
Chapter 1 An introduction to approximation algorithms

These lecture notes are for the course Advanced Algo-

rithms (2016-2017) and are supplementary to the book ‘The

design of approxiation algorithms’ by David Shmoys and

David Williamson. See the book for missing definitions.

These notes only cover a part of the sections of the book. If

you find an error/typo please let me know (r.a.sitters@vu.nl)

and I will update de file.
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1 An introduction to approximation algorithms

1.1 Approximation Algorithms

Definition 1. An α-approximation algorithm for an optimization problem is

a polynomial-time algorithm that for all instances of the problem produces a

solution for which the value is within a factor α of the value of an optimal

solution.

To show that an algorithm Alg is an α-approximation algorithm we need

to show three things:

[1 ] The algorithm runs in polynomial time.

[2 ] The algorithm always produces a feasible solution.

[3 ] The value is within a factor of α of the value of an optimal solution.

1.2 Introduction to techniques of LP

The first chapter gives five different approximation algorithms for the weighted

set cover problem. The so called vertex cover problem is the special case of the

set cover problem in which each item appears in exactly two sets. The vertex

cover problem is not explained separately in the book but it is helpful to con-

sider this easier problem first. In this problem, we need to find for a given graph

G = (V,E) a subset of vertices such that each edge has an endpoint in the set.

The goal is to minimize the number of vertices in the subset.

Figure 1: The red vertices form a minimum vertex cover: I = {2, 4, 5}.

Vertex Cover:

Instance: Graph G = (V,E).

Solution: I ⊆ V such that each edge has at least one endpoint in I.

Cost : |I| (the number of vertices in I)

Goal : Find a solution of minimum cost.
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Chapter 1 An introduction to approximation algorithms

The Vertex Cover problem is NP-hard. Thus, there is no polynomial time

algorithm that solves the problem, unless P = NP. The next algorithm is a

very simple 2-approximation. (Not in the book.)

Algorithm A:

Find a maximal matching M and add all endpoints of the edges in M to I.

Theorem 1.1. Algorithm A is a 2-approximation algorithm.

Figure 2: The red edges form a maximal matching: M = {(1, 2), (3, 4)}. The

solution given by the algorithm A is I = {1, 2, 3, 4}.

Proof. We need to prove three things: [1] the running time is polynomial, [2] the

solution is feasible, [3] the value of the solution is at most 2 times the optimal

value.

[1] A maximal matching can be found by choosing the edges one by one until no

edges can be added anymore. [2] Assume edge e is not covered. Then we can

add e to M and get a bigger matching. This is not possible since we assumed

that M is maximal. [3] Since the edges in M have no endpoints in common, we

have |I| = 2|M |. Also, any solution must use at least one point from each of the

M edges, but since these edges are independent (have no endpoints in common),

we must have Opt > |M |. We conclude that |I| = 2|M | 6 2Opt.

An algorithm by linear programming The vertex cover problem can easily

be formulated as an integer linear programming problem (ILP). Let m = |V | be

the number of vertices1.

(ILP) min Z =
m∑
j=1

xj

s.t. xi + xj > 1 for all (i, j) ∈ E
xj ∈ {0, 1} for all j ∈ V.

1Usually, we write n = |V | for the number of vertices. Here we use m in stead of n in order

to be consistent with the notation for Set Cover used in Chapter 1.
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The vertex cover problem is NP-hard which implies that the ILP above can

not be solved in polynomial time, unless P=NP. However, the following LP-

relaxation (in which xj ∈ {0, 1} is replaced by xj ≥ 0) can be solved efficiently.

(LP) min Z =
m∑
j=1

xj

s.t. xi + xj > 1 for all (i, j) ∈ E
xj > 0 for all j ∈ V.

The idea of the algorithm is to solve (LP) and then round that solution in

a feasible solution for (IP). This technique is called LP-rounding.

Algorithm B:

Step 1: Solve the LP. → Optimal solution x∗1, x
∗
2, . . . , x

∗
m with value Z∗LP .

Step 2: Add j to solution I if x∗j > 1/2.

Figure 3: In this example, an optimal LP-solution is x∗j = 1/2 for all j. The

value of the LP-solution is 2.5. Which is strictly smaller than the optimal ILP-

solution which is 3. Algorithm B takes all five vertices: I = {1, 2, 3, 4, 5} and

has therefore value 5. The approximation ratio for this particular instance is

therefore 5/3. In general, the ratio is never more than 2, as stated in Theo-

rem 1.2.

Theorem 1.2. Algorithm B is a 2-approximation algorithm.

Proof. We need to prove three things: [1] the running time is polynomial, [2] the

solution is feasible, [3] the value of the solution is at most 2 times the optimal

value.

[1]: True, since LP’s can be solved in polynomial time. [2]: We need to show

that every edge has an endpoint in I. Consider an arbitrary edge (i, j). We

have x∗i +x∗j > 1. But then, either x∗i > 1/2 or x∗j > 1/2 (or both). That means

that either i or j or both is added to I. [3] Denote the rounded solution by x̂.
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That means: x̂j = 1 if x∗j > 1/2 and x̂j = 0 otherwise. In either case, x̂j 6 2x∗j .

The value of the solution found is

|I| =
m∑
j=1

x̂j 6 2

m∑
j=1

x∗j = 2Z∗LP 6 2Z∗ILP = 2Opt.

In the equation above, Z∗ILP is the optimal value of the integer linear program

ILP. (It is common to add a ∗ to indicate the optimal solution and optimal

value, as we do here.)

Weighted case Now consider the weighted vertex cover problem. In this case,

each vertex j has a given weight wj > 0 and the goal is to minimize the total

weight of the cover. The analysis of algorithm A does not go through (Check

this. Can you find an example where algorithm A gives a solution that is far

from optimal?). However, the second algorithm, B, does apply with only some

minor changes: In the LP, there is only an extra term wj and in the analysis

there is only a small change in [3]

Figure 4: Graph G with weights on the vertices is an instance of the weighted

Vertex Cover problem. The optimal solution has total weight 1 + 1 + 2 = 4.

(LP) min Z =
m∑
j=1

wjxj

s.t. xi + xj > 1 for all (i, j) ∈ E
xj > 0 for all j ∈ V.

[3] The value of the solution found is∑
j∈I

wj =

m∑
j=1

wj x̂j 6 2

m∑
j=1

wjx
∗
j = 2Z∗LP 6 2Z∗ILP = 2Opt.

1.3 A deterministic rounding algorithm

The Set Cover problem is a generalization of the Vertex Cover problem which

we discussed above.
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Set Cover:

Instance: Set of items (elements) E = {e1, . . . , en}, subsets S1, . . . , Sm ⊆
E, and weights w1, . . . , wm > 0.

Solution: I ⊆ {1, 2, . . . ,m} such that each item is covered: ∪
j∈I

Sj = E.

Cost : Weight of the cover:
∑
j∈I

wj .

Goal : Find a solution of minimum cost.

Figure 5: Graph G is an instance of the Vertex Cover problem. Equivalently,

we can write it as a Set Cover problem. For each vertex j there is a set Sj

containing the adjacent edges: S1 = {e1, e5}, S2 = {e1, e2, e6}, S3 = {e2, e3},
S4 = {e3, e4, e6}, and S5 = {e4, e5}.

The vertex cover problem is the special case of the set cover problem in which

each element ei appears in at most 2 sets. Now consider the Set Cover problem

and assume that each item appears in at most f sets, for some constant f . The

LP-rounding algorithm for vertex cover problem applies here in the same way.

This is the first algorithm given in the book.

(ILP) min Z =
m∑
j=1

wjxj

s.t.
∑

j:ei∈Sj

xj > 1 for all i = 1, . . . , n

xj ∈ {0, 1} for all j = 1, . . . ,m.

The LP-relaxation is obtained by replacing xj ∈ {0, 1} by xj ≥ 0.

(LP) min Z =
m∑
j=1

wjxj

s.t.
∑

j:ei∈Sj

xj > 1 for all i = 1, . . . , n

xj > 0 for all j = 1, . . . ,m.

Algorithm 1:

Step 1: Solve the LP. → Optimal values x∗1, x
∗
2, . . . , x

∗
m, Z

∗
LP

Step 2: Add j to solution I if x∗j > 1/f.
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Chapter 1 An introduction to approximation algorithms

Theorem 1.3. Algorithm 1 is an f -approximation algorithm for Set Cover.

Proof. [1] Clearly, the running time is polynomial since LP’s can be solved in

polynomial time and the second step can be done in linear time. (We only need

to check each x∗j once.)

[2] Any solution produced by this algorithm is feasible since each item appears

in at most f sets. That means, there are at most f variables in the constraint

for ei and at least one of the variables must has value > 1/f .

[3] Denote the rounded solution by x̂. That means, x̂j = 1 if x∗j > 1/f and

x̂j = 0 otherwise. In either case, x̂j 6 fx∗j . The value of the solution found is

∑
j∈I

wj =

m∑
j=1

x̂jwj 6 f

m∑
j=1

wjx
∗
j = fZ∗LP 6 fZ∗ILP = fOpt.

1.4 Rounding a dual solution

An alternative approach with the same approximation guarantee is obtained by

using the dual of the LP for Set Cover. In the dual LP-formulation there is a

variable yi for each item ei. The objective is to maximize the sum of the y′is.

The dual becomes:

(D) max Z =
n∑
i=1

yi

s.t.
∑

i:ei∈Sj

yi 6 wj for all j = 1, . . . ,m

yi > 0 for all i = 1, . . . , n.

Algorithm 2:

Step 1: Solve the dual (D) → y∗1 , y
∗
2 , . . . , y

∗
n, Z

∗
D

Step 2: Add j to solution I if the dual constraint for Sj is tight :
∑

i:ei∈Sj

y∗i = wj .

Theorem 1.4. Algorithm 2 is an f -approximation algorithm for Set Cover.

Proof. [1] Clearly, the running time is polynomial.

[2] We need to show that any solution produced by this algorithm is feasible.

Assume it is not, that means, some item ei is not covered. But then, none of

the dual constraints j for which i ∈ Sj is tight. Hence, we can increase the value

y∗i by some small value and still maintain a feasible dual solution. This would

increase the dual objective value, which contradicts the fact the dual solution

is optimal.

8



Chapter 1 An introduction to approximation algorithms

[3] The value of the solution found is

∑
j∈I

wj =
∑
j∈I

∑
i:ei∈Sj

y∗i 6 f

n∑
i=1

y∗i = fZ∗D = fZ∗LP 6 fOpt.

The first equality above follows since only tight sets Sj were picked by the

algorithm:
∑

i:ei∈Sj

y∗i = wj . The first inequality follows from the fact that each

of the y∗i ’s appears at most f times in the summation. The second inequality

follows from strong duality.

1.5 The primal-dual method

In the analyis of the previous section, we don’t really need that y∗ is an optimal

dual solution. To prove property [3], optimality was used in the last inequality

but it is enough to use only weak duality: Z∗D 6 Z∗LP . In [2], we only used that

every element ei is in at least one tight set Sj . We showed that this is true for

the optimal solution y∗ but this property can be obtained a lot easier than by

solving (D). We simply start with yi = 0 for all i and then increase the dual

values one by one.

Algorithm 3:

Step 1: I = ∅, yi = 0 for all i.

Step 2: As long as some ei is uncovered do: increase yi until some dual constraint

l becomes tight and add all j to the solution I for which the corresponding dual

constraint becomes tight.

First, note that the algorithm is well-defined. If element ei is uncovered then

none of the sets that contain ei were picked sofar, which means that none of

the corresponding constraints were tight. Then, yi can be increased until some

set becomes tight and if we then take all tight sets in the solution, ei will be

covered. Hence, the algorithm will always return a feasible solution.

NB. In Algorithm 1.1 in the book, only one set Sl is added in each iteration.

For example, if two sets become tight at the same moment, then Algorithm 1.1

adds these to solution I in two consecutive iterations. In Algorithm 3 above we

just add these two in one step. Further, the algorithms are the same. Consider
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Figure 6: The algorithm increases the yi’s in arbitrary order. Assume the order

is y1, . . . , y5. Then y1 gets value 2. Next, y2 cannot be increased (since it is

in tight set S2). Next y3 can be increased to value 1. Next, y4 and y5 cannot

be increased. The solution obtained by the algorithm is (y1, y2, y3, y4, y5) =

(2, 0, 1, 0, 0). The tight sets are S1 and S3 and the value is w1+w3 = 5. Choosing

a different order to increase the yi’s may give another solution.

the example S1 = {e1}, S2 = {e1, e2}, and w1 = w2 = 1. The dual becomes

(D) max Z = y1 + y2

s.t. y1 6 1 (for S1)

y1 + y2 6 1 (for S2)

y1, y2 > 0.

If the algorithms start with increasing y1 then the algorithm of the book first

takes S1 in the solution and adds S2 in the next iteration. Algorithm 3 takes

both sets S1, S2 in the solution at once.

Theorem 1.5. Algorithm 3 is an f -approximation algorithm.

[1] The running time is even better than that of Algorithm 1 and 2 since we

do not need to solve a linear program. It runs on O(fn) time. [2] As we noted

above, the algorithm always returns a feasible solution. [3] Let yi denote the

dual values obtained at the end of the algorithm and let ZD be the corresponding

objective value of the dual. Then, the value of the solution I is

∑
j∈I

wj =
∑
j∈I

∑
i:ei∈Sj

yi 6 f

n∑
i=1

yi = fZD 6 fZ∗D = fZ∗LP 6 fOpt.

