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Abstract
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1 Introduction

In this paper we consider the dynamic factor model given by

qA

yif,:/J/i_'_xitﬂ_'_z)‘;jft—j—i_uit? i:l,...,N, t:l,...,T, (1)

J=0

where y;; denotes the observed value for the ith time series at time ¢, y; is a fixed and unknown
constant, z;; is a 1 X K vector of covariates, 3 is a K x 1 vector of regression coefficients, f;
is an r x 1 vector of common factors, A;; is an r X 1 vector of loadings associated with the
common factors at lag 7 and w; is the idiosyncratic component. The factors are modeled
by linear dynamic processes and the idiosyncratic components by autoregressive processes
with mutually correlated zero mean innovations. We particularly focus on the case where a
high-dimensional panel of N time series depends on a relatively small number of » common
dynamic factors.

When the idiosyncratic components u;; and the common factors f; are assumed Gaussian
we can evaluate the likelihood function efficiently by means of the Kalman filter. In case the
innovations are non-Gaussian, the Gaussian likelihood can be regarded as a quasi-likelihood.
The Gaussian likelihood function can be numerically maximized to obtain maximum likeli-
hood or quasi-maximum likelihood (QML) parameter estimates. This is the approach taken
by Engle and Watson (1981) for a Gaussian model with one common factor. Watson and
Engle (1983) use the expectation-maximization (EM) algorithm of Dempster, Laird, and
Rubin (1977) to find the optimum of the likelihood, see also Shumway and Stoffer (1982)
and Quah and Sargent (1993). However, in many of the recent applications of the dynamic
factor model, the high-dimensional panel of time series and the resulting large number of
parameters make such an approach infeasible.

In this paper we present new results that lead to computationally efficient methods
for a likelihood-based analysis of high-dimensional dynamic factor models. We cover both
signal extraction and likelihood evaluation. Finding the optimum of a likelihood function
is not straightforward if there is a large number of parameters. We present new devices
for an effective implementation of the optimization methods. We also derive an algorithm
to efficiently evaluate the marginal Gaussian loglikelihood for dynamic factor models of the
form (1). In case of time series models with regression effects, estimators based on the
marginal likelihood are found to perform better in small samples than the corresponding
maximum likelihood estimators, see, for example, Tunnicliffe-Wilson (1989) and Shephard
(1993).



To demonstrate the applicability of our results we estimate a number of dynamic factor
models on a panel of 132 macroeconomic time series. The largest model that we estimate
includes seven dynamic factors and more than 1000 parameters. The new results presented
in this paper enable us to estimate these parameters in minutes.

The key insight for our results is that the observed time series can be split into a low-
dimensional vector series and a high-dimensional vector series. For the estimation of the
factors and the evaluation of the likelihood function, we need to apply the computationally
intensive Kalman filter methods to the low-dimensional series while simple regression-style
calculations suffice for the high-dimensional part. As a result, we are able to achieve large
computational gains.

Sargent and Sims (1977) and Geweke (1977) were the first to propose a dynamic factor
model. They obtain parameter estimates by maximizing the spectral likelihood function.
The increasing availability of high-dimensional vector series in economics and finance has
motivated work on alternative methods to estimate the common factors. Chamberlain and
Rothschild (1983) and Connor and Korajczyk (1986, 1988, 1993) show that if N goes to
infinity the factors are estimated consistently using the method of principal components.
More recent contributions have focused on extending the inferential theory of this method, see
e.g. Stock and Watson (2002a) and Bai (2003). Stock and Watson (2002b, 2006) demonstrate
the value of this approach for the purpose of constructing diffusion indexes that can be used
in forecasting macroeconomic time series. Forni, Hallin, Lippi, and Reichlin (2000) propose a
different estimation procedure, based on frequency domain methods, that provides consistent
estimates of the factors for a general class of dynamic factor models.

The likelihood-based approach has a number of advantages over the principal components
method. Since the factors are explicitly modeled and the estimation method takes account
of the model specification, the factors can represent aspects of economic theory. Hypothesis
tests can be formulated and tested. The techniques of this paper allow real-time estimation
of the underlying factors, estimation of past factors as well as prediction of factors and future
observations. The Kalman filter further produces mean squared errors of the factor estimates
without an extra computational effort. Unbalanced data-sets are also easily handled in this
framework. Finally, in case the data generating process can be represented as a Gaussian
dynamic factor model, the parameter estimators are asymptoticaly efficient. Moreover, Doz,
Giannone, and Reichlin (2006) show, under mild conditions, that the factor estimates from
the QML procedure are consistent for the true factors when 7' — oo and N — oo, even
if the model is misspecified. They also present Monte Carlo evidence that the QML factor

estimates are often more precise than the principal component estimates.



The remainder of the paper is organized as follows. The dynamic factor model and its
state space form are presented in Section 2. Parameter estimation is discussed in Section
3. The key results of this paper are presented in Section 4 with proofs and derivations
given in the Appendix. Section 5 discusses the new devices for parameter estimation using
quasi-maximum likelihood methods. An empirical illustration is provided in Section 6 while

Section 7 concludes.

2 Generalized dynamic factor model with covariates

We assume that the dynamic characteristics of a time series of observed N x 1 vectors
Y1, ...,y can be described by the dynamic factor model (1). The vector form of model (1)
is given by

v = p+ X8+ AL)f + uy, t=1,...,T, (2)

where Yt = (ylta SR yNt),v Uy = (ultu SR uNt),v = (:ulv cee muN)/? Xt = (xllfn s 7']:/]\[1&), and
matrix lag polynomial A(L) = Ao+ > A7 with Aj = (Ayj,. .., Any)’ for j = 0,...,qa,
lag-operator L and non-negative integer g5. The vector f; of common factors is modeled by

the vector autoregressive moving average (VARMA) process
(L) fr = O(L)G, (3)

where (; is a vector of innovations and the matrix lag polynomials are (L) = [ — Z;’il P, LI
and ©(L) = I+3_72, ©;L7 with r x r autoregressive coefficient matrices ®; for j = 1,...,qa
and rxr moving average coefficient matrices ©; for j =1, ..., go. We model the idiosyncratic

component vector u; in (2) as the vector autoregressive (VAR) process
U(L)uy = e, (4)

where ¢; is a vector of innovations and the matrix lag polynomial is W(L) = I — "%, W,/
with N x N autoregressive coefficient matrix ¥; for j = 1,...,¢g. Finally, we denote the
set of all parameters in the model by 1. The set of parameters in ¢ excluding i and (3, are
denoted by 6, that is

w — (IELI , /6/ , 9/)/.



