,[S77 — A+ E7 — ET|A |2 = [|Ap B A, P+ ||A, [ E™ + 577 — A]A, |2

Where the inner decomposition of S7 comes from the following Lagrangian:

L = [, Tr([ApST(2)Ap — MAR)A [AST(2)Ap — ApyA(2)Ap])dz + [, N A(2)pdz +
[oezvec(U) vec[A(z) — A(2)'].
Equivalently,

T

L = [ Tr([S"(2) = AR)[S"(2) — A(2)]) + Tr(A(2)p\) + Tr(U'[A(z) — A(2)))]d=
FOC:
577 () = §[57(2) + 57(=)] + AN — U+ U'JA?

Postulate that A ?[Ap’ — U + U']A;2 = E™. This proposed solution satisfies the FOC
an by uniqueness of the solution due to the nature of the objective functional one has that
SP™(z) = S7(z) + E™ under the dollar norm and ||ST — S”7||s = ||E? — E™||s. Therefore the
general matrix nearness problem with the dollar-norm is equivalent to computing:

S” = argmina<o||A,[STT — AJA,||? — 2(A, E™A,, A,[STT — A]JA,), where ST has property

R. This problem has a closed-form solution.

A Simplified Algorithm for the Plug-In Estimator of the Distance to
Rationality

We can write v = [, Zg) (2)dz or v = E[gg VVQ} where h is the probability density function
(pdf) of (P, W) that is assumed to be bounded away from zero and whose support is Z. This
suggests a simple semiparametric estimation procedure. The functional statistic of interest is

given implicitly by the moment E[m(z,, g)] = 0, where m(z,7,g) = Z%Z — . In this setting,

we use the analogy principle to estimate v in two parts. First, a nonparametric step to compute

g, h and, second, a parametric step in which we can use the sample average to estimate ~:

YL
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This approach has a computational advantage in the estimation of g, but does not provide
an estimator for the matrix function F.

The construction of § takes several nonparametric steps that nevertheless are simple to obtain
due to our analytical approach. In short, we need a nonparametric consistent estimator &” and
its partial derivatives (that converge uniformly to the true functions). We assume that we have
them. Then, we can build an estimator of S'T(pi, w?) for i € {1,---,N}.26 Finally, using our
analytical results pointwise, we can get an estimator of E(pi, w?). Then, we use this object to
build §(p’, w?) also pointwise, and this helps us to obtain 4.

The construction of E’U(pi,wi) and E’T(pi,wi) is computationally trivial since they only
require S7(p’,w'). An important computational step in the estimation of g is the pointwise
projection of S’”’”(pi, w?) in the NSD space of matrix functions to compute Ev (p*, w?). Following
our results, this problem amounts to computing an eigen-value decomposition of the numeric

matrix S"””(pi, w?) at each i. The steps are summarized below:
e Input: Consistent nonparametric estimates of a” and its partial derivatives, and h.
e Result: The semiparametric estimator?y.
e First, build 5™ (pt, w?) for every pair (p?, w?), construct S"”’T(pi7 w?) and E° (pt, w?), E™ (p, w?).

e Second, obtain E’V(pi7wi) = gg’ﬂ(pi7wi)+ as the numeric matrix projection on the NSD

matrix cone.

e Third, obtain g' = Tr(E(p, w') E(p*,w')) for all i € {1,--- ,n}.

n 1 —1

e Finally, Compute the sample average 4 = % Yo a9

The semiparametric estimator % RN v as n — oo if the estimators of o™ and its derivatives
converge in probability to their true value.

We assume we have a local kernel polynomial estimator of o and its partial derivatives such
that if n — oo, then 87 (p*, w?) EN s7(p*, w?), where 87 (p*, w'), . = 81,,;0([4—81;04;(pi,zz)i)dk(;loi,wi).27
Then, we have an entrywise convergent estimator of the Slutsky matrix S7 (p*, w?) L (p, w?).
If this holds, we can get a pointwise convergent estimator of g(p?,w') (i.e., the image of g
at (p’,w?)) for all i by applying the continuous mapping theorem). In fact, we know that
57,589 and S%™" are obtained as projections on closed subspaces, and therefore, each of
the projections is a continuous map. Fix (p’,w?), if S'T(pi,wi) LN S™(p*,w'), first observe
that EJ(p',w') = [S7(p',w’) — P;(S™(p*,w?))] for j € {o,7,v}, where P; is the projection
in the closed subspace of matrices with property j (i.e. P, is a continuous map). Then, by
the continuous mapping theorem, it follows that £ (pi, w') B E7(p?, w'). Then, for (p',w?), the
g = Tr(Ej (%, wi)’Ej (p',w?)) also converges in probability to g/ (p*, w?) for all j since the trace
operator is continuous. Moreover, it is smooth. Finally, because of the additive separability of
the components of g, we have §' = g% + g™ + g**. We conclude that g* > g(pt, w?).

In the case of the semiparametric estimator, consistency is guaranteed because ¥ is the sample
g P og(plw)
(pt ,w') - h(p?,w?)

average of % under the assumptions on h and g.

26We can construct 57 using a local polynomial estimator of the Slutsky matrix function as proposed by (Haag
et al., 2009).
2"Here, Bp,:a[ is the estimator of %ﬁfmkp@wi)and dwoy is defined analogously.
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