Note that the only difference with Algorithm 2 is that we do not necessarily

have the optimal dual value. But that is no problem since ZD 6 Z∗D.
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1.6 A greedy algorithm

The 4th. algorithm is a simple greedy algorithm. A greedy algorithm builds a

solution step by step and at each step makes a greedy decission, that means, it

extends the partial solution in a way that is, in some sense, the cheapest option.

You will see more greedy algorithms in Chapter 2. Here, the greedy set cover

algorithm picks in each step the set for which the cost per newly covered item

is minimum.

The analysis given in the book is not so easy. The presentation of the proof

here is slightly different and, hopefully, a bit easier than in the book. Instead

of Fact 1.10 we use the following trivial observation.

Lemma 1. Let A1, A2, . . . , Aq be finite sets. Then
∑
j

|Aj | > | ∪
j
Aj |.

The greedy algorithm chooses sets in the solution one by one (in some order)

until all items are covered. The next claim holds for any algorithm that chooses

the sets one by one. Say that ki is the number of uncovered items just before

item ei gets covered.

Figure 7: In the unweighted case (all weights are 1), the algorithm picks the sets

S1, S4, S2 in this order. Then, k1 = k2 = k4 = k5 = 8, k6 = k7 = k8 = 4, and

k3 = 1.

Claim 1.
n∑
i=1

1/ki 6 Hn. (Hn = 1
n + 1

n−1 + · · ·+ 1
1 ≈ lnn is the n-th harminic

number.)

Proof. Assume (without loss of generality) that the items are covered in the

order en, en−1, . . . , e1. (Possibly, multiple items are covered at the same time

but then we pick any order between these items.) Just before ei gets covered

there are at least i uncovered items. Hence, ki > i.

n∑
i=1

1

ki
6

n∑
i=1

1

i
= Hn.
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Unweighted case. The book only gives the algorithm for the weighted prob-

lem but it may be helpful to understand the unweighted version first. That al-

gorithm always chooses the set with the largest number of uncovered elements.

Let Ŝj be the set of uncoverd items in Sj during some state of the algorithm.

Intially, Ŝj = Sj for all j and the set Ŝj is adjusted during the algorithm. At

the end Ŝj = ∅ for all j.

Algorithm 4: (unweighted)

Step 1: I = ∅, Ŝj = Sj for all j.

Step 2: As long as some ei is uncovered, add that l to I for which Ŝl is maximal.

Update Ŝj for all j.

Theorem 1.6. Algorithm 4 is an Hn-approximation algorithm.

Proof. The idea is to divide the cost for the solution over all items. When a new

set Sl is added to the solution, then the cost for this set (which is 1) is divided

over all newly covered items. Denote this cost per new item by yi. Then,

yi =
1

|Ŝl|
.

The cost of the solution is exatly the sum of the yi’s.

|I| =
n∑
i=1

yi.

Let Opt be the number of sets in the optimal solution.

Claim 2.

yi 6
Opt

ki
.

Proof. Consider an arbitrary item ei and assume it gets covered in Step 2 of

the algorithm by set Sl. For any j, let Ŝj denote the uncovered items of Sj just

before ei gets covered. By defintion of the algorithm we have |Ŝl| > |Ŝj | for all

j (since the algorithm picks the set with the maxmimum number of uncovered

items). Let I ′ be an optimal solution.

Opt = |I ′| =
∑
j∈I′

1 >
∑
j∈I′

|Ŝj |
|Ŝl|

=
1

|Ŝl|

∑
j∈I′
|Ŝj | >

1

|Ŝl|
ki = yiki.

The last inequality follows from Lemma 1:
∑
j∈I′
|Ŝj | > | ∪

j∈I′
Ŝj | = ki.
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Combining Claims 1 and 2 we see that the total cost of the solution is

|I| =
n∑
i=1

yi 6 Opt

n∑
i=1

1

ki
6 Opt ·Hn.

Weighted case. Now, the weighted version. The changes are minimal.

Algorithm 4: (weighted)

Step 1: I = ∅, Ŝj = Sj for all j.

Step 2: As long as some ei is uncovered, add that l to I for which wl/Ŝl is

minimal.

Theorem 1.7. Algorithm 4 gives an Hn-approximation.

Proof. Again, the cost for each added set is divided over the newly covered

items. Denote this cost by yi. If ei gets covered by Sl then,

yi :=
wl

|Ŝl|
. (1)

The cost of the solution is exatly the sum of the yi’s.∑
j∈I

wj =

n∑
i=1

yi.

Claim 3.

yi 6
Opt

ki
.

Proof. Consider an arbitrary item ei and assume it gets covered in Step 2 of

the algorithm by set Sl. For any j, let Ŝj denote the uncovered items of Sj just

before ei gets covered. By defintion of the algorithm we have wl

|Ŝl|
6 wj

|Ŝj |
, for all

j with |Ŝj | > 0. This implies that

wj >
wl

|Ŝl|
|Ŝj |, for all j.

Let I ′ be an optimal solution. We get that

Opt =
∑
j∈I′

wj >
wl

|Ŝl|

∑
j∈I′
|Ŝj | >

wl

|Ŝl|
ki = yiki.

Again, the last inequality follows from Lemma 1:
∑
j∈I′
|Ŝj | > | ∪

j∈I′
Ŝj | = ki.

13
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Combining Claims 1 and 3 we see that the total cost of the solution is

n∑
i=1

yi 6 Opt

n∑
i=1

1

ki
6 HnOpt.

Alternative analysis. (Dual fitting) By using the dual LP formulation of

the problem one can prove an even better bound. Consider an arbitrary set Sj .

To simplify the notation assume that Sj = {e1, e2, . . . , e|Sj |}. Assume that they

are covered in opposite order: e|Sj |, . . . , e1.

Now consider an arbitrary item ei, i 6 |Sj |. Just before item ei gets covered,

there are at least i items uncovered in Sj , i.e., |Ŝj | > i. Assume that ei gets

covered by set Sl. The algorithm also has the option to choose set Sj . That

means

yi :=
wl

|Ŝl|
6

wj

|Ŝj |
6
wj
i
.

Let g = maxj |Sj |. Then,

∑
i:ei∈Sj

yi 6
|Sj |∑
i=1

wj
i

= wjH|Sj | 6 wjHg.

We see from the inequality above that y satisfies the constraint of the dual-LP

(D) up to a factor Hg. If we let y′i = yi/Hg, then the solution y′i is feasible for

the dual. The cost of the solution of the greedy algorithm is

n∑
i=1

yi = Hg

n∑
i=1

y′i 6 HgZ
∗
D = HgZ

∗
LP 6 HgOpt.

Note that this is better (or at least not worse) than the bound HnOpt since

Hg 6 Hn.

1.7 A randomized rounding algorithm

Algorithm 1 uses LP-rounding to get an f -approximation. The rounding is de-

terministic in the sense that a variable with value > 1/f is always rounded to

1. An natural variant is to round a variable xj to 1 with a probability that

depends on its value x∗j . For example, let Xj be a stochastic variable with

Pr(Xj = 1) = x∗j and Pr(Xj = 0) = 1− x∗j . Then (by linearity of expectations)

the expected value of the solution is exactly the optimal LP-value (See book).

However, the probabality that the solution is feasible is almost 0. In order to
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increase this probability, the book suggets the following algorithm:

First, solve the LP-relaxation. Then, repeat the rounding K times. If the

variable Xj is set to one at least once, then the set Sj is taken in the solution.

It turns out that taking K = c lnn is large enough to get a feasible solution

with high probability. The analysis can be found in the book.

Let us consider a slightly different approach here. The analysis is simpler.

Algorithm 5:

Step 1: Solve the LP → x∗1, x
∗
2, . . . , x

∗
n, Z

∗
LP

Step 2: Add j to solution I with probability min{1,Kx∗j}.

Theorem 1.8. For K = c lnn and c > 2, Algorithm 5 finds a 2c lnn-aproximation

with high probability.

Proof. Consider an arbitrary element ei. If Kx∗j > 1 for some j with ei ∈ Sj ,
then ei will be covered by Sj . Otherwise,

Pr(ei not covered) =
∏

j:ei∈Sj

(1−Kx∗j ) ≤
∏

j:ei∈Sj

e−Kx
∗
j = e

−
∑

j:ei∈Sj

Kx∗j

6 e−K .

The first inequality follows from 1 − x 6 e−x for all x. The second inequality

follows from the LP-constraint
∑

j:ei∈Sj

x∗j > 1. If we take K = c lnn, then

e−K = n−c. By the union bound, the probaility that some element ei is not

covered is at most n times as large, i.e., at most n−c+1. If we take c > 2, then

the probaility that the solution is feasible is at least

1− 1

nc−1
> 1− 1

n
.

This is called with high probability. Sofar, the analysis has been the same as

for the algorithm in the book. The computation for the expected value is a lot

easier though. The expected value of the solution is

m∑
j=1

Pr(j ∈ I)wj 6
m∑
j=1

Kx∗jwj = KZ∗LP .

Note, however, that this expectation is also over the events that the solution is

infeasible. We would like to know the expected value, given that the solution is

feasible. Let F denote the event that the solution is feasible and let Cost denote
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the cost of the solution by the algorithm. Then,

E[Cost] = E[Cost | F ] Pr(F ) + E[Cost | not F ] Pr(not F )

≥ E[Cost | F ] Pr(F ).

For n > 2, we have Pr(F ) > (1− 1/n) > 1/2. In that case, we get

E[Cost | F ] 6 2E[Cost] 6 2KZ∗LP 6 2KOpt = 2c lnnOpt.
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2 Greedy and Local search

See the book for an introduction of this Chapter.

2.1 Single machine scheduling

See the book for a formal description of the optimization problem of this section.

Say that at job j is available at time t if rj ≥ t and job j has not been

scheduled yet. Say that the machine is idle at time t if no job is processed at

time t.

Earliest Due Date (EDD) algorithm: At any moment that the machine

is idle, start the job that has the earliest due date among the jobs that are

available at that moment.

Theorem 2.1. EDD is a 2-apprixmation algorithm for the scheduling problem

in this section.

The proof of this theorem given in te book can be simplified and the result

made more general. Here, we only present this simplified version. Compare it

with the proof in the book and pick your favorite version. EDD is a greedy type

of algorithm since it always makes the choice that seems best at the moment.

Let’s consider a wider class of algorithms, which we simply call Greedy too.

Clearly, EDD is greedy by this definition.

Greedy algorithm: At any moment that the machine is idle, start some job

among the jobs that are available at that moment.

Theorem 2.2. Any greedy algorithm gives a 2-approximation for the scheduling

problem in this section.

Proof. Consider an optimal schedule and let L∗max and C∗max = maxj C
∗
j denote,

respectively, its maximum lateness and length. Since due dates dj are negative

and completion times Cj are positive we have

L∗max = maxj(C
∗
j − dj) ≥ maxj C

∗
j = C∗max and

L∗max = maxj(C
∗
j − dj) ≥ maxj(−dj).

(2)

Consider a schedule produced by a greedy algorithm and let Lmax and

Cmax = maxj Cj denote its maximum lateness and its length. Clearly, a greedy
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algorithm always produces a schedule of minimal length. Hence, Cmax 6 C∗max.

Together with (2) this implies

Lmax = max
j

(Cj − dj) 6 Cmax + max
j

(−dj) 6 C∗max + max
j

(−dj) 6 2L∗max.

2.2 The k-center problem.

The proof in the book for the k-center problem is short and clear. Nevertheless,

here is a summary that may be helpful.

Algorithm Greedy

Pick the first center arbitrarily. Next, choose the centers one by one until k

centers are chosen, and always choose the point that is furthest away from the

set of centers already chosen. Let S be the chosen centers.

Figure 8: It is easy to see that Greedy may be factor 2 away from the optimal

value. Take this instance with k = 2 and 5 equidistant points on the line. The

algorithm might choose points 1 and 5 while it is optimal to pick 2 and 4.

Theorem 2.3. Algorithm Greedy is a 2-approximation algorithm.

Proof. Clearly, the algorithm runs is polynomial time and always returns a

feasible solution. It remains to prove that the value is always at most twice the

optimal value. Let S∗ be an optimal set of centers and let r∗ be its value. Each

center in S has a center in S∗ at distance 6 r∗. Now, connect each center from

S with its nearest center from S∗.

There are two possible cases. (i) Each center from S∗ is connected to exactly

one center from S. (ii) There is a center ji ∈ S∗ which is connected to at least

two centers, say j, j′, from S.

Case (i). Consider an arbitrary point v ∈ V . Then v has a center in S∗ at

distance at most r∗. This center is connected to some center in S at distance is

at most r∗. By the triangle inequality, v has a center in S at distance 6 2r∗.

Case (ii) First note that by the triangle inequality d(j, j′) 6 d(j, ji) +

d(ji, j
′) 6 2r∗. Assume that the algorithm chose j′ before point j. When
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Figure 9: Greedy centers (S) are green and the optimal centers (S∗) are red.

Left: Each center from S∗ is connected to exactly one center from S. Right:

There is a center in S∗ which is connected to more than one center from S.

the algorithm picked j, this was the point with maximum distance to the cho-

sen centers. This distance was at most d(j, j′) 6 2r∗. Therefore, any point has

a distance to S of at most 2r∗.

By a reduction from the Dominating Set problem, it follows that there is no

α-approximation algorithm for any α < 2 possible, unless P = NP. See book.

2.3 Parallel machine scheduling.

In this scheduling problem, we are given n jobs and m machines and the goal is

to assign each job to a machine such that the maximum machine load is mini-

mized. (The load of a machine is the sum of the processing times of all jobs on

the machine.) The problem is also known as load balancing.