We adopt the following set of assumptions for model (2) — (4):

(i) The permissible parameter space Sy is a compact sub-set of the Euclidean space. The

true parameter ¢ is an interior point of Sy.
(ii) For all ¢ in Sy and |z| < 1, we have |®(2)| # 0 and |¥(2)| # 0.

(iii) Denote by F; the o-algebra generated by v, ..., y;, with Fy the trivial o-algebra, then
E(e;|Fi-1) =0, E(¢| Fi-1) = 0, E(5t5;|}—t—1) =2, E(Ctm}—t—l) =X,

fort =1,...,T. We assume that X, is a nonsingular matrix.
(iv) The vector sequences {e;} and {(;} are uncorrelated and have finite fourth moments.
(v) The covariate sequence {X;} is independent of the innovation sequences {&;} and {¢;}.
(vi) Matrix limy_.o 7 Ethl X X! ., exists and is finite for every non-negative integer j.

(vii) Let ['y(h;v) = Covy(ys, yeyn) for ¢ € Sy, then for any ¢* € Sy such that ¢* # 1y,
I'y(s;9) # T'y(s; ) for at least one value of s € Z,.

(viii) Denote fig and 3, as the true values of i and 3, respectively. The process 1, — fio — X /50
can be written as a VAR process I1(L; 1) (y: — fio — X¢30) = @, where I1(2;¢) = I —
S oo L (o) 2", E(t| Fi—1) = 0 and the elements of IT;, IT, . . . are absolutely summable.

Assumption (ii) implies that the dynamic factor model is stationary for all admissable
parameter vectors. The assumption in (iii) of ¥, nonsingular is not restrictive since any
dynamic factor model with a singular matrix . can be rewritten to satisfy assumption (iii).
Assumption (vii) is an identifiability assumption. In practice, for this assumption to hold,
we need to put restrictions on Ag, Ay,..., Ay, P1,..., Py, O1,...,0,, and E.. Parameter
restrictions are common in the literature on factor models, see e.g. Geweke and Zhou (1996)
for further discussions. Examples of the general model specification (2) — (4) are given in
[lustrations 1 and 2 below.

The dynamic factor model (2) with idiosyncratic component (4) can be expressed in

static form as follows

yt:M_‘_dt_‘_Xtﬁ_‘_AFt_‘_Eta t:q\ll_l_la?Ta (5)



Where Mmoo = W([)ﬂ, dt = ;1\1211 \I]jyt—ja Xt = \I/(L)Xt, F;g = (ft,, ft,—17"'7ft,—s), and A =
(Ao, A%,..., AY) with

k . .
Ai> < ) \Ilia S )
AL = AT =D WIAL Af::{ L= w+=:{ fe

k—7j° 7 . .
st g 0, otherwise, 0, otherwise,

and s = gy+qy fori, k =1, ..., s. The number of static factors in F} is given by m = r (s+1).

The VARMA process (3) for f; can be expressed as f; = Ga; for a suitable matrix G and
oy = Hoy_y + RG, (6)

where px 1 state vector o has mean E(oy) = 0 and variance matrix Var(a;) = (). The system
matrices H and R are sparse matrices and contain the coefficient matrices in the polynomials
®(L) and O(L). Matrices H and R can be constructed such that G consists of rows of the
unity matrix and has full row rank. For more details on the state space specification of the
VARMA model, see e.g. Harvey (1989) and Durbin and Koopman (2001).

The dimension of the state a; is generally higher than the dimension of F; when the
latent VARMA process (3) with non-zero orders g and gg is specified in state space form.

Model (5) can be expressed in terms of the state vector a; via the observation equation

Y =+ di + XiB+ Zoy + &y, (7)

fort=qy +1,...,T, with
Z = AG. (8)
To handle the initial stretch of observations v, ..., y,, explicitly, we need to consider the
observation equation (7) with different system matrices Z and X, for t = 1,...,qy. We give

an example in Illustration 1 below. In the remainder of the paper, we assume for convenience
that all system matrices are time-invariant. However, all results hold for time-varying system

matrices subject to some minor modifications.

IMustration 1. Consider the dynamic factor model y, = Aofi+u (t=1,...,T) with N xr
factor loading matriz Ag and where the r x 1 vector f; follows a VAR(1) process, that is
equation (3) with g = 1 and go = 0, and the idiosyncratic components u;; are modeled as
independent AR(1) processes, that is equation (4) with qy = 1 and both V1 and ¥, diagonal.
To ensure that all parameters are identified, we set Ag = (A}, Ay) where Ay is an r x r lower
triangular matriz and Ay is an (N — 1) X r full matriz. The diagonal elements of A, are set

to one. Additionally, we restrict YX¢ to a diagonal matriz.
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The state vector oy is specified as on = Fy = (f], fl_;) so that G = Iy, in (8). The
matrices H and R in (6) are given by
I
Nk

d, 0
H= . R=
I 0

Further, we have E(ay) = 0 and Var(ay) = Q is set to the unconditional variance of the

stationary vector series (f{, f{_1)'

dy = Vypq, B=0and Z = A = (Ny, =V 1Ag). Since E(uy) = 0 and E(uu)) = (Iy —
U =Y, observation equation (7) fort =1 has d, =0, Z = (Ag, 0) and &, = u;.

The observation equation (7) fort=2,...,T has u =0,

IMlustration 2. Suppose y, is modeled by the dynamic factor model y, = Nof; + wy (t =
1,...,T) with N x r factor loading vector Ay and the latent factor f; is modeled by the
VARMA(1,1) process defined as (3) with r = q3 = qo = 1. We have

fi=@fi 1+ G+ OG-, E(G|Fi-1) =0, E(Cﬂft—l) = Y,

where ®, © and X are unknown matrices. Furthermore, we suppose that the idiosyncratic
components are independent disturbances, that is gy = 0 and u, = €, in (4). Identifiability
of parameters is guaranteed by restricting Ay and X¢ as in Illustration 1.

In case r = 1 and with ® = ¢, © = 0 and X; = Ug, the state vector oy s specified as
ar = (fy, 0¢)" and since Fy = f; we have A = Ag in (5) and G = (1, 0) in (8). Then, p =0,
dy=0,0=0and Z = AG in (7) fort =1,...,T. The matrices H and R in (6) are then

given by
1 1
H= ¢ , R = ,
0 0 o

with initial conditions E(ay) = 0 and Var(ay) = Q such that @ — HQH' = o} RR'.

3 Parameter estimation

The state space model (6) and (7) can be written in the form

y=X(O)y+¢, (9)

where y = [(n —dv)'s ..., (yr —dp)' ], v = (i, B, X(0)is a NT x (K + N) matrix valued
function of 6, E(¢) = 0 and E(£€') = X(0) for a matrix valued function ¥(6). The Gaussian



loglikelihood function is defined as follows

) = ¢ = 5 1og|2(0)] — 5y — XOY26) " {y — KO, (10)

where ¢ is a constant independent of v and €. In case the disturbances ¢, and (; in the dynamic
factor model (2) — (4) are Gaussian, equation (10) is the exact loglikelihood function. In other
cases, the loglikelihood function is generally intractable. If the Gaussian assumption does
not apply, the likelihood is designated as a quasi-likelihood. Quasi-maximum likelihood
(QML) estimators of the parameters are obtained by maximizing (10) with respect to .
These QML estimators are strongly consistent as 7' — oo under the assumptions of Section
2. Additionally, the QML estimators are asymptotically Gaussian, see Hannan, Dunsmuir,
and Deistler (1980) for details and proofs.

For models where the Gaussian assumption for the initial factor f; and the disturbances
¢ and ¢; holds, Tunnicliffe-Wilson (1989) and Shephard (1993) show that maximum likeli-
hood estimators of # can be severely biased in small samples. Sample size can be small in
macroeconomic applications where the dynamic factor model is considered. For example,
Quah and Sargent (1993) analyze a data-set where T is as small as 42. In small samples, es-
timators obtained by maximizing the marginal Gaussian likelihood are known to have better
properties.

Suppose J; is a (NT — N — K) x NT matrix, such that the distribution of J;y does not
depend on 7. Given a NT x NT non-singular matrix of the form J = (J] , J;) with |J| = 1,

we define the marginal Gaussian loglikelihood function by

Ca(y; 0) = L(J1y; 0) = L(y; ) — L(Jay; ). (11)

It can be shown that the marginal likelihood is invariant to the choice of .J, see Ansley
and Kohn (1985). This definition of the marginal Gaussian likelihood is equivalent to the
conditional likelihood of Cox and Reid (1987) and the modified profile likelihood of Barndorff-
Nielsen (1983), see also the discussion in Bellhouse (1990). In case of a small 7" we prefer to
estimate the parameters by maximizing (11).

Since the marginal likelihood does not depend on 7, we need to estimate these parameters
separately, for example by generalized least squares (GLS). The GLS estimator and its

variance are given by

A(0) = {X'SIX}IX'S Yy, Vary(5(9)) = {X'271X} 71, (12)



where we suppressed the dependence of X and ¥ on 6. Suppose 6 denotes the estimator of
0 obtained by maximizing ¢,(y; ). We can then obtain an estimator of v by substituting
6 in (12). In case the QML estimators of v and 6, 4 and @, respectively, are obtained by
maximizing (10), we have 4() = 7.

In the next section we present computationally efficient algorithms for evaluating the
Gaussian loglikelihood function (10), the marginal Gaussian loglikelihood function (11) and

the GLS estimator (12) for any value of 6.

4 Estimation of factors and likelihood evaluation

Since the dynamic factor model can be represented as the state space model (6) and (7), we
can use the Kalman filter to obtain the Gaussian loglikelihood function (10). Furthermore,

the Kalman filter and smoothing (KFS) methods of Appendix A.1 can be adopted to evaluate

Qs = P(O‘t|y17"'ays;¢)> Qt|s =E [(at _at|8)(at _at\s)/|y17"-ays;¢} ) (13)

for s,t =1,...,T, where P(ay|yi, ..., ys;¥) denotes the minimum mean squared error linear
estimator (MMSLE) of oy based on y,. .., ys for given ¢ and @y, is its mean squared error
matrix. Here we have suppressed the dependence of ay, and @y, on the parameter vector
1. Detailed accounts of the state space methodology can be found in textbooks such as
Anderson and Moore (1979), Harvey (1989) and Durbin and Koopman (2001).

If the dimension N of y; is very large, the KFS methods are computationally infeasible,
even when the dimension p of the state vector oy is modest. Anderson and Moore (1979)
and Koopman and Durbin (2003) show that, for models with diagonal ¥., multivariate
KFS methods can be made computationally more efficient by processing the elements of
y; individually rather than the whole vector at once. This modification leads to substan-
tial computational gains, but they are not sufficient for the dimensions common in recent
applications of dynamic factor models.

In this section we present new results that allow for the computationally efficient evalua-
tion of the likelihood functions and GLS estimator of Section 3 as well as the state estimates

and mean squared errors in (13).