Load balancing:

Instance: n jobs with processing times p1, . . . , pn and m machines.

Solution: An assignment of jobs to machines

Cost : The maximum load over the machines

Goal : Minimize cost.

The section gives two 2-approximation algorithms for the load balancing

problem and one 4/3-approximation.

Algorithm 1 Local search

Start with an arbitrary schedule. If the completion time of some job j can be

reduced by putting it at the end of some other machine i, then add j at the

end of machine i. (To ensure polynomial running time, we let i be the machine

with smallest load at that moment.) Continue this until no job can improve its

completion time this way.
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Algorithm 2 List scheduling

Place the jobs in arbitrary order. Following this order, place the jobs one by

one on the machines, always scheduling the jobs as early as possible.

Algorithm 3 Longest Processing Time first rule (LPT)

Order jobs by their processing time (p1 > p2 > · · · > pn) and apply the list

scheduling algorithm with this order.

Analysis of the algorithms There are two easy lower bounds on the length

C∗max of the optimal schedule.

C∗max > max
j
pj and C∗max >

1

m

∑
j

pj . (3)

The first says that the length of the schedule is at least the length of the longest

job. The second bound says that the length of the schedule is at least the

average machine load.

Clearly, Algorithms 2 and 3 run in polynomial time. However, this is not so

clear for the local search algorithm. For example, if the completion time of the

moving job is reduced by 1 unit in every step, then the running time could in

principle be as large as Ω(
∑
j pj), which is only pseudo polynomial time. If we

always move the job to the machine with smallest load then polynomial running

time is guaranteed. Oberve that the following is true.

At any step of the local search algorithm, the smallest machine load does

not decrease.

(See Figure 2.3 in the book.) This implies that any job can move at most once.

(For a job to move a second time, the destination machine should have a smaller

load than that of the destination machine in the first move.) Now, since each

job moves at most once, the number of iterations is at most n.

Theorem 2.4. Algorithms 1 and 2 are 2-approximation algorithms.

Proof. It remains to prove the approximation factor. Let Cmax be the length

(makespan) of the schedule of either of the two algorithms. Let l be the job

that completes last. See Figure 10. That means Cl = Cmax. Let Sl be the start

time of job l in the schedule. Then, no machine has a load that is less than Sl

since otherwise the list scheduling algorithm could have started l earlier and the

local search algorithm would have moved l to another machine. Using the two
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Figure 10: Proof of the approximation factor. Job l is the last job to complete.

lower bounds from (3) we obtain:

Cmax = Sl + pl 6
1

m

∑
j 6=l

pj + pl =
1

m

∑
j

pj + (1− 1

m
)pl

6 C∗max + (1− 1

m
)pl 6 (2− 1

m
)C∗max.

Theorem 2.5. LPT is a 4/3 approximation algorithm.

Proof. Polynomial running time and feasibility are obvious. It remains to show

that for any instance, the length of the LPT schedule is at most 4/3 times the

optimal length. Clearly this is true if the instance has only one job. Now assume

that it holds for any instance with at most n′ < n jobs. Consider an instance I

of n jobs and let σ be the LPT schedule and denote its length by Cmax. Let l

be a job that completes last. Consider two cases: (i) l < n and (ii) l = n.

Figure 11: LPT gives a 4/3-approxiamtion.

Case (i). Remove job n from schedule σ. Denote the remaining schedule by

σ′. Then, the length of σ′ is equal to the length of σ, since job n was added last

but is not the (only) job that completes last. Let I ′ be the instance consisting
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of the jobs 1, . . . , n − 1. Note that σ′ is exactly the schedule that you get by

applying LPT to I ′. By induction, Cmax is at most 4/3 times the optimal length

of I ′, which is at most 4/3 times the optimal length of I.

Case (ii) Let Sn be the start time of job n. From the list scheduling analysis

we know that

Cmax = Sn + pn ≤
1

m
(
∑
j

pj) + pn 6 C∗max + pn.

If pn 6 C∗max/3 then we are done. Now assume that pn > C∗max/3. Then,

C∗max < 3pn. Since pn is the smallest processing time this implies that the

optimal schedule has at most 2 jobs per machine. It follows from Exercise 2.2

that the LPT schedule is optimal in that case, i.e., Cmax = C∗max.

2.4 The traveling salesman problem.

TSP (symmetric):

Instance: Complete graph with a cost cij for every pair i, j.

Solution: A cycle that goes through each point exactly once

Cost : The length (sum of the edge costs) of the cycle.

Goal : Find a solution of minimum cost.

In the symmetric TSP, the costs cij and cji are the same. In the asymmetric

TSP, the cost cij may be different from cji. In that case, the cost depends

on the direction in which the edge is traversed. For both versions, one usually

considers the metric version, which means that the triangle inequality holds:

cik ≤ cij + cjk for every triple i, j, k.

Theorem 2.6. The Hamiltonian Cycle problem is reducable to the TSP prob-

lem.

Proof. Given an instance G = (V,E) of HC, form an instance of TSP by defin-

ing cij = 1 for all edges (i, j) ∈ E and cij = 2 for all (i, j) /∈ E. If there is no

HC in G, then any TSP should use at least one of the edges of length 2. The

other edges on the tour have length at least 1. The total length of the optimal

TSP tour is at least n+ 1. Hence,

G has a HC ⇒ OptTSP = n.

G has no HC ⇒ OptTSP ≥ n+ 1.

We conclude that G has a HC if and only if OptTSP = n.
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Figure 12: An instance G = (V,E) of the Hamiltonian Cycle problem and the

corresponding TSP instance. Graph G has no Hamiltonian Cycle. Thus, any

Hamiltonian Cycle in the graph to the right uses at least one of the dotted (red)

edges.

The Hamiltonian Cycle problem was one of the first problems shown to be

NP-complete (Karp, 1972). It followed immediately (from the reduction above)

that TSP is NP-complete (NP-hard) too. If we do not assume the triangle

inequality, the same reduction shows a stronger hardness result.

Theorem 2.7. For TSP without the triangle inequality assumption, there does

not exist an α-approximation algorithm for any α > 1, provided P 6= NP.

Proof. We follow the same proof as for Theorem 2.6 but instead of taking a cost

2 for the missing edges we take a much larger cost: αn. Assume there exists an

α-approximation algorithm for some α ≥ 1. We show that such an algorithm

can be used to solve the Hamiltonian Cycle (HC) problem in polynomial time.

If there is no HC in G, then any TSP should use at least one of the edges of

length αn. The other edges on the tour have length at least 1. The total length

of the optimal TSP tour is at least αn+ (n− 1) ≥ αn+ 1 (for n ≥ 2). Hence,

G has a HC ⇒ OptTSP = n ⇒ Alg ≤ αn.

G has no HC ⇒ OptTSP ≥ αn+ 1 ⇒ Alg ≥ αn+ 1.

We conlude that G has a HC if and only if the value Alg of the solution given

by the algorithm is at most αn.

Algorithm 1 (Nearest addition).

Pick an arbitrary point i1 and let i2 be the point nearest to i1. Make a directed

tour from i1 to i2 and back to i1. Let S = {i1, i2}.
Repeat the following until a feasible tour is found:

Find a pair i ∈ S, j /∈ S with minimum cost cij . (In other words, find the point
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j that is nearest to the already chosen set S.) Insert j in the tour after i. Add

j to S.

Figure 13: Iteration of the nearest addition algorithm.

Algorithm 2 (Double tree). Find a minimum spanning tree T . Double all the

edge of the tree. Find an Euler tour in the double tree. Apply shortcutting in

order to turn the Euler tour into a Hamiltonian cycle.

Figure 14: The double tree (left) and the MST plus a matching of the odd-degree

nodes (right).

Algorithm 3 (Christofides’ algorithm (1976)). Find a minimum spanning tree

T . Let O be the vertices of odd degree in T . Find a minimum cost perfect

matching of the vertices in O. Denote the edges in this matching by M . Find

an Euler tour in the graph T + M . Apply shortcutting in order to turn the

Euler tour into a Hamiltonian cycle.

Note that a perfect matching on O exists since |O| is even. (Any graph

contains an even number of odd-degree points.) Also note that the cheapest

perfect matching can be found in polynomial time. (See for example book [1].)

Lemma 2. Let T be a minimum spanning tree and Opt be the length of the

shortest TSP tour. Then Cost(T ) ≤ Opt.

Proof. Removing an arbitrary edge from the optimal TSP tour gives a spanning

tree.

24



Chapter 2 Greedy and Local search

Theorem 2.8. Nearest addition is a 2-approximation algorithm.

Proof. Consider edge (i1, i2) and all the pairs (edges) (i, j) chosen by the al-

gorithm. Together they form a minimum spanning tree since the algorithm

behaves exactly like Prim’s algorithm to find a minimum spanning tree.

Consider an arbitrary iteration of the algorithm. Assume that pair (i, j) was

picked in that step. That means j was the point nearest to S and this distance

is cij with i ∈ S. Let k be the point that follows i in the tour constructed so

far. By the triangle inequality cjk ≤ cji + cik ⇒ cjk − cik ≤ cji. Inserting j in

the tour increases its length (cost) by at most

cij + cjk − cik ≤ 2cij .

We conclude that the length of the tour is at most twice the length of the

minimum spanning tree. Now the proof follows from Lemma 2

Theorem 2.9. Double tree is a 2-approximation algorithm.

Proof. The length of the tour before shortcutting is exactly twice the length of

the MST, which is at most twice Opt. The shortcutting step at the end does

not increase the length of the tour (since the triangle inequality holds).

Theorem 2.10. Christofides’ algorithm is a 3/2-approximation algorithm.

Proof. Consider an optimal tour. Now shortcut this tour to get a tour on O.

The length of this tour is at most Opt (by the triangle inequality). This tour is

composed of exactly two perfect matchings on O. Since the algorithm computes

the cheapest perfect matching, its cost is no more than Opt/2.

Cost(T ) + Cost(M) ≤ 3

2
Opt.

The shortcutting step at the end of the algorithm does not increase the length

of the tour (since the triangle inequality holds).

Christofides’ algorithm is the best approximation algorithm known so far (in

terms of approximation ratio) for the metric TSP. Note that the gap with the

lower bound (1.0045, see book) is quite large. (Compare this for example with

the k-center problem for which the upper and lower bound are both 2.)
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3 Rounding data and dynamic programming

The title of this chapter might as well be ‘Designing polynomial time approxi-

mation schemes’. The two main techniques for such approximation schemes are

rounding data and dynamic programming.

Definition 2. A polynomial-time approximation scheme (PTAS) is a family

of algorithms Aε, where there is an algorithm for each ε > 0, such that Aε is

a (1 + ε)-approximation algorithm (for minimization problems) or a (1 − ε)-

approximation algorithm (for maximization problems).

It is important to note that the running time depends on ε. For example, a

PTAS might have a running time ofO(n1/ε). Then, for ε = 0.01, its running time

is O(n100), which is not very practical but still polynomial. Polynomial time

approximation schemes are interesting in theory since it learns us something

about the complexity of the problem: If there is PTAS then there is no lower

bound on the approximation ratio. Conversely, for the k-center problem we

showed that no algorithm can have a smaller approximation ratio than 2. Thus,

for this problem there does not exist a PTAS. (Assuming P 6= NP).

Overview of the sections The three sections give PTAS’s for the optimiza-

tion problems: knapsack, scheduling, and bin packing. With each section the

algorithm becomes more difficult. Polynomial time approximation schemes usu-

ally contain many technical details but the main ingredients are often standard.

Rounding data and dynamic programming are two standard techniques.

• Rounding input data is often used to turn an instance into a rounded

instance in which all numbers are polynomially bounded. For example,

in the knapsack problem of Section 3.1 we need to select a subset of the

items of maximum value under some packing constraint. Items that have

a very small value may be deleted from the instance if their total value is

only an ε fraction of the optimal value. We are left with an instance where

the ratio of the largest and the smallest number (value) is polynomially

bounded (in this case, bounded by n/ε). Then, by scaling and rounding

we may assume that all numbers are polynomially bounded integers.

In the scheduling problem of Section 3.2, the numbers are partitioned into

large and small numbers. In this case, long and short jobs. The short jobs

are not deleted from the instance (as we do for knapsack) but are scheduled

in a greedy way. The trick is to make this partition such that the number

of long jobs is small enough to solve the problem on this restricted instance
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efficiently while, at the same time, the short jobs are small enough such

that it is fine to schedule these in a greedy (list scheduling) way.

• Dynamic programming is used to find an optimal solution for the simplified

instance. For knapsack that is the rounded instance, for scheduling that

is the instance restricted to the long jobs. In principle, any algorithm

that solves these problems in polynomial time can be used, but dynamic

programming is often the straightforward approach.

3.1 The knapsack problem

Knapsack:

Instance: A set of items I = {1, 2 . . . , n}, a capacity B and for each item

i a value vi and size si ≤ B
Solution: S ⊆ I such that

∑
i∈S si ≤ B.

Value:
∑
i∈S vi

Goal : Find solution of maximum value.

The knapsack problem is NP-hard but not strongly NP-hard since it can be

solved in pseudo polynomial time. The algorithm is a dynamic program. This

DP is used later to obtain a PTAS. The DP works as follows:

Aj : the set of all pairs (t, w) such that there is a subset of items in {1, . . . , j}
with size exactly t ≤ B and value exactly w.

By this definition, A1 = {(0, 0), (s1, v1)}. For j ≥ 2, set Aj can easily be

computed from Aj−1. The pair (t, w) that we are looking for is the one in An

with maximum value w.