4.1 Transforming the observation equation

Consider the state space model (6) and (7) for a given parameter vector 1. Define y;" = Ay,

fort =1,...,T, for some non-singular matrix A. The MMSLEs of o, ..., ar in (13) are not



affected if w1, ...,y is replaced with y;", ... ,yF. Furthermore, the loglikelihood functions
of y1,...,yr and yi",...,y; differ only by the Jacobian term log|A|". We will show that
for certain choices of A, factor estimates and likelihood functions can be computed more
efficiently based on 4, ..., ys rather than yi, ..., yr.

Suppose we partition N x N matrix A and N x 1 vector y; = A(y; — n — dy — X 0) as

L
" Yi
; Yy = , (14)
( vt )

yr = AM(yy — p— dy — X, 8), yi' = A"y, — p—dy — Xu3),

AL
AH

A=

where

with m x N matrix AL and (N —m) x N matrix A¥. The observation vectors yl and y
have dimensions m x 1 and (N —m) x 1, respectively. We aim to choose A such that y* and
yH are uncorrelated and only y~ depends on ;. More specifically, the model for y; will be
of the form

vy =AZag e, oyl =ef (15)

where
E(ef|F,_1) =0, E(ef|Fi_1) =0,

E(elel'|Fily) = 25, E(efef!"|F,_)) = 2, E(efel!|Fi_1) =0,

fort =1,...,T, with ¥, = A'S_AY and ¥y = ATY_ A", A suitable matrix A needs to
fulfill the following conditions:

(i) A is full rank,
(i) AP A =0,
(iii) Row{Af} = Col{Z}+,

where Col{ X} and Row{X} denote the row and column spaces of a matrix X, respectively,
and the superscript L denotes the orthogonal complement. Condition (i) prevents any loss
of information due to the transformation Ay;. Condition (ii) ensures that el and e in (15)
are uncorrelated and condition (iii) implies that the second equation does not depend on «y.
Condition (iii) is stronger than strictly necessary. The transformed model will still be of the
form (15) if condition (iii) is replaced with A Z = 0. In its current form however, condition
(iii) ensures that the reduction in dimension is as large as possible, in the sense that the
dimension of y cannot be enlarged without comprimising the special form of (15). Finally,

we add the condition

10



(iv) [Zul=1.

Condition (iv) is not restrictive but it simplifies various calculations. For example, we can

express the determinant of A in terms of A* and Y. since
AP = B[ A A =[S THAPSAM|ATE AT = B 7B (16)

The conditions (i)—(iii) imply a closed form for A% which is given in the following lemma.

Lemma 1. Consider model (6) — (7). Suppose matriz A is of the form (14) and A satisfies
(7i), then A satisfies (i)—(iii) if and only if

Al = AT (17)

where the columns of the N x rn matriz AT form a basis for the column space of A.

Remarks

(a) The columns of AT also form a basis of the column space of Z, which follows from the
fact that Z = AG, for a full row rank matrix G. It is therefore easily verified that any
matrix A with A" given by (17) and A¥ satisfying (iii), fulfills conditions (i)—(iii). We
prove the necessity part of Lemma 1 in Appendix A.2.

(b) Since column rank deficiency of A is rare in practice, we can generally choose
AT = AC, (18)

for any rj X rp nonsingular matrix C'. In case A does not have full column rank, it
is often straightforward to construct a suitable AT. An example of such a situation is

Mlustration 1 if ¥y = @l with scalar —1 < ¢ < 1.

(c) A closed form expression for A is generally not available. For A¥ to satisfy (iii), we
need to choose A such that its rows form a basis for the null space of AT’. Condition
(iv) can then be satisfied by rescaling the rows. Finding a basis for the null space of
a matrix requires computationally intensive numerical methods. Fortunately, we will

show that matrix A7 is not required for any of our computations.

(d) The results below are based on transformation (14) and model (15). Although our
results are more general and are developed for different purposes, a similar transfor-
mation as (14) for a different class of factor models is considered by Fiorentini, Sentana,
and Shephard (2004, section 2.4.1).

11



Nlustration 3. Consider the dynamic factor model y, = Af; + €, of Illustration 2. Apply
transformation (14) to y; where matriz AL is given by (17) and (18) with C = (A’ZQIA)_l.
For this choice of C, vector yk is effectively the GLS estimator of f; in the “regression model”

ys = Nf; + &, for each t. We have
yb = (WS TTAS Yy, =1, T
In case r = ry = 1, model (15) for the univariate time series y& is then given by
yl = Goy+eb,  E(elel|F) =0, t=1,...,T,

where vector G = (1,0).

4.2 Estimation of factors

By considering a matrix A that satisfies the conditions (i)—(iv) in Section 4.1, we are able
to efficiently compute MMSLEs of the factors. Since matrix A has full rank, we have
Plaglys, .. ys;) = Plaglyt, ..., y5). Furthermore, from (15) it follows that yf and

yl are uncorrelated and that y” does not depend on «;. Hence,

ays = Ploulyi, .., y50) = Plaglyt, ..., yls ),

for s,t = 1,...,T. The MMSLESs of the states can therefore be obtained by applying KFS

methods to the low-dimensional model
yl = A" Za, + et E(el|Fio1) =0, E(eled|Fo)) =2, t=1,....,7. (19)

The high-dimensional matrix A¥ and vector y/? are not required for the estimation of ;. In
case of lllustration 3 with » = 1, the estimation of «; is simply carried out by univariate KF'S
methods. The low-dimensional KFS also produces the correct mean squared error matrices
Qs in (13) for s,t = 1,...,T. The KFS methods provide solutions for prediction (s = t—1),
filtering (s = t), smoothing (s = T') and forecasting (¢ > s) of observation and state vectors.

The procedures of this section can still be used if observed vectors y; do not all have the
same dimension due to, for example, missing values. In this case, a different matrix A must
be constructed for ¢ = 1,...,T. This solution is also adopted in cases where the system

matrices of the state space form (6) — (7) vary over time.