A pseudopolynomial time Dynamic Program:

A1 = {(0, 0), (s1, v1)}

For j = 2 to n do:

(1) Aj ← Aj−1 (Add all pairs in Aj−1 to Aj)

(2) For each (t, w) ∈ Aj−1 do: If t+ sj ≤ B then add (t+ sj , w + vj)
to Aj .

The logic behind the first step follows directly from the definition of Aj

above: If (t, w) ∈ Aj−1 then also (t, w) ∈ Aj since we have the option not to

include item j. The second step corresponds with adding item j if it still fits in
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the knapsack. The number of pairs (t, w) in each set Aj is no more than BV ,

where V =
∑n
i=1 vi. Hence, the total running time of this dynamic program

is O(nBV ). The algorithm does not give us an optimal solution but only the

optimal value. A solution is easily obtained by storing for each (t, w) ∈ Aj in

the DP one corresponding subset of items.

Lemma 3. The knapsack problem can be solved (exactly) in O(nBV ) time.

Improved running time We can improve the running time by adding an

extra step (3) in which dominated pairs are removed. A pair (t, w) dominates

another pair (t′, w′) if t ≤ t′ and w ≥ w′. By removing each pair that is

dominated by another pair, the number of pairs in Aj is at most min{B, V }.
Now, step (1) and (2) and (3) can be done in O(min{B, V }) time in each

iteration.

Theorem 3.1. The knapsack problem can be solved (exactly) in O(n·min{V,B})
time.

To obtain the PTAS, we apply the DP above to a rounded instance. Let

M = max
i
vi, and µ =

εM

n
, and round values to v′i = bvi/µc.

The maximum value in the rounded instance is bM/µc = bn/εc. Hence, in the

rounded instance all v′i are in {0, 1, . . . , bn/εc}.

A PTAS for knapsack:

(1) Round the values as above: vi → v′i

(2) Apply the DP to the rounded instance.

The running time of th DP is O(nV ′) time where V ′ =
∑
i v
′
i = O(n2/ε).

Hence the running time is O(n3/ε). For the approximation guarantee, note that

(intuitively) the error that we make by this rounding is at most µ for each item.

This gives a total error of at most nµ = εM ≤ εOpt.

This intuitive argument needs a formal proof. Let S be the set of items found

by the DP and let O be an optimal set of items for the original (unrounded)

instance. For any item i we have

vi ≥ µv′i > µ(vi/µ− 1)) = vi − µ.
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The value of the final solution is∑
i∈S

vi ≥
∑
i∈S

µv′i

≥(1)

∑
i∈O

µv′i

≥
∑
i∈O

(vi − µ)

= Opt− |O|µ

≥ Opt− nµ

= Opt− εM

≥(2) Opt− εOpt = (1− ε)Opt.

(1): S is optimal for the rounded instance with value v′i.

(2): Opt ≥M since taking the item with largest value is a feasible solution.

3.2 Scheduling on identical machines

In Section 2.3 we have seen that the list scheduling algorithm gives a (2−1/m)-

approximation and that list scheduling in order of longest processing time (LPT)

even gives a 4/3-approximation. Here it is shown that also a PTAS is possible.

However, the running time will be much larger than that of the simple LPT

algorithm. We shall use without loss of generality that 1/ε is an integer. (See

the remark at the end.)

PTAS:

Choose T ∗ be some number satisfying T ∗ ≤ Opt. Say that a job j is

long if pj > εT ∗ and call it short otherwise.

Step 1. Find a schedule for the long jobs of length at most (1 + ε)Opt.

Step 2. Add the short jobs one by one, each time placing the job on the

least loaded machine.

To prove that this gives a PTAS we need to show that the algorithm: (1)

can be implemented in polynomial time, (2) gives a feasible solution, and (3)

returns a schedule of length at most 1 + ε times the optimal length. Clearly,

any solution is feasible. Let P =
∑
j pj be the total length of all jobs and let

Cmax be the length of the final schedule.

Lemma 4. The PTAS gives a schedule of length Cmax ≤ (1 + ε)Opt.
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Proof. Let l be the job that completes last in the final schedule.

Case 1. Job l is a long job. Then Cmax ≤ (1 + ε)Opt.

Case 2. Job l is a short job. The analysis is the same as for the List Scheduling.

Let Sl be the start time of job l. Then no machine is idle before time Sl, which

implies Sl ≤ P/m ≤ OPT .

Cmax = Sl + pl ≤ Opt + pl ≤ Opt + εT ∗ ≤ Opt + εOpt = (1 + ε)Opt.

Figure 15: Left, a long job completes last. Right, a short job completes last.

It remains to prove that the algorithm can be made to run in polynomial

time. Clearly, step 2 can be done in polynomial time. For step 1, this is easy if

we assume the number of machines m to be constant. In that case, we can even

find an optimal schedule in constant time! This is shown in the next lemma.

Subsequently, we see how the running time can be improved to a polynomial in

m, which will be a lot more complicated.

From Section 2.3 we know that P/m ≤ Opt. So we may choose T ∗ = P/m

in the PTAS.

Lemma 5. If T ∗ = P/m then an optimal schedule of the long jobs can be found

in O(mm/ε) time.

Proof. Since the total processing time of all jobs is P , the number of long jobs

is at most P/(εP/m) = m/ε. To find the optimal schedule of the long jobs we

just try all possible schedules and take the best. Note that the order of jobs

on a machine is not important for the length of the schedule. Therefore, the

number of possible schedules is at most mm/ε.

Theorem 3.2. If the number of machines m is assumed constant then, for

T ∗ = P/m, the PTAS runs in polynomial time.
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Reducing the running time The running time of the PTAS above if expo-

nential in m. Next, we show how to get a PTAS with running time polynomial

in m. We show how to get a value T ∗ ≤ Opt and a schedule for the long jobs of

length at most (1 + ε)Opt. For this we use the standard technique of dynamic

programming.

In general, dynamic programming is used to find an optimal solution for some

optimization problem but it may also be used in a more relaxed way where the

DP takes as input a value T and is only guaranteed to find a feasible solution of

value ≤ T if Opt ≤ T (for a minimization problem). Such relaxed DP is easier

to obtain than one that solves the problem directly but it will be enough for our

purpose. This general technique is known as a relaxed decision procedure. (See

also Exercise 2.4.) Assume we have an algorithm Bε with the following property:

Input: Target value T .

Output: A schedule for the long jobs of length at most (1 + ε)T if Opt ≤ T .

Assume for now that such an algorithmBε can be implemented in polynomial

time. Then, by applying it for different values of T , we can find the smallest T ,

say T ∗, such that the algorithm returns a schedule of length at most (1 + ε)T ∗.

Since the algorithm is guaranteed to work for all T ≥ Opt, we must have

T ∗ ≤ Opt and the obtained schedule has length at most (1 + ε)Opt. To

find this T ∗, we can use binary search. Assuming that all processing times

are integer, we have Opt ∈ {1, 2, . . . , P}. The number of iterations for binary

search is then O(logP ) which is polynomial.

We see that the PTAS works out if we have an algorithm Bε with the prop-

erty as stated above. Note that in this PTAS, step 1 and the value T ∗ are

now computed simultaneously. Step 2 stays the same. It remains to show that

such an algorithm Bε can be made to run in polynomial time. We use dynamic

programming to a rounded instance just like we did for the knapsack problem.

By rounding, we lose a factor 1 + ε in the approximation but the advantage of

rounding is that it speeds up the DP. Given T , the processing times are rounded

as follows.

µ = ε2T, and p′j = bpj
µ
cµ.

Algorithm Bε

Given T , find an optimal assignment for the rounded long jobs and take that

as solution for the unrounded long jobs.

We need to show that:
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(i) The length of the schedule by Bε is at most (1 + ε)T if Opt ≤ T .

(ii) An optimal schedule for rounded long jobs can be found in polynomial time.

(i) Assume Opt ≤ T . The length of the constructed optimal rounded sched-

ule is at most Opt ≤ T since p′j ≤ pj for all jobs j. Rounding back gives an

increase in processing time for each job j of

pj − p′j = pj − b
pj
µ
cµ < µ = ε2T.

A job j is long if pj ≥ εT . Since Opt ≤ T , there can be at most 1/ε long jobs

per machine in our schedule. Hence, the total increase in processing time for

each machine is at most (1/ε)ε2T = εT and the total length of the schedule for

the long jobs is at most (1 + ε)T .

(ii). The rounded processing times are multiples of µ. Let rµ be the largest

processing time in the rounded instance. Then

p′j ∈ {0, µ, . . . , rµ}.

• Say that a job is of type i if its rounded processing time is iµ.

• A vector (n1, . . . , nr) represents a set of jobs for which ni is the number

of jobs of type i.

• Let C be the set of all possible vectors for which the total rounded pro-

cessing time is at most T , i.e., for which the jobs fit on one machine.

• Denote the number of jobs of type i in the rounded instance by n̂i.

• For any k ∈ {1, . . . ,m} and vector (n1, . . . , nr), let Fk(n1, . . . , nr) =TRUE

if there is a schedule on k machines of length at most T for the job set

(n1, . . . , nr).

Then,

• F1(n1, . . . , nr) is TRUE if and only if (n1, . . . , nr) ∈ C and

• Fk(n1, . . . , nr) is TRUE if and only if there is an (s1, . . . , sr) ∈ C such that

Fk−1(n1 − s1, . . . , nr − sr) is TRUE.

We need to compute Fm(n̂1, . . . , n̂r) and check if its value is TRUE. The

corresponding schedule can be found if in the DP we also store for each vector

n1, . . . , nr a corresponding schedule. It remains to show that the DP runs in

polynomial time. This follows from the following observations.
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1. The number r of types is constant; Since T ≥ Opt ≥ pmax (where pmax =

maxj pj), the largest rounded processing time is bpmax

µ cµ ≤ b
T
µ cµ = µ/ε2.

Hence, r ≤ 1/ε2, which is a constant.

2. The number of rounded long jobs per machine is constant; For any long

job j we have pj ≥ εT = µ/ε. Then, p′j = bpjµ cµ ≥ b
1
ε cµ = µ

ε = εT (where

we used that 1/ε is integer). We conclude that the number of rounded

long jobs per machine is at most 1/ε, which is a constant.

3. From 1. and 2. we see that |C| is constant.

4. Each value Fk(n1, . . . , nr) can be computed in O(|C|) time, which is con-

stant.

Note that n̂i ≤ m/ε since each of the m machines has at most 1/ε long

jobs. That means that the number of evaluations Fk(n1, . . . , nr) that we need

to make is at most m(m/ε)r ≤ m(m/ε)1/ε2 , which is polynomial in m. From 4.

we know that each of these evaluations can be done in constant time.

Remarks We assumed here that 1/ε is integer. The book does not assume

this and defines k = d 1
ε e and works with k instead of ε. But note that if we

have a polynomial time (1+ ε)-approximation for all ε > 0 with 1/ε integer then

we automatically have a (1 + ε)-approximation for all ε > 0. For example, if we

want a 1.3 approximation algorithm (ε = 0.3) then simply take ε′ = 0.25 and

use algorithm Aε′ .

The DP in the book is slightly different. There, Opt(n1, . . . , nr) is the

minimum number of machines for which there is a schedule of length at most

T for the corresponding set of jobs. In our DP, the number of machines is

added as a parameter k, which makes the recursion a bit easier since there is no

minimization done inside the recursion.
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4 Deterministic rounding of linear programs

4.1 Sum of completion times on a single machine.

This section gives a 2-approximation algorithm for minimizing the total comple-

tion time on a single machine. Preemption of jobs is not allowed. If preemption

is allowed then the processing of a job may be interrupted and continued on a

later moment. In this section, the preemptive schedule is used to construct a

non-preemptive schedule.

Let Opt be the optimal value and let OptP be the optimal value for the

preemptive problem. The optimal non-preemptive schedule is a feasible schedule

for the preemptive problem.

OptP 6 Opt.

The optimal preemptive schedule is found by the Shortest Remaining Process-

ing Time rule.

SRPT: At any moment t, process the job with the smallest remaining pro-

cessing time among the available jobs, i.e., among the jobs j with rj > t.:

Lemma 6. The SRPT rule gives an optimal preemptive schedule.

Proof. The book gives no proof but a sketch of a possible proof is as follows.

Assume that a schedule σ does not satify the SRPT property. Then there must

be two jobs, say j and k, such that the pair j, k does not satify the SRPT

property. Let t = max{rj , rk}. Assume that the remaining processing time of

job j at time t is not larger than the remaining processing of job k at time t.

Now reschedule as follows: for every moment s > t that σ processes j or k, now

process job j at time s until j completes. From that moment only process job

k whenever σ processes j or k. Let Cσj and Cσk be the completion times in σ

and let C ′j and C ′k be the new completion times. Then,

C ′j < min{Cσj , Cσk } and C ′k = max{Cσj , Cσk }.

Hence, the sum of the two completion times decreases by rescheduling the two

jobs in SRPT order. That shows that σ is not optimal. Hence, any optimal

schedule must be an SRPT schedule. Also note that there may be more SRPT

schedules (this happens when two jobs have the same remaininig processing

times at some moment) but all have the same value.

Algorithm
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Step 1 : Construct a preemptive schedule using the SRPT rule. Let Cpj be

the completion time of j in this schedule. Relabel the jobs such that

Cp1 6 Cp2 6 . . . Cpn.

Step 2 : Schedule the jobs non-preemptively and as early as possible in the order

1, 2, . . . , n. Denote the schedule by σN and let CNj be the completion time

of job j in this schedule.

Theorem 4.1. The algorithm above is a 2-approximation algorithm.