12



4.3 Evaluation of the Gaussian loglikelihood

Let v; denote the prediction error, v, = y; — P(y¢|y1, ..., yi—1;%), and D, the mean squared
error matrix of v, Dy = E(vv|yy, ..., y-1;9). The Gaussian loglikelihood ¢(y; ) defined

in (10) can be evaluated via the prediction error decomposition,

NT 1< 1<
Uy ) = 5 log 2m — 3 ;log |Dy| — 5 ;Ugl)t_lvt, (20)

see Schweppe (1965) and Harvey (1989, section 3.4). The quantities v; and D; are obtained
from the Kalman filter of Appendix A.1 applied to the state space model (6) and (7).

A computationally more efficient way to evaluate (20) is to choose a matrix A that
satisfies the conditions (i)—(iv) in Section 4.1, to transform y; as in (14) and to consider
model (15). We then have

Uys o) = Ly" s w) + Uy"sv) + Tlog |A], (21)

where y* = (yF/, ...,y and y® = (yf’,. .., yH’). The first term £(y’; 1) can be evaluated
by the Kalman filter applied to the low-dimensional model (19). The second term is

T
N —m)T 1 _
Uy ) = —% log2m — o > L u{'Sy'u/", (22)
t=1

since |Xy| = 1. Lemma 2 shows that the last term in equation (22) can be calculated without
constructing A, The proof is given in Appendix A.3.

Lemma 2. For the state space model (6) — (7), transformation (14) and resulting model
(15), with AL given by (17), we have the identity

v Sy =X e, (23)

where e; = [IN — AT (AT’ZglAT)_l A“Zgl] (yr — dy — p — X4 3).
Given the expression for |A|? in (16), loglikelihood function (21) can be expressed as
T

T =] 1 .
Uy ) = c+ L(y"; ) — = 1o — =) e le, 24

where ¢ is a constant independent of both y and . It follows that for the evaluation

of the loglikelihood, computation of matrix A? and vectors yf?, for t = 1,...,T, is not

13



required. Expression (24) is instrumental for a computationally feasible approach to the

quasi-likelihood based analysis of the dynamic factor model.

Remarks

(a) The vectors e; in Lemma 2 have an intuitive interpretation as the residuals of a GLS
regression of y, — X;3 — p — d; on the columns of AT with variance matrix X.. Since
the columns of AT also form a basis of the column space of Z, this is equivalent to

regressing y; — X3 — i — d; on the columns of Z.

(b) The concluding remarks of Section 4.2 concerning missing values and time-varying
specifications of the dynamic factor model apply to the evaluation of the loglikelihood

via (21) as well.

Illustration 4. In the Illustration 3, the transformation (14) is based on the matriz A"
defined in (17) and (18) with C' = (AVSZ'AT)™L. However, it can be more convenient
to choose C such that C'C = (AVEPAT) ™Y with C upper-triangular. For this choice, the
variance matriz Xp, in (19) is the identity matriz and the loading matriz in (19) is ALAT =
C~Y. We obtain the model

yl =0 YGay + ef, E(ef|Fio1) =0, E(efel|Fi) =1, t=1,...,T.

Since i, = I, the fast KFS methods discussed in Koopman and Durbin (2003) can be applied
straightforwardly. Furthermore, the loglikelihood function (24) reduces to

T
T 1 _
(y) = e+ " 9) = S log |Se| = 5 >~ el e
t=1
The computations for |X.| and X' can exploit special structures in . such as the matriz

being diagonal or having Toeplitz, spatial or block structures.

4.4 Partial concentration of regression coefficients

Maximizing the Gaussian loglikelihood function ¢(y;) is computationally intensive, since
the dimension of 1 is generally very high. It is therefore attractive to concentrate the
regression coefficients out of the likelihood and maximize the resulting profile likelihood
function. In this section we show how the constant vector p can be partially concentrated

out of the likelihood with minimum effort.
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Choose matrix A such that conditions (i)—(iii) in Section 4.1 are satisfied and define
gtL:AL(yt—dt—Xtﬂ), gg{:AH(yt—dt—Xtﬂ), t= 1,...,T, (25)

such that yl' = gL' — p? and y? = gf — pf where pl = Alpand p? = Ay fort =1,...,T.
In the likelihood function (21), £(y%;4) does not depend on pu!! while u* only appears in
the second term of £(y*!;+) which can be expressed by

Z — Map)'® (ét — Map), (26)

=1

|
N | =
(]~
—~
S
a
=
~
\g!
—~
S
l\DI»—t

w
Il

—_

o~

where My = Iy—AT(AVSTADTIATY - and &, = My (y,—d;— X;3) such that e; = & — My p.
The equality in (26) is justified by Lemma 2. It follows from equation (43) in Appendix
A.3 that Myu is a linear function of uff. Concentrating out p!! is therefore equivalent to

concentrating out Mypu from the likelihood function. The GLS estimator of My u, denoted
by ,&J_A(ﬁa 9)) 18 giVGIl by

fiia(B,0) Z (27)

The (partial) profile loglikelihood function is given by (24) where the last term is replaced
by —0.55 1 &m's-tem where €)' = & — jiz(B,0) fort =1,...,T.
The QML estimator of p can be obtained via the identity

p=Pyp" 4+ Myp,  where Py = AT(AVSTAT) L (28)
The QML estimator of u is then given by
= fuua(B,0) + Paii", (29)

where 6, 3 and i* are the QML estimators of 6, 3 and u*, respectively, which we obtain by

maximizing the profile Gaussian loglikelihood function with respect to 6, 3 and u”.

4.5 Evaluation of the marginal Gaussian loglikelihood

Different algorithms have been proposed to evaluate the marginal Gaussian loglikelihood
function (11), see Ansley and Kohn (1985) and de Jong (1991). The algorithms, consisting
of the Kalman filter and smoother augmented by an additional set of N + K dimensional

recursions, implicitly carry out the transformation Jyy in (11). The augmented KFS (AKF'S)
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methods also produce MMSLEs of regression coefficients together with their mean squared
errors as given by (12).

The number of time series in a dynamic factor model can be high and direct application
of such algorithms is often infeasible. We can use the earlier results to compute the marginal
likelihood based on a much smaller dimension. As a result, inference based on the marginal
likelihood becomes feasible for a high-dimensional dynamic factor model (6) — (7). For
this purpose, we choose matrix A such that conditions (i)-(iv) in Section 4.1 are satisfied.

Pre-multiplying the observations by A, we obtain the model
G =t XpB+ A Zav e, G =t + X B+ el (30)

where yF = AL (y; — dy), gt = AH(y; — dy), X = ALX; and X = A® X, with pl and p#
defined below (25) and the disturbances eX and el defined below (15). In the remainder
of this section we show that the evaluation of ¢4(y;6) can be carried out in two steps: first
processing the original time series y; and second applying AKFS methods to the time series
g

Since g* = (y&',...,g%") and g% = (yf’',...,y#’") both depend on coefficient vector
0, the marginal Gaussian likelihood function cannot be easily expressed in two independent

parts. However, we show in Appendix A.4 that for any given parameter vector ¢

T-1 PR
;) = La(5"30) + La(7"36) — —L1og 122 (31)
2 12z
where Lq(g;0) and Ly(y%; ) are obtained by the following two-step algorithm.
Step 1. Define
T T )
b=B1Y XmyIler,  B=Y XMRIIX (32)
t=1 t=1
where
&' = My(ye —di —7), X" = Mp(X; - X), (33)

fort=1,...,T, with g =TS (yy — d;) and X = T-'S]_| X,. Then, compute

(N —m)

La(y") = - 5

T
1 1
(Tlog 2 +logT) — 5 log| B| — 5 doesle,  (34)

t=1

where ef = e}" — X" 0.
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Step 2. Set Lg(7%;0) equal to the marginal Gaussian loglikelihood for the model
gl = pt + XLo + AV Zay + eF, (35)

where p” is treated as an unknown regression coefficient vector and § is a random
effect with mean b and variance B~!. The evaluation of Ly(%;6), together with the

estimation of u” and 4§, is carried out by the augmented Kalman filter.

4.6 Estimation of regression coefficients

For the dynamic factor model (6) — (7) define /i(#) and 3(6) as the GLS estimators of x and
3 as functions of 8. Note that 4(#) = [i(F)’, 3(#)')" where the GLS estimator 4(6) is given
by (12). The GLS estimators are based on the data-set y1, ..., yr. The two-step algorithm of
the previous section is also instrumental for computing /i(6) and $(6) in a computationally
efficient way. The second step of the algorithm produces the MMSLEs of § and pl, that is
P(S|gE, ..., gk 0) and P(u®|yr, ..., y%; 0), respectively, as well as their mean squared errors.

In Appendix A.5 we prove that for given 6

3(0) = P(S|gl,...,5%0),  [i“(0) = P(u*|gr, ..., 5% 0), (36)

where i%(0) is defined as the GLS estimator of ul based on yi,...,yr as a function of 6.
The GLS estimator ji(0) is follows from (28) and is given by

(0) = Pape™(0) + fiia(0), (37)

where matrix P, is defined in (28) and i1 4(#) denotes [i, (53, 6), as given by (27), evaluated

in 3 = 3. The variance matrix of [i(0) is given by

Vary(ji()) = Varg{jiLa(6) + Prfi"(0)}
= Varg{i12(0)} + PrCove{firn(6), 2"(0)} + Cove{jia(f), i™(0)} Py
+ PAVarg{,&L(é’)}P[’\,

where the dependence of variances and covariances on 6 is made explicit in the notation

Vary(+) and Covy(+,-). To evaluate Varg{fi(0)}, we require the expressions

Varg{ji4(0)} = My | XVarg {3(0)} X' + T—lza] M,
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and
Covg{fia(0), i"(0)} = — My X Cove{3(0), i"(6)},

where M, and X are defined below (26) and (33), respectively. The variance matrices
Varg{3(#)} and Vary{/i"(h)} are equal to the mean squared error matrices of 3(6) and ji”(f)
in (36), respectively. These two variance matrices, together with the covariance matrix
Cove{3(0), i%(A)}, are evaluated by the AKFS methods from Step 2 of the algorithm in
Section 4.5. Derivations and more details are given in Appendix A.5. Estimators of y and
can be obtained by substituting the QML estimator of #, found by maximizing the Gaussian
marginal likelihood, in (36) and (37).

The AKFS methods applied to the low-dimensional model in step 2 of the algorithm
in Section 4.5 also produce the MMSLEs of the state vectors aq,...,ar and the mean
squared errors as defined in (13). The resulting estimates are identical to the estimates
obtained from the usual KFS with p and 3 replaced by their GLS estimators ﬁ and [i,
respectively. However, the mean squared errors of the state vector will not be identical. The
AKFS methods adjust the mean squared errors of the state vector for the uncertainty in the

estimates of the regression coefficients in x and f3.

4.7 Computational gains

The main purpose of the results of the previous sections is to obtain computationally efficient
inference procedures for the class of dynamic factor models discussed in Section 2. In this
section we report the gains in computing times that are achieved by our new methods based
on the transformed observations y;", ..., y# with y;” = Ay, for t = 1,...,T. The gains are
relative to the standard application of the Kalman filter based on yy, ..., yr.

The computational gains depend primarily on the panel dimension N and state vector
dimension p. To obtain some insight in the size of these gains, we calculate the Gaussian
loglikelihood and marginal Gaussian loglikelihood functions for different values of N and
p. The calculations are performed using the Kalman filter and the methods described in

Sections 4.3 and 4.5 for the basic factor model given by
Yie = i + N e + €it,

where f; is modeled by the VARMA process (3) with ¢ = 1 and g¢ = 0 while the innovations
g, are uncorrelated. For the different model representations in Section 2, we have oy = F; =
fr and p = m = r. In the first panel of Table 1 we present the ratios of CPU times needed for

the evaluation of the two loglikelihood functions. The results are encouraging. If N = 250
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and p = 5, the Kalman filter computations for the loglikelihood are carried out 15 times
faster as a result of our new device. Furthermore, the computational savings are substantial
for moderate values of N and relatively small values of p, say, 5 or 10. If p is relatively large,
say, 25, the gains are less dramatic but still substantial by any means.