Proof. Consider an arbitrary job j. Since jobs are scheduled in σN in the order

1, 2, ... we have that

(i) only jobs k 6 j are scheduled before time CNj in σN .

Further, note that at time CNj all jobs k 6 j have been released (rk 6 CPk 6

CPj ). Since jobs are scheduled as early as possible, we have that

(ii) there is no idle time in σN between time CPj and CNj .

From (i) and (ii) we see that the

CNj 6 CPj +
∑
k6j

pk 6 CPj + CPj = 2CPj .

The last inequality above follows since all jobs k ≤ j are scheduled before time

CPj in the SRPT schedule.

4.2 Weighted sum of completion times.

This section gives a 3-approximation for the weighted version of Section 4.1.

Some notation:

For any set of jobs S ⊆ {1, 2, . . . , n} denote p(S) =
∑
j∈S pj .

Lemma 7. For any feasible schedule and for any set of jobs S ⊆ {1, 2, . . . , n}:∑
j∈S

pjCj >
1

2
p(S)2.

Proof. To simplify notation, label the jobs such that S = {1, 2, . . . , j}, with

j = |S| and assume that they are scheduled in the order 1, 2, . . . , j. Then,

C1 > p1 and in general Ck > p1 + · · ·+ pk for k 6 j.
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j∑
k=1

pkCk > p1p1 + p2(p1 + p2) + · · ·+ pj(p1 + · · ·+ pj)

=
1

2
(p1 + · · ·+ pj)

2 +
1

2
p2

1 + · · ·+ 1

2
p2
j

>
1

2
(p1 + · · ·+ pj)

2 =
1

2
p(S)2.

With the lemma above we see that the following LP is a relaxation of our

scheduling problem. Here, there is a variable Cj for all jobs j. Note that

non-negativity, Cj > 0, is implied by the first constraint.

(LP) min Z =
n∑
j=1

wjCj

s.t. Cj > rj + pj for all jobs j∑
j∈S

pjCj > 1
2p(S)2 for all sets S ⊆ {1, . . . , n}

Algorithm

Step 1: Solve the LP. Assume (for the ease of notation) that C∗1 6 C∗2 6 . . . C∗n.

Step 2: Schedule the jobs non-preemptively and as early as possible in the order

1, 2, . . . , n.

Denote the obtained schedule by σN and let CNj be the completion time of

job j in this schedule. Note that it is not clear yet that the LP can be solved

in polynomial time since it has exponentially many constraints: the number of

subsets S is 2n. In Section 4.3 it is shown that this is indeed possible. There

it is shown that if the second constraint is violated for some set S, then there

must be a set of the form {1, 2, . . . , j} that violates the constraint. Thus, to

check feasibily, we only need to check the constraint for all these sets, of which

there are n. Using the elipsoid algorithm, the LP can be solved in polynomial

time.

Example Consider an instance with two jobs of length 1, weight 1, and released

at time zero: p1 = p2 = 1, w1 = w2 = 1 and r1 = r2 = 0. In the optimal

schedule, one job completes at time 1 and the other at time 2: Opt = 3. On

the other hand, the optimal LP-solution is C1 = C2 = 1 and has value Z∗LP = 2.

The ratio Opt/Z∗LP = 3/2 and can be made arbitrarily close to 2 by taking

more jobs.
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Lemma 8. CNj 6 3C∗j for every job j.

Proof. The first part of the proof is exactly the same as in Section 4.1. Consider

an arbitrary job j. Since jobs are scheduled in σN in the order 1, 2, ... we have

that

(i) only jobs k 6 j are scheduled before time CNj in σN .

Further, since at time C∗j all jobs k 6 j have been released and jobs are scheduled

as early as possible, we have that

(ii) there is no idle time in σN between time C∗j and CNj .

From (i) and (ii) we see that the

CNj 6 C∗j +
∑
k≤j

pk. (4)

So far, the only difference with the proof of 4.1 is that CPj was replace by C∗j .

Here, we can’t use that
∑
k6j pk ≤ C∗j since this is not true in general. See the

example above. The second constraint of the LP gives us a weaker inequality

(Take S = {1, 2, . . . , j}):

C∗j
∑
k6j

pk =
∑
k6j

C∗j pk >
∑
k6j

C∗kpk ≥
1

2
(
∑
k6j

pk)2 ⇒ C∗j ≥
1

2

∑
k6j

pk.

Combining this with (4) we get

CNj 6 C∗j + 2C∗j = 3C∗j .

Theorem 4.2. The algorithm above is a 3-approximation algorithm.

Proof. In Section 4.3 it is shown that the LP can be solved in polynomial time.

The approximation ratio folows directly from Lemma 8: The total weighted

completion time of the schedule is∑
j

wjC
N
j 6 3

∑
j

wjC
∗
j = 3Z∗LP 6 3Opt.
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4.3 Using the ellipsoid method

The book does not explain the method and only explains the use of a separation

oracle.

Separation oracle: Given a set of linear constraints in Qn and a point

x ∈ Qn, it either correctly states that x satisfies all constraints or it gives a

constraint that is violated by x.

The lecture notes of Arora give a nice and short explanation of the Ellipsoid

method (see course material). Also, the notes at the end of Chapter 4 give a

short discription. For us it is sufficient to know the following.

Lemma 9. (Khachiyan 1979) If a Linear Program has a polynomial time sep-

aration oracle, then an optimal solution of the LP can be found in polynomial

time.

The book shows that the LP of Section 4.2 has a separation oracle. The

proof is technical but essentially shows that it is enough for the separation

oracle to check (besides the first constraint) the second constraint only for sets

S = {1, 2, . . . , j} for all j = 1, . . . , n. That means, only n + n constraints need

to be checked and it is easy to see if any of these is violated.

A nicer application is the TSP problem (not in the book). Let G = (V,E)

be a complete graph and let ce be the cost for edge e ∈ E. The following ILP

is an exact formulation of the TSP problem.

(ILP) minZ =
∑
e∈E

cexe

s.t.
∑

e:e=(i,j)

xe = 2 for all i ∈ V,∑
e∈δ(S)

xe > 2 for all S ( V, S 6= ∅,

xe ∈ {0, 1} for all e ∈ E.

The first constraint says that each point has degree two and the second con-

straint says that for any proper subset S of the vertices, at least two edges

should be in the cut defined by S. (Here, δ(S) contains all edges that go from a

point in S to a point in V − S.) In the relaxation, the constraint xe ∈ {0, 1} is

replaced by xe > 0. Note that the second constraint consists for exponentially

many set S. Therefore, it is not obvious that this LP can be solved in a time

that is polynomial in the number of variables. However, there is a polynomial
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time separation oracle. Consider a solution x ∈ Q|E|. To check wether x is

feasible, we need to check if∑
e∈δ(S)

xe > 2 for all S ( V, S 6= ∅

In other words, we need to check if the smallest cut in the graph has capacity

at least 2, where xe is the capacity of edge e. This can be checked using a

polynomial time max-flow/min-cut algorithm. If the min-cut between every

pair of vertices (s, t) is at least 2, then the constraint is satisfied. If not, then

the max-flow/min-cut algorithm will find a cut S of capacity less than 2, i.e., it

finds a violated constraint.

4.4 Prize-collecting Steiner Tree

Prize-collecting Steiner Tree:

Instance: G = (V,E) and a cost ce for every edge e ∈ E and a penalty πi

for every vertex i ∈ V . Also given is a root r ∈ V .

Solution: Tree T containing r. Let V (T ) be the vertices in T

Cost :
∑
e∈T ce +

∑
i∈V−V (T ) πi.

Goal : Find a solution of minimum cost.

In words, the goal is to find a tree containing r that minimizes the cost of

all edges in the tree plus the penalty cost for the vertices that are not connected

by T . It is not needed that the cost is metric since a tree will never select an

edge (i, j) if there is a shorter path between i and j. An ILP for the problem is

as follows.

(ILP) min Z =
∑
e∈E

cexe +
∑
i∈V

πi(1− yi)

s.t.
∑

e∈δ(S)

xe > yi, for all i, S with i ∈ S ⊆ V − r,

yr = 1,

xe ∈ {0, 1}, for all e ∈ E,

yi ∈ {0, 1}, for all i ∈ V.

The first constraint says that we may only choose point i in the tree if

there is some path between r and i in T . A natural algorithm is to solve the

LP-relaxation and to add all points i to T which have a large value y∗i in the
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optimal LP solution. Let α ∈ [0, 1] to be chosen appropriately later.

Algorithm :

Step 1: Solve the LP-relaxation of (ILP) → x∗, y∗, Z∗LP .

Step 2: Let U = {i | y∗i > α}. Construct a Steiner tree T on U (using the

algorithm of Exercise 7.6)

Lemma 10. The connection cost for the Steiner tree T is∑
e∈T

ce 6
2

α

∑
e∈E

cex
∗
e.

Proof. See Exercise 7.6. We skip the proof for now.

Lemma 11. The total penalty cost is∑
i∈V−V (T )

πi 6
1

1− α
∑
i∈V

(1− y∗i )πi.

Proof. If vertex i is not in the tree T then i /∈ U and y∗i < α, which implies that

(1− y∗i )/(1− α) > 1. The total penalty cost is∑
i∈V−V (T )

πi 6
∑
i/∈U

πi 6
∑
i/∈U

1− y∗i
1− α

πi =
1

1− α
∑
i/∈U

(1−y∗i )πi 6
1

1− α
∑
i∈V

(1−y∗i )πi.

Theorem 4.3. The algorithm above with α = 2/3 is a 3-approximation algo-

rithm for the Prize-collecting Steiner Tree problem.

Proof. The sum of connection and penalty cost is at most

2

α

∑
e∈E

cex
∗
e +

1

1− α
∑
i∈V

(1− y∗i )πi 6 max

{
2

α
,

1

1− α

}
Z∗LP .

The value max
{

2
α ,

1
1−α

}
is 3 for α = 2/3. Hence, the total cost of the solution

of the algorithm is at most

3Z∗LP 6 3Opt.

N.B. It is easy to show that max
{

2
α ,

1
1−α

}
is indeed minimized for α = 2/3,

but for the proof it is enough to just choose α = 2/3.
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4.5 Uncapacitated facility location

Uncapacitated Facility Location (UFL):

Instance: Set of points F (facilities) and set of pointsD (clients). Opening

cost fi for each i′ ∈ F and connection cost (assignment cost)

cij for each pair i ∈ F, j ∈ D. The connection cost is assumed

to be metric.

Solution: F ′ ⊆ F.
Cost :

∑
i∈F ′ fi +

∑
j∈D mini∈F ′ cij

Goal : Find solution of minimum cost.

A variant is the capacitated facility location problem in which each facility

can connect to only a bounded number of clients. The following ILP is an exact

formulation of UFL.

(ILP) min Z =
∑
i∈F

fiyi +
∑

i∈F,j∈D
cijxij

s.t.
∑
i∈F

xij = 1 for all j ∈ D,

xij 6 yi for all i ∈ F, j ∈ D,

xij ∈ {0, 1} for all i ∈ F, j ∈ D,

yi ∈ {0, 1} for all i ∈ F.

In the LP-relaxation, replace the binary constraints by xij > 0 and yi > 0. The

dual of the LP-relaxation is:

(D) max Z =
∑
j∈D

vj

s.t.
∑
j∈D

wij 6 fi for all i ∈ F,

vj − wij 6 cij for all i ∈ F, j ∈ D,

wij > 0 for all i ∈ F, j ∈ D,

(vi is free).

Let x∗, y∗ be an optimal primal solution to the LP-relaxation and v∗, w∗ be an

optimal dual solution.

Lemma 12. If x∗ij > 0, then cij = v∗j − w∗ij 6 v∗j .
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Proof. Directly from complementary slackness and w∗ij > 0.

Some definitions:

• The support graph of x∗ is the graph with vertex set F ∪D and there is

an edge between i ∈ F and j ∈ D if x∗ij > 0.

• N(j) is the set of neighbors of client j ∈ D in the support graph, i.e., the

set of all facilities i with x∗ij > 0.

• N2(j) is the set of all neighbors of neighbors of client j ∈ D in the support

graph.

Algorithm For k = 1, 2, . . . until all clients are connected do:

Step 1: Among the unconnected clients, choose client jk with smallest value v∗jk .

Step 2: Choose facility ik ∈ N(jk) with smallest value fik .

Step 3: Connect all still unconnected clients in N2(jk) to facility ik.

Figure 16: Structure of algorithm explained. The graph reperesents a support

graph. The vertices are shown from left to right in the order in which they are

assumed to be selected by the algorithm. For example, if j1 and i1 are the first

client and facility to be selected, then the first circle on the bottom shows the

clients that are connected to i1 by the algorithm.

Theorem 4.4. The algorithm above is a 4-approximation algorithm for UFL.
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Proof. The opening cost for each opened facility ik is

fik = fik
∑

i∈N(jk)

x∗ijk ≤
∑

i∈N(jk)

fix
∗
ijk

6
∑

i∈N(jk)

fiy
∗
i .

The equality above follows from the first LP-constraint. The first inequality

follows by definiton of Step 2 of the algorithm and the last inequality follows

from the second LP-constraint. The total opening cost is∑
k

fik 6
∑
k

∑
i∈N(jk)

fiy
∗
i 6

∑
i∈F

fiy
∗
i 6 Z∗LP 6 Opt. (5)

The second inequality above follows from Step 3 of the algorithm which ensures

that N(jk) ∩N(jk′) = ∅ for any pair jk, jk′ . See also Figure 16.

For the connection cost, consider an arbitrary client l ∈ D and assume that

l ∈ N2(jk) for some jk (possibly, l = jk). That means, that l is neighbor of

some h ∈ N(jk) (possibly, h = ik). The algorithm assigns client l to facility ik.