We achieve even more computational gains if we evaluate the marginal loglikelihood using
the method of Section 4.5. The reported ratios in the second panel of Table 1 are so high
because the Kalman filter based on vy, ..., yr requires an N dimensional augmentation for
the constant vector . The Kalman filter used in Section 4.5 and based on the observation

equation (35) requires a limited p dimensional augmentation for the constant vector u’.

TABLE 1: COMPUTATIONAL GAINS

The two panels below present the gains in computing time when evaluating the Gaussian likelihood re-
spectively the marginal likelihood functions of a basic dynamic factor model. The model considered is
Yit = pi + N ft + €4, where f; is modeled as a VAR(1) process, g;; ~ I1D(0,0?), for some positive scalar o
and p; is a scalar. The ratio di/ds is reported: dy is the CPU time for the standard Kalman filter respec-
tively augmented Kalman filter and do is CPU time for the algorithms of Sections 4.3 and 4.5. The ratios
are reported for different panel dimensions N and different state vector dimensions p.

Gaussian likelihood Marginal Gaussian likelihood
N\p 1 5 10 25 50 1 5 10 25 50
0 20 1.3 - - - 104 2.3 - -

50 57 47 31 15 ~— 50.6 40.0 18.0 34 -
100 6.7 75 56 25 1.5 55.0 62.0 472 135 3.2
250 8.7 148 124 55 3.0 79.0 822 829 63.6 226
500 125 159 21.2 10.2 54 107.5 108.9 109.5 108.7 69.7

5 Maximizing the quasi-likelihood function

In this section we discuss methods to maximize ¢(y;v) and £4(y; ) with respect to ¢ and
0, respectively. The number of parameters can be as high as 1,000 or 2,000. The results of
Sections 4.3 and 4.5 imply that the Gaussian loglikelihood and the marginal Gaussian log-
likelihood functions can be evaluated efficiently for high-dimensional dynamic factor models.
Numerical optimization procedures, such as the quasi-Newton BFGS algorithm described
in Nocedal and Wright (1999), can be adopted to maximize the loglikelihood function with
respect to ¢ or #. These methods require evaluation of the score vector. Since the number of
parameters is high, evaluating the score vector numerically is infeasible, even if the results of
Section 4.3 are used. Fortunately, we can show that the exact score vector can be obtained
by a single KF'S or AKF'S applied to the low-dimensional model (19) or (35). Alternatively,
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the EM algorithm can be used to obtain the QML estimates. In Section 5.2 we show that
each EM step relies on a single KFS or AKFS.

5.1 Calculating the analytical score

Koopman and Shephard (1992) develop analytical expressions for the score function of the
parameters in a state space model. They adopt the results in Louis (1982) and Ruud (1991)

and in particular the identity

af(y;wJ _MJ , (38)
p=1* Y=y

oY oY
where Q(¢*|1)) is the expected complete Gaussian loglikelihood function, given by
Q(*[¢) = E (log p(y, o ) ly; ¥")

and p(y, ;1) is the joint density of y and a4, ..., ar. For the state space model (6) — (7),

with Gaussian innovations &; and (;, Q(v*|¢) is given by

T 1 T—-1 1
QW) = ¢ — g log |Se] — L1rQ. — T log || — 1
~ S 108|P| = SlP {(ar — @) — o) + Qur}), (39)

where a = E(ay), P =E{(ay —a)(ay — a)'} and ¢ is a constant independent of ¢ and

T T
Q- =1 {ad + Var(aly)h, Qe =" {G¢ + Var(Gly)}, (40)
t=2

t=1

where £, = E(g|y), Var(e,|y), ¢ = E((|y) and Var(¢,|y) can be expressed in terms of ajir and
Qjir for j =1,...,T, which can be evaluated using the KF'S methods discussed in Appendix
A.1. Since the estimation of factors can be based on the low-dimensional model (19) while
matrix A7 and time series y7 are not needed, the KFS computations are fast. Expressions
for the derivatives of (39) with respect to the system matrices, evaluated at ip = ¥*, are
given in Appendix A.6. The score vector with respect to v is then obtained using the chain
rule. The score vector of the marginal Gaussian loglikelihood function ¢4(y; 6) with respect
to 6 and evaluated at # = 6* can be obtained in the same way with the difference that
Q(0%|0) is obtained by AKFS methods as described in Section 4.5, see Durbin and Koopman
(2001, section 7.3).
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5.2 The EM algorithm

The well-known EM algorithm, introduced by Dempster, Laird, and Rubin (1977), is an
iterative algorithm that repeatedly performs two types of calculations: (E)xpectation and

(M)aximization. For a given value of 1) = ¢*, the E and M steps are given by
e E step: determine the expected complete loglikelihood function Q(¢*|¢) in (39).
e M step: maximize Q(¢*|¢) with respect to 9.

The M step produces a vector )™ with the property £(y; ™) > £(y;*). If the EM steps are
continuously repeated, convergence to a (local) optimum of ¢(y;1)) is guaranteed, see Wu
(1983) for a more detailed discussion. Shumway and Stoffer (1982) and Watson and Engle
(1983) have proposed the use of the EM algorithm in the context of state space models. A
feasible EM algorithm for high-dimensional dynamic factor models is obtained by applying
the methods of Sections 4.1 and 4.2 in the E step. The details of the EM algorithm are
specific to the particular specification of the dynamic factor model. In Appendix A.7 the
EM algorithm is reviewed for the model of Illustration 1. The EM algorithm can also be
adopted to find a (local) optimum of the marginal Gaussian loglikelihood function ¢4(y; 0).
The necessary modification is to adopt the two-step algorithm of Section 4.5 in the E step.