The connection cost is

cikl ≤(1) cikjk + chjk + chl

≤(2) v∗jk + v∗jk + v∗l

≤(3) 3v∗l

(1): Follows from the triangle inequality.

(2): Follows from Lemma 15 (complementary slackness).

(3): From step 1 of the algorithm v∗jk 6 v∗l . Note that both l and jk were

unassigned when jk was chosen in Step 1.

The total connection cost is at most

3
∑
l∈D

v∗l = 3Z∗Dual 6 3Z∗LP 6 3Opt. (6)

From (5) and (6), we conclude that the sum of opening and connection cost is

at most Opt + 3Opt = 4Opt.
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5 Random sampling and randomized rounding

of LP’s

Definition 3. A randomized α-approximation algorithm for an optimization

problem is a polynomial-time algorithm that for all instances of the problem

produces a solution for which the expected value is within a factor α of the

optimal value.

To show that a randomized algorithm Alg is an α-approximation algorithm

we need to show three things:

[1 ] The algorithm runs in polynomial time.

[2 ] The algorithm always produces a feasible solution.

[3 ] The expected value is within a factor α of the value of an optimal solution.

In Section 1.7 we have seen a randomized algorithm for set cover that did

not satisfy [2]. There, it was shown that the algorithm produces a feasible

solution with high probability. An other example are the Las Vegas algorithms

which always find a feasible solution but the running time is only polynomial in

expectation. In this Chapter we only use the definition above.

5.1 Max Sat and Max Cut

Max Sat

An example of an instance of the Maximum Satisfiability problem:

x1 ∨ x2, ¬x1, x2 ∨ ¬x2 ∨ x3, ¬x2 ∨ x4, ¬x2 ∨ ¬x4.

Some notation:

- There are n = 4 boolen variables xi ∈ {true , false }.

- The first clause is x1 ∨ x2 and the number of clauses is m = 5.

- The third clause has 3 literals but only 2 variables.

- xi is called a positive literal and ¬xi is negative literal.

- xi = true ⇔ ¬xi = false .

- A clause is true or ‘satisfied’ if at least one of the literals is true.
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The goal in the maximum satisfiability problem is to find a true /false -

assignment of the variables such that the number of satisfied clauses is max-

imized. (In a decision variant of the problem, called satisfiability (SAT), the

question is wether there is an assignment that satisfies all clauses. That prob-

lem was the first problem to be shown NP-complete, Cook 1971, Levin 1973).

Algorithm Set all variables independently to true with probability 1/2.

Theorem 5.1. The algorithm is a 1/2-approximation for the Max Sat problem.

Proof. Let lj be the number of literals in clause Cj . Then,

Pr(Cj is satisfied) = 1− (1/2)lj ≥ 1/2. (7)

Let W be the total number of satisfied clauses. Then,

E[W ] =

m∑
j=1

Pr(Cj is satisfied) >
1

2
m >

1

2
Opt.

In the weighted version of the problem, each clause j is given a weight wj and

the goal is to maximize the total weight of the satisfied clauses. If all weights

are 1 then we have exactly the unweighted version. The algorithm and proof

work exactly the same:

E[W ] =

m∑
j=1

wjPr(Cj is satisfied) >
1

2

m∑
j=1

wj >
1

2
Opt.

Remark If each clause contains at least k literals then from the proof above

we see that the approximation guarantee is at least 1− (1/2)k.

Max Cut

The Max Cut problem is the maximization version of the Min Cut problem. It

is known that the minimum cut in a graph can be found in polynomial time

by solving a maximum flow problem (min-cut max-flow theorem). Finding the

maximum cut in a graph is an NP-hard problem.

Algorithm Assign each vertex independently and uniformly at random to one

of the two sides.

Theorem 5.2. The algorithm is a 1/2-approximation for the MAX CUT prob-

lem.
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Figure 17: Finding a maximum cut is in general much harder than finding a

minimum cut. The graph G = (V,E) has 15 edges. It is fairly easy to see that

the minimum cut has value 2. The maximum cut, has value 11. The red vertices

and blue vertices indicate the two sides, U and W , of the cut. You can think of

the problem as coloring the vertices with two colors so as to minimize/maximize

the number of edges with different colored endpoints.

Proof. The probability that an edge (i, j) ends up in the cut is exactly 1/2. Let

Z be the total number of edges in the cut found by the algorithm. Then

E[Z] =
∑

(i,j)∈E

Pr((i, j) in the cut) =
1

2
|E| > 1

2
Opt.

In the weighted version of the problem each edge (i, j) has a given weight

wij and the goal is to maximize the total weight of the edges in the cut. The

algorithm and proof work exactly the same:

E[Z] =
∑

(i,j)∈E

wijPr((i, j) in the cut) =
1

2

∑
(i,j)∈E

wij >
1

2
Opt.
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5.2 Derandomization.

Sometimes, a randomized algorithm can easily be derandomized. This is the case

for the algorithms of the previous section. The idea of the derandomization is

to make our choices one by one and each time making a choice which gives

the highest expected objective value. It is best explained by an example. In

the max cut algorithm, the vertices are assigned independently at random. To

derandomize the algorithm, assign the vertices one by one in arbitrary order, for

example, in the order v1, . . . , vn. Assume we have already assigned the vertices

v1, . . . , vi and denote the partial assignment by Si. Suppose we assign the other

vertices at random as before and denote the expected value of the cut as

E[Z|Si].

Next, Si is extended by assigning vertex vi+1 either to U or W . If we assign the

remaining vertices at random as before then the expected values are denoted by

E[Z|Si and vi+1 → U ]

E[Z|Si and vi+1 →W ]

From probability theory we know that in general for a stochastic variable Z and

event B it holds that E[Z] = E[Z|B]Pr(B) + E[Z|B]Pr(B). In this case

E[Z|Si] = E[Z|Si and vi+1 → U ] · Pr(vi+1 → U) +

E[Z|Si and vi+1 →W ] · Pr(vi+1 →W )

= E[Z|Si and vi+1 → U ] · 1

2
+ E[Z|Si and vi+1 →W ] · 1

2
.

The equality above implies that either

E[Z|Si and vi+1 → U ] > E[Z|Si] or E[Z|Si and vi+1 →W ] > E[Z|Si].

In the first case we assign vi+1 to U and we assign it to W otherwise. Denote

the extended assignment by Si+1. Then we achieved that

E[Z|Si+1] > E[Z|Si].

If we do this for all vertices v1, . . . , vn then we end up with the assignment Sn

and conclude that the value of the cut found by this derandomized algorithm is

E[Z|Sn] > E[Z|Sn−1] > · · · > E[Z|S1] > E[Z] >
1

2
Opt.
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5.3 Flipping biased coins

We have seen that setting each variable to true with probability 1/2 satisfies at

least half the number of clauses in expectation. Can we do better?

C1 = x1, C2 = ¬x1

The example shows that no algorithm can do better than m/2. But, for this ex-

ample the optimal value is 1 and any assignment is optimal. So can we do better

than 1/2 times the optimal value? Yes! In this section we give the first example.

An obvious approach is to set the variables independently to true with prob-

ability p ∈]0, 1[.

If p < 0.5 then the ratio is worse than 0.5 for the single clause instance: C = x1.

If p > 0.5 then the ratio is worse than 0.5 for the single clause instance: C = ¬x1.

This implies that flipping a biased coin won’t work if we do this independently

of the instance. We will see that it is enough to let p depend only on the unit

clauses.

Let’s consider the weighted version of MaxSat. In fact, the algorithm and

analyis are easier formulated for the weighted version. For example, we may

assume w.l.o.g. that no two clauses are the same since we can turn two equal

clauses into one by adding the two weights. Let w(xi) and w(¬xi) be the weight

of, respectively, clause xi and ¬xi. If the instance has no such clause then we

assume it has zero weight.

Algorithm 3 Choose p ≥ 1/2. Set xi to true with probability p if w(xi) ≥
w(¬xi) and set xi to true with probability 1− p otherwise.

Theorem 5.3. The approximation factor of the algorithm is at least min(p, 1−
p2), which is

1

2
(
√

5− 1) ≈ 0.62 for p =
1

2
(
√

5− 1).

Proof. Let Z1 be the total weight of unit clauses satisfied by the algorithm and

let Z2 be the total weight of the other clauses satisfied by the algorithm. Fix an

optimal solution and let Z∗1 and Z∗2 be the correspinding weights for the optimal

solution. First, we show that

E[Z1] ≥ pZ∗1 . (8)

Assume w(xi) ≥ w(¬xi). The contribution of these two clauses in the optimal

solution is at most w(xi) since the clauses cannot both be satisfied. On the other
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hand, the expected satisfied weight by the algorithm is pw(xi)+(1−p)w(¬xi) ≥
pw(xi).

Similarly, if w(xi) ≤ w(¬xi) then the contribution of these two clauses in the

optimal solution is at most w(¬xi). On the other hand, the expected satisfied

weight by the algorithm is (1− p)w(xi) + pw(¬xi) ≥ pw(¬xi).
Next, we show that

E[Z2] ≥ (1− p2)Z∗2 . (9)

Since p ≥ 1/2, any literal is false with probability at most p. If Cj has lj literals

then

Pr(Cj is satisfied) ≥ 1− plj ≥ 1− p2 for lj ≥ 2.

Hence,

E[Z2] ≥ (1− p2)
∑
j:lj≥2

wj ≥ (1− p2)Z∗2 .

From (8) and (9) we see that the expected value of the solution is

E[Z1]+E[Z2] ≥ pZ∗1 +(1−p2)Z∗2 ≥ min(p, 1−p2)(Z∗1 +Z∗2 ) = min(p, 1−p2)Opt.
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5.4 Randomized Rounding

For each clause Cj let Pj be the indices of the variables xi that occur positively

in the clause, and let Nj be the indices of the variables xi that are negated in

the clause. The following mixed ILP is an exact formulation of the Max Sat

problem.

(ILP) max Z =
m∑
j=1

wjzj

s.t.
∑
i∈Pj

yi +
∑
i∈Nj

(1− yi) > zj for all j = 1 . . .m,

yi ∈ {0, 1} for all i = 1 . . . n,

zj ∈ {0, 1} for all j = 1 . . .m.

For the relaxation, replace the last two constraints by 0 ≤ yi ≤ 1 and 0 ≤ zj ≤ 1.

(Note that only changing last constraint by 0 ≤ zj ≤ 1 will still give an integral

optimal solution.)

Algorithm :

Step 1. Solve the LP-relaxation → y∗, z∗, Z∗LP .

Step 2. Set each variable xi to true with probability y∗i .

Theorem 5.4. The algorithm gives a (1− 1
e )-approximation, (1− 1

e ≈ 0.63).

Proof. Consider an arbitrary clause Cj and let lj be the number of literals in it.

Pr(Cj not sat.) =
∏
i∈Pj

(1− y∗i )
∏
i∈Nj

y∗i

≤(1)

 1

lj

∑
i∈Pj

(1− y∗i ) +
∑
i∈Nj

y∗i

lj

=(2)

1− 1

lj

∑
i∈Pj

y∗i +
∑
i∈Nj

(1− y∗i )

lj

≤(3)

[
1− 1

lj
z∗j

]lj

(1) since the arithmetic mean is at least the geometric mean (Fact 5.8 in book)

(2) rearranging and using that |Pj |+ |Nj | = lj

(3) follows from the LP-inequality.
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From the inequality above:

Pr(Cj is sat.) > 1−
[
1− 1

lj
z∗j

]lj
If we can derive a bound of the form Pr(Cj is sat.) > αz∗j for some constant α

then by adding weights and taking the sum over all j we get an α-approximation.

Observe that the function f(z) = 1− (1− 1
lj
z)lj is concave on [0, 1]. Thus,

f(z) > f(0) + (f(1)− f(0)) z =

(
1−

[
1− 1

lj

]lj)
z.

⇒ Pr(Cj is sat.) ≥

(
1−

[
1− 1

lj

]lj)
z∗j . (10)

Now use that the right side above is more than
(
1− 1

e

)
z∗j fo any integer lj ≥ 1.

E[W ] =

m∑
j=1

wjPr(Cj is sat.) >

m∑
j=1

wj

(
1− 1

e

)
z∗j =

(
1− 1

e

)
Z∗LP >

(
1− 1

e

)
Opt.
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5.5 Choosing the better of two solutions

Here, we see that if we apply for any instance both the algorithms of Section

5.4 and 5.1 and take the best of the two solutions, then the approximation ratio

is better than what we have seen so far. Let W1 and W2 be the weight of the

solution for the algorithm of, respectively, Section 5.4 and 5.1.

Theorem 5.5. E[max(W1,W2)] > 3
4Opt.

Proof. From the Equations (7) of 5.1 and (10) of 5.4 it follows that

E[max(W1,W2)] >
1

2
E[W1] +

1

2
E[W2]

>
1

2

m∑
j=1

(1− 2−lj )wj +
1

2

m∑
j=1

(
1−

(
1− 1

lj

)lj)
wjz

∗
j .

>
1

2

m∑
j=1

(
(1− 2−lj ) + 1−

(
1− 1

lj

)lj)
wjz

∗
j .

The last inequality above follows from z∗j 6 1. Note that

(1− 2−lj ) + 1−
(

1− 1

lj

)lj 
= 3/2 for lj = 1 or lj = 2,

> 7
8 + 1− 1/e > 3/2 for lj > 3.

Thus,

E[max(W1,W2)] >
1

2

m∑
j=1

3

2
wjz

∗
j =

3

4

m∑
j=1

wjz
∗
j =

3

4
Z∗LP >

3

4
Opt.
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5.6 Non-linear randomized rounding

Section 5.5 showed a 3/4-approximation algorithm by taking the best of two

solutions. Here it is shown that the same ratio can be obtained if we round

the LP of section 5.4 in a more sophisticated way. Instead of setting xi to true

with probability y∗i , we set it to true with probability f(y∗i ) for some appropriate

function f . It turns out that this works for any function f between the following

bounds.

1− 4−y 6 f(y) 6 4y−1. (11)

Algorithm :

Step 1. Solve the LP-relaxation of Section 5.4 → y∗, z∗, Z∗LP .

Step 2. Set each variable xi to true with probability f(y∗i ) for some function

f(y) satisfying (11).

Theorem 5.6. The algorithm above is a 3/4-approximation for (weighted) Max

Sat.

Proof.

Pr(Cj is not sat.) =
∏
i∈Pj

(1− f(y∗i ))
∏
i∈Nj

f(y∗i )

6
∏
i∈Pj

4−y
∗
i

∏
i∈Nj

4y
∗
i−1

= 4
−(

∑
i∈Pj

y∗i +
∑

i∈Nj

1−y∗i )

6 4−z
∗
j

From the above:

Pr(Cj is sat.) > 1− 4−z
∗
j .

Just as in Section 5.4, we replace the inequality above by a (weaker) inequality

from which the approximation ratio follows immediately. Note that g(z) =

1− 4−z is a concave function on [0, 1]. Thus,

g(z) > g(0) + (g(1)− g(0))z = 1− 1

4
z ≥ 3

4
z, for 0 6 z 6 1.

⇒ E[W ] =

m∑
j=1

wjPr(Cj is sat.) >
m∑
j=1

wj
3

4
z∗j =

3

4
Z∗LP >

3

4
Opt.
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5.7 Prize-collecting Steiner tree

Section 4.4, gave a 3-approximation algorithm by LP-rounding. A vertex i was

added to the tree if y∗i > α where α = 2/3. Now we take α ∈ [γ, 1] uniformly at

random. The value γ is chosen appropriately later.

Algorithm :

Step 1: Solve the LP-relaxation of Section 4.4 → x∗, y∗, Z∗LP .

Step 2: Take α ∈ [γ, 1] uniformly at random.

Let U = {i | y∗i > α}. Construct a Steiner tree T on U .

Lemma 13. The expected connection cost for the Steiner tree T is

E[
∑
e∈T

ce] 6
2

1− γ
ln

1

γ

∑
e∈E

cex
∗
e.

Proof. By Lemma 4.6 from the book, the expected connection cost is at most

E

[
2

α

∑
e∈E

cex
∗
e

]
= E

[
2

α

]∑
e∈E

cex
∗
e.

Now use that E
[

2
α

]
= 1

1−γ

α=1∫
α=γ

2
αdα = 2

1−γ ln 1
γ .

Lemma 14. The expected total penalty cost is at most

1

1− γ
∑
i∈V

1− y∗i

Proof. Let U = {i ∈ V : y∗i > α}. Note that Pr(i /∈ U) =


1 if y∗i 6 γ,

1−y∗i
1−γ if y∗i > γ.

In both cases, the probability is at most (1− y∗i )/(1−γ). The expected penalty

cost is at most∑
i∈V

πiPr(i /∈ U) 6
∑
i∈V

πi
1− y∗i
1− γ

=
1

1− γ
∑
i∈V

πi(1− y∗i ).

Form the two lemmas we conclude that the total expected cost of the solution

is at most

max

{
2

1− γ
ln

1

γ
,

1

1− γ

}
Z∗LP .

The maximum above is 1/(1− e−1/2) ≈ 2.54 for γ = e−1/2.
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Derandomization The algorithm makes only one random decision: it chooses

α at random. So the method of computing conditional expectations of Section

5.3 is not very helpful here. It only tells us to pick an α which gives the best

objective value, but there are infinitely many α’s to try. An obvious approach

is to show that trying a polynomial number of value’s for α is enough. In our

case, we only need n + 1 = |V | + 1 different values of α. To see this, label the

vertices such that y∗1 6 · · · 6 y∗n. Then, the solution of the algorithm is the

same for all values α ∈]y∗i , y
∗
i+1[. In other words, when we let α vary from γ till

1 then the outcome of the rounding changes only when α becomes y∗i for some

i. It is enough to try for α all values y∗1 , . . . , y
∗
n, 1 and take the best solution.

Algorithm :

Step 1: Solve the LP-relaxation of Section 4.4 → x∗, y∗, Z∗LP .

Step 2: For all α ∈ {y∗1 , . . . , y∗n, 1} do the following:

Let U = {i | y∗i > α}. Construct a Steiner tree T on U .

Step 3: Return the best solution found.
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5.8 Uncapacitated facility location.

In Section 4.4 we have seen a 4-approximation algorithm for the uncapacitated

facility location problem. The algorithm was to solve an LP-relaxation and

then assigning clients one by to the cheapest neighboring facility in the support

graph. The main difference here is that in stead of taking the cheapest facility,

we take a facility at random using the values xij from the LP as probability

distribution. First, let us repeat (just for completeness) part of Section 4.4:

(ILP) min Z =
∑
i∈F

fiyi +
∑

i∈F,j∈D
cijxij

s.t.
∑
i∈F

xij = 1 for all j ∈ D,

xij 6 yi for all i ∈ F, j ∈ D,

xij ∈ {0, 1} for all i ∈ F, j ∈ D,

yi ∈ {0, 1} for all i ∈ F.

In the LP-relaxation, replace the binary constraint by xij > 0 and yi > 0. The

dual of the LP-relaxation is:

(D) max Z =
∑
j∈D

vj

s.t.
∑
j∈D

wij 6 fi for all i ∈ F,

vj − wij 6 cij for all i ∈ F, j ∈ D,

wij > 0 for all i ∈ F, j ∈ D,

(vi is free).

Let x∗, y∗ be optimal primal solution and let v∗, w∗ be optimal dual solution.

By complementary slackness, we have the following lemma.

Lemma 15. If x∗ij > 0, then cij = v∗j − w∗ij 6 v∗j .

• Support graph of x∗: There is an edge if x∗ij > 0.

• N(j) is the set of neighbors of client j ∈ D in the support graph.

• N2(j) is the set of all neighbors of neighbors of client j ∈ D.

The deterministic algorithm:

For k = 1, 2, . . . until all clients are connected do:
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Step 1: Among the unconnected clients, choose client jk with smallest value v∗jk .

Step 2: Choose facility ik ∈ N(jk) with smallest value fik .

Step 3: Connect all still unconnected clients in N2(jk) to facility ik.

In the randomized version, Step 2 is changed by taking ik at random. Conse-

quently, we see that the analysis work out nicely if we also make a small change

in Step 1. Define the fractional connection cost of client j as C∗j =
∑
i∈F

cijx
∗
ij .

The randomized algorithm:

For k = 1, 2, . . . until all clients are assigned do:

Step 1: Among the unconnected clients choose client jk with smallest v∗jk +C∗jk .

Step 2: Choose facility ik ∈ N(jk) at random, where Pr(i = ik) = x∗ij .

Step 3: Connect all still unconnected clients in N2(jk) to facility ik.

Theorem 5.7. Algorithm above is a randomized 3-approximation algorithm.

Proof. The expected opening cost for facility opened in iteration k is∑
i∈N(jk)

fix
∗
ijk

6
∑

i∈N(jk)

fiy
∗
i .

The inequality follows from the LP-constraint. Step 3 of the algorithm ensures

thatN(jk)∩N(jk′) = ∅ for any pair jk, jk′ . Thus, the total expected opening cost

is ∑
k

∑
i∈N(jk)

fiy
∗
i 6

∑
i∈F

fiy
∗
i .

For the expected connection cost, consider an arbitrary iteration k. Given

Figure 18: Sketch of iteration k. Only the clients that get connected in this

iteration are shown. Client l is an arbitrary client in N2(jk).

jk, the neighborhoods N(jk) and N2(jk) are fixed. For any client l that gets

connected in that iteration ( i.e., l ∈ N2(jk)) there is some h ∈ N(jk) such that
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h is a neighbor of l. The distances chjk+chl are not random variables. However,

the distance cikjk is a random variable since the facility ik is chosen at random.

E[cikjk ] =
∑

i∈N(jk)

x∗ijkcijk =
∑
i∈F

x∗ijkcijk = C∗jk .

The algorithm assigns client l to facility ik. The expected connection cost for

client l is

E[cikl] ≤(1) E[cikjk + chjk + chl]

=(2) E[cikjk ] + chjk + chl

= C∗jk + chjk + chl

≤(3) C∗jk + v∗jk + v∗l

≤(4) C∗l + v∗l + v∗l

(1): Follows from the triangle inequality.

(2): Only the first is a random variable (given jk).

(3): From the complementary slackness lemma.

(4): From Step 1. Note that jk and l were both unassigned before jk was chosen.

The expected value of the solution is the sum of expected opening cost and

expected connection cost, which is bounded by∑
i∈F

fiy
∗
i +

∑
l∈D

C∗l + 2
∑
l∈D

v∗l

=

(∑
i∈F

fiy
∗
i +

∑
l∈D

∑
i∈F

x∗ilcil

)
+ 2

∑
l∈D

v∗l

= Z∗LP + 2Z∗D 6 3Z∗LP 6 3Opt.
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6 Random rounding of semidefinite programs

• Section 6.1: Semidefinite Programming

• Section 6.2: Finding large cuts

• Extra (not in book): The max 2-sat problem.

• Section 6.5: Coloring 3-colorabale graphs.

6.1 Semidefinite Programming

The book gives some properties of semidefinite matrices but not all are used in

this chapter. Here we list only the ones that are used, and additionally give a

definition of a strict quadratic program.

Definition 4. A matrix X ∈ Rn×n is positive semidefinite (psd) iff for all

y ∈ Rn, yTXy > 0. Notation: X � 0.

Fact 1. If X ∈ Rn×n is symmetric then the following equivalence holds

X � 0 ⇔ X = V TV for some V ∈ Rm×n with m 6 n.

We may assume that m = n since if m < n we can extend V with zero-rows.

Definition 5. A semidefinite program (SDP) is a linear program with an ad-

ditional constraint of the following form: X is positive semidefinite, where X is

a square symmetric matrix containing all the variables.

Example: The following LP

min x+ y + z

s.t. x+ y − z = 2

x, y, z > 0

with the additional constraint:

[
x y

y z

]
� 0, is called a semidefinite program.

The general form with m linear constraints is

min or max
∑
ij

cijxij

s.t.
∑
ij

aijkxij = bk for k = 1, . . . ,m

xij = xji for all i, j

X = (xij) � 0.

(12)

Fact 2. Semidefinite programs can be solved in polynomial time up to an arbi-

trarily small additive constant ε > 0.
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A quadratic program (QP)

• is a linear program in which, additionally, also the product of two variables

is allowed, and

• is called strict if it only contains constant terms and products of two

variables. For example, the constraint y2
1 + y1y2 + y3 = 1 is not allowed

in a strict QP because of the term y3.

Definition 6. A vector program is obtained from a strict quadratic program by

replacing all variables yi by vectors vi ∈ Rn (where n is the number of variables

yi) and by replacing the scalar products of variables by vector inproducts. See

for an example Section 6.2.

The general form of a vector program is

min or max
n∑
i=1

n∑
j=1

cij vi · vj

s.t.
n∑
i=1

n∑
j=1

aijk vi · vj = bk, k = 1, . . . ,m

vi ∈ Rn i = 1 . . . n.

(13)

Theorem 6.1.

Semidefinite programs are equivalent with vector programs. Consequently, vector

programs can be solved in polynomial time up to an arbitrarily small additive

constant ε > 0.

Proof. Let X ∈ Rn×n be a feasible solution for SDP (12). Then X = V TV for

some n × n matrix V . Let vi be the i-th column of V . Then v1, v2, . . . , vn is

feasible for vector program (13) and the value stays the same. Conversely, if

v1, v2, . . . , vn is feasible for VP, then define

V = [v1 | v2 | · · · | vn] and X = V TV.

Then, X = (xij) is feasible for SDP and the value stays the same.

6.2 Finding large cuts.

In the weighted version of max cut problem, we may assume without loss of

generality that the graph is complete since we can define wij = 0 for any missing

edge. To simplify notation we write
∑

(i,j) to denote the summation over all

60



Chapter 6 Random rounding of semidefinite programs

edges of the complete graph. The following quadratic program is an exact

formulation of the max-cut problem.

(QP) max 1
2

∑
(i,j)

(1− yiyj)wij

s.t. yi ∈ {−1, 1} i = 1, . . . , n.

Figure 19: The maximum cut in this graph on 3 vertices has value 2.

Note that the constraint yi ∈ {−1, 1} can also be written as y2
i = 1. It is

easy to see that this is indeed an exact formulation of the max cut problem:

Given a feasible solution for (QP) we get a cut with the same value by taking

i ∈ U if yi = 1 and taking i ∈W if yi = −1. Conversely, given a cut (U,W ) we

get a feasible solution for (QP ) with the same value by setting yi = 1 if i ∈ U
and taking yi = −1 if i ∈W .

The quadratic program (QP) is strict and we can formulate its vector pro-

gram relaxation.

(VP) max 1
2

∑
(i,j)

(1− vi · vj)wij

s.t. vi · vi = 1, vi ∈ Rn i = 1, . . . , n.

It is easy to see that (VP) really is a relaxation of (QP): Let y1, y2, . . . , yn be

feasible for (QP), then vi = (yi, 0, . . . , 0) for all i defines a feasible solution for

(V P ) with the same value. In the graph of Figure 19, an optimal solution to it

quadratic program is (y1, y2, y3) = (1,−1,−1) and the corresponding solution

for (V P ) is v1 = (1, 0, 0), v2 = v3 = (−1, 0, 0). However, this is not an optimal

solution to (V P ). An optimal solution is given in Figure 20.

The max-cut algorithm.

Goemans and Williamson gave the following algorithm for the max-cut problem:

• Step 1. Solve the VP-relaxation → v∗1 , v
∗
2 , . . . , v

∗
n, Z

∗
V P .
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Figure 20: An optimal solution for the vector program (VP) for the graph of

Figure 19. The inproduct vi · vj is −0.5 for all pairs i, j. Hence, the optimal

value is 3 · 1
21.5 = 2.25.

• Step 2. (Randomized rounding) Take a vector r ∈ Rn of length 1 uni-

formly at random. Add vertex i to U if v∗i · r > 0 and add it to W

otherwise.

Analysis: Let ϕij be the angle between v∗i and v∗j . Then, v∗i · v∗j = cosϕij

and we can express the optimal value of the VP in terms of ϕij :

Z∗V P =
1

2

∑
(i,j)

(1− v∗i · v∗j )wij =
1

2

∑
(i,j)

(1− cosϕij)wij . (14)

On the other hand,

Pr{ edge (i, j) is in the cut }

= Pr{v∗i and v∗j are separated by the hyperplane perpendicular to r.}

=
ϕij
π

Let W be the weight of the cut. Then

E[W ] =
∑
(i,j)

ϕij
π
wij . (15)

Let

α = min
06ϕ6π

[
ϕ

π
· 2

1− cosϕ

]
.
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One can show that the minimum α of this function is well-defined and satisfies:

α > 0.878. Consequently, for any ϕij we have

ϕij
π

> α
1− cosϕij

2
.

Now we combine (14) and (15):

E[W ] =
∑
(ij)

ϕij
π
wij >

α

2

∑
(i,j)

(1− cosϕij)wij = αZ∗V P > αOpt > 0.878Opt.

The algorithm can be derandomized using a sophisticated application of the

method of conditional expectations (See section 5.2) but this is not easy.

The algorithm above is best possible if P 6= NP and if the so called unique

games conjecture holds. (See Section 13.3 for this unique games conjecture.)

Extra (not in book): The max 2-sat problem.

Section 5.1 gives a 1/2-approximation for the maximum satisfiability problem.

In particular, it gives a 1− (1/2)k-approximation if each clause contains at least

k literals. For the max 2-sat problem, in which each clause contains exactly two

literals, this yields a 3/4-approximation. Also, the linear program of Section

5.4 yields a 3/4-approximation when rounded as in Section 5.6. Here, we show

that the approach used for the max-cut problem gives an α-approximation with

the same factor α = 0.878... for the max 2-sat problem. We shall restrict to the

unweighted version but the algorithm works exactly the same in case each clause

had a given weight and we want to maximize the total weight of the satisfied

clauses. In the example below, Opt = 3. The examples also shows the four

possible types of clauses.

x1 ∨ x2, ¬x1 ∨ x2, ¬x2 ∨ x1, ¬x1 ∨ ¬x2.

Let us denote val(xi) = 1 if xi is true and let it be zero otherwise. Similarly,

for clause C let val(C) = 1 if the clause is true and let it be zero otherwise.

An obvious choice for a quadratic program is to define binary variables yi ∈
{0, 1} with yi = val(xi). Then the value of a clause xi ∨ xj can be expressed as

val(xi ∨ xj) = 1− (1− yi)(1− yj) = yi + yj − yiyj .

We can do the same for the other 3 types, (¬xi ∨ xj), (¬xi ∨ xj), (¬xi ∨ ¬xj),
and formulate a quadratic program. However, its relaxation is not convex and

nor is it a strict quadratic program. We need to try another approach.

63



Chapter 6 Random rounding of semidefinite programs

A strict quadratic program. We introduce one more binary variable, y0

and make the following proposition:

yi = y0 ⇔ xi = true

yi ∈ {−1, 1} and yi 6= y0 ⇔ xi = false

Now, the value of a literal can be expressed as follows.

val(xi) =
1 + y0yi

2
and val(¬xi) =

1− y0yi
2

.

Then, the value of a clause xi ∨ xj becomes

val(xi ∨ xj) = 1− val(¬xi)val(¬xj)

= 1−
(

1− y0yi
2

)(
1− y0yj

2

)
=

1 + y0yi
4

+
1 + y0yj

4
+

1− yiyj
4

.

In the same way, we can write

val(¬xi ∨ xj) =
1− y0yi

4
+

1 + y0yj
4

+
1 + yiyj

4

val(xi ∨ ¬xj) =
1 + y0yi

4
− 1− y0yj

4
+

1 + yiyj
4

val(¬xi ∨ ¬xj) =
1− y0yi

4
+

1− y0yj
4

+
1− yiyj

4
.

We see that any instance of max 2-sat can be written as a strict quadratic

program of the following form. Again, to simplify notation we write
∑

(i,j) to

denote the summation over i, j with 0 6 i < j 6 n.

(QP) max
∑
(i,j)

aij(1 + yiyj) + bij(1− yiyj)

s.t. y2
i = 1, i = 0, 1, . . . , n.

Here, aij and bij are constants depending on the instance. The vector program

relaxation becomes

(VP) max
∑
(i,j)

aij(1 + vi · vj) + bij(1− vi · vj)

s.t. vi · vi = 1, vi ∈ Rn+1 i = 0, 1, . . . , n.

Algorithm:

• Step 1. Solve the VP-relaxation → v∗0 , v
∗
1 , . . . , v

∗
n, Z

∗
V P .

• Step 2. Take a vector r ∈ Rn of length 1 uniformly at random. For

i = 0, . . . , n, let yi = 1 if if v∗i · r > 0 and let yi = −1 otherwise.

64



Chapter 6 Random rounding of semidefinite programs

Analysis: Let ϕij be the angle between v∗i and v∗j . Then, v∗i · v∗j = cosϕij .

The optimal VP value can be written as follows.

Z∗V P =
∑
(i,j)

aij(1+v∗i ·v∗j )+bij(1−v∗i ·v∗j ) =
∑
(i,j)

aij(1+cosϕij)+bij(1−cosϕij).

On the other hand, let W be the number of clauses satisfied by the algorithm.

As we have seen for the max cut problem, Pr(yi 6= yj) = ϕij/π. Hence,

E[W ] = 2
∑
(i,j)

aijPr(yi = yj) + bijPr(yi 6= yj)

= 2
∑
(i,j)

aij(1−
ϕij
π

) + bij
ϕij
π
. (16)

Let α ≈ 0.878 be defined as in the max cut analysis. That means

ϕ

π
>
α

2
(1− cosϕ), for all 0 6 ϕ 6 π.

On the other hand, when we substitute ϕ = π − θ then, for all 0 6 θ 6 π

π − θ
π

>
α

2
(1− cos(π − θ)) ⇔

1− θ

π
>
α

2
(1 + cos θ).

Now, apply the two inequalities above to (16):

E[W ] = 2
∑
(i,j)

aij(1−
ϕij
π

) + bij
ϕij
π

> α
∑
(i,j)

aij(1 + cosϕij) + bij(1− cosϕij)

= αZ∗V P > αOpt.

6.5 Coloring 3-colorabale graphs.

A graph coloring is a labeling of the vertices with labels 1, 2, . . . (the colors) such

that any two adjacent vertices have a different label. The chromatic number

χ(G) is the minimum number of colors needed for a feasible coloring of G. If

χ(G) 6 2 then finding a feasible 2-coloring is easy: Start with any vertex and

give it color 1, then color all its neighbors with color 2, color all neighbors of

neighbors with color 1, and so on. Hence, deciding if a graph is 2-colorable is

easy. Also, any graph can be colored using at most ∆ + 1 colors if ∆ is the

maximum degree of the graph. (Simply color the vertices one-by-one.)

(i) Finding a 2-coloring is easy if the graph is 2-colorable.
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(ii) Finding a coloring with at most ∆ + 1 colors is easy, where ∆ is the

maximum degree in the graph.

On the other hand, deciding if χ(G) 6 3 is NP-complete. In fact, even

when we know that the given graph is 3-colorable then finding a coloring with a

small number of colors is difficult. First we give a simple algorithm to color the

vertices of a 3-colorable graph G = (V,E) with at most 4
√
n colors. Let σ =

√
n.

Algorithm 1:

• Step 1 As long as there is a vertex v with degree at least σ do the following:

Use a new color for v and use two new colors to color the neighbors of v.

Remove v and its neighbors from G.

• Step 2 Color the remaining graph with at most σ colors.

Figure 21: Application of Algorithm 1 with σ = 4.

Clearly, Step 1 can be done in polynomial time since the set of neighboring

points of any point v is 2-colorable. Also, Step 2 is easy since the graph that

remains after Step 1 has maximum degree ∆ 6 σ − 1. The total number of

colors used is

3 · n/(σ + 1) + σ < 4
√
n.

We can reduce the number of colors by improving (ii). Note that in general

(ii) is tight since for a complete graph on n vertices we need n = ∆ + 1 colors.

However, if the graph is 3-colorable then we can do better. We use the notation

Õ(.) to hide factors log n. For example, 4n2 log3 n = Õ(n2).

Theorem 6.2. If G is 3-colorable, then a coloring with Õ(∆log3 2) colors in

expectation can be found in polynomial time. Note, log3 2 ≈ 0.631.
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Before proving Theorem 6.2, let us see how it leeds to a reduced approxima-

tion ratio. We apply the same algorithm but only need Õ(∆log3 2) = Õ(σlog3 2)

colors in Step 2. That means, the total number of colors used is bounded by

3 · n/(σ + 1) + Õ(σlog3 2)

Now we optimize over σ. Solving n/σ = σlog3 2 gives σ = nlog6 3. Then, for both

steps the number of colors used is Õ(n/σ) = Õ(nlog6 2), which is better than the

4
√
n we have seen earlier since log6 2 ≈ 0.387.

Proof of Theorem 6.2

The idea is similar to that of the max-cut problem. There are two differences

to notice. First, we do not formulate an exact quadratic program but only give

a vector program relaxation for the 3-coloring problem. Second, the algorithm

takes many random vectors in stead of just one.

(VP) min λ

s.t. vi · vj 6 λ, for all (i, j) ∈ E
vi · vi = 1, vi ∈ Rn for all i ∈ V.

If G = (V,E) is 3-colorable then the vector program above has optimal value

at most λ∗ 6 −0.5. This can be seen from the solution of the max cut example

in Figure 20. Given a feasible 3-coloring, let the three vectors correspond with

the three colors. If (i, j) ∈ E then i and j have different colors which implies

that vi · vj = −0.5.

Remark: It is not true that λ∗ = −0.5 for any graph with χ(G) = 3 as can

be seen from Figure 22.

Figure 22: A cycle on 5 vertices has chromatic number 3. The optimal solution

to VP in this case has value λ∗ = cos(4π/5) < −0.5. For an odd cycle, λ∗ → −1

for n→∞.

The idea of the algorithm is as follows. First solve the VP. Then take t 6 n

unit vectors in Rn at random. The corresponding hyperplanes partition Rn in
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2t regions. Let the regions correspond to colors. Say that a vertex is properly

colored if all its neighbors have a different color. Remove all properly colored

vertices and take a new set of t unit vectors in Rn at random and use 2t new

colors. Repeat until all vertices are properly colored.

Algorithm:

• Step 1. Solve the VP-relaxation → v∗1 , . . . , v
∗
n, λ
∗.

• Step 2. Repeat until the graph is properly colored:

Take vectors r1, . . . , rt ∈ Rn of length 1 uniformly at random. Each of the

2t regions defines a color. Give point i the color of the region containing

v∗i . Say that a vertex is properly colored if all its neighbors have a different

color. Remove all properly colored vertices from the graph.

Consider an edge (i, j) ∈ E and assume i and j are not yet properly colored.

Then, for the next iteration of Step 2:

Pr{ i and j get the same color }

= Pr{v∗i and v∗j are not separated by any of the ri’s.}

=
(

1− ϕij
π

)t
=

(
1− 1

π
arccos(v∗i · v∗j

)t
≤

(
1− 1

π
arccos(λ∗)

)t
≤

(
1− 1

π
arccos(−1/2)

)t
=

(
1− 1

π

2π

3

)t
=

(
1

3

)t
The first inequality follows from (VP) and from the fact that arccos is non-

increasing. The second inequality follows from λ∗ ≤ −1/2 and from arccos

being non-increasing. Take t = 1 + log3 ∆. Then,

Pr{ i and j get the same color } 6 1

3∆
.

By the ‘union bound’, for any vertex i in an iteration of Step 2:

Pr{ i is not properly colored } 6 ∆
1

3∆
=

1

3
.

Let n′ be the number of remaining vertices before some iteration of Step 2.

Then, for this iteration

E[ # vertices not properly colored ] 6
n′

3
.
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By Markov’s inequality:

Pr{ # vertices not properly colored >
2n′

3
} 6 1

2
.

Hence, in each iteration of Step 2, the number of vertices still to be colored is

reduced by a factor 2/3 with probability at least 1/2. This implies that the

expected number of iteration of Step 2 is O(log n) and the expected number of

colors used in total is

O(log n)2t = Õ(2t) = Õ(21+log3 ∆) = Õ(∆log3 2).
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