6 An empirical illustration

In this section we present an illustration of the likelihood-based treatment of the dynamic
factor model. We consider the data-set of Stock and Watson (2005). From this data-set we
construct a balanced panel of N = 132 monthly US macroeconomic time series from 1960:1
through 2003:12 (44 years, T' = 528). The data is transformed and differenced to obtain a
stationary set of time series; the details of each series and its transformation are given in
Appendix A of Stock and Watson (2005). The 132 series are categorized into 15 sectors as
presented in Table 2. Each sector is indexed by a code (A...O). Table 2 also reports the
number of time series in each sector. For all series, observations larger than 6 times the
standard deviation of the series, o, (in absolute value) are set to £60. In total, 46 (out of
69, 696) observations are Winsorized in this way (0.066%). Finally, each time series is scaled
such that its sample variance equals one.

The empirical analyses below differ from Stock and Watson (2005) and the related study
in Stock and Watson (2002b) since their results are obtained from principal components
analyses (diffusion indexes). Our approach is closer in spirit to the likelihood-based analyses
of Bernanke, Boivin, and Eliasz (2005) and Boivin and Giannoni (2006). The estimation

21



TABLE 2: LIST OF SECTORS

This table lists the 15 sectors in the data-set that we consider in Section 6. For each sector, the code, a
short description and the number of series in the sector are given. More detailed descriptions of the 132 time
series can be found in Appendix A of Stock and Watson (2005).

Code Description Number of Time Series
A Real Output and Income 17
B Employment and Hours 30
C Real Retail 1
D Manufacturing and Trade Sales 1
E Consumption 1
F Housing Starts and Sales 10
G Real Inventories 3
H Orders 7
I Stock Prices 4
J Exchange Rates 5
K Interest Rates and Spreads 17
L Money and Credit Quantity Aggregates 11
M Price Indexes 21
N Average Hourly Earnings 3
O Miscellanea 1

of parameters is based on QML. The dynamic properties of the factors can be analyzed by
investigating the estimated coefficients that are associated with the factors. We further show
that diagnostic tests for model misspecification can be computed as part of a model-based
analysis.

We consider the dynamic factor model which is given by
Yo = i+ Afe + o, Je=P1fi1+ G, up = Vw1 + &, (41)

fort=1,...,T where y; is the N x 1 observation vector and f; is the r x 1 vector of factors
with T' = 528 and N = 132. The intercept vector fi is fixed and unknown. The factor loading
matrix A is unknown and its r top rows form a lower-triangular matrix with the diagonal
elements restricted to be one. The matrices ®; and ¥, are autoregressive coefficient matrices
and we assume that ¥, is a diagonal matrix. The innovation series (; and &; are IID processes
with mean zero and variance matrices ¢ and Y., respectively. We assume that both > and
Y. are diagonal.

We adopt two model specifications: Model I has r = 7 and ¥; = 0 (such that u; = &
is IID for all ) and Model II has r = 4 and a non-zero diagonal matrix ¥;. Model I
is motivated by Stock and Watson (2005) where they adopt the procedure of Bai and Ng
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(2002) to conclude that seven static factors are present in this data-set. Model IT is motivated
by an analysis of Bai and Ng (2007) based on the same data-set and where they advocate
4 dynamic factors which may span over 7 static factors. In Model II we therefore set r = 4
and obtain a set of m = 8 static factors by introducing autoregressive disturbances of order
1, that is gy = 1. Since the number of static factors in models I and II are comparable (7
and 8, respectively), it is interesting to compare the empirical findings for the two model
specifications. The dimensions of the different model specifications and the dimensions of

sub-vectors fi, 8 and 6 of the parameter vector ¢ are reported in Table 3.

TABLE 3: DYNAMIC FACTOR MODEL SPECIFICATIONS

The table reports dimensions for two dynamic factor model specifications that we consider in the empirical
analyses as well the corresponding parameter vectors ¢ and its components. The observed series, y;, are
modeled as y; = i + A f; + uy where f; is a VAR(1) process, see Section 2 for more details. The state space
formulation is discussed in Section 2. In model I, the innovation vector u; is an IID process with mean zero
and diagonal variance matrix 3.. In model II, the vector u; is modeled as a VAR(1) process with a diagonal
autoregressive coefficient matrix ¥; and a diagonal variance matrix ¥.. The dimension of 8 is the total of
all parameter dimensions excluding p and § since ¢ = (&', 8, 6')'.

Model formulation §2 State Space Parameter vector v

T grn 49 qo  qu s m P Lo A P 6 v X 0
I 7 0 1 0 0 0 7 7 132 0 903 49 0 0 132 1084
I 4 0 1 O 1 1 8 8 132 0 522 16 0 132 132 802

6.1 Parameter estimation

We have estimated the parameters by numerically maximizing the Gaussian loglikelihood
function £(y; ¢) with respect to ¢ using the results of Sections 4 and 5. First we use the EM
algorithm to find a point in the neighourhood of the optimum using the devices of Appendix
A.7. We then adopt the BFGS algorithm to maximize ¢(y; 1)) with respect to ¢ by starting
from the final iteration of the EM algorithm. The numerical maximization routine makes
use of the analytical score calculations of Appendix A.6. On a standard computer with 3
GB memory and a 2.2 GHz two-core processor, this took less than 15 minutes for Model I
and less than 10 minutes for Model II.

23



TABLE 4: QUASI-MAXIMUM LIKELIHOOD ESTIMATES OF VAR COEFFICIENTS

We report the QML estimates of the coefficients in the r x r matrix ®; for Models I (r = 7) and II (r = 4).
The eigenvalues of the estimates of ®; are reported in descending order. For complex eigenvalues we present
both the real and imaginary (img) components.

Model I
VAR coefficients Eigenvalues
Factor 1 2 3 4 5 6 7 real  img

1 0.17  -0.15 0.18 -0.031 -0.14 0.062 -0.031 0.95 0
2 -0.36 0.84 -0.017 0.03 0.099 0.028 0.031 094 0.08
3 0.065 0.074 0.9 0.048 0.19 0.0069 0.034 0.94 -0.08
4 0.068 0.051 0.034 092 0.045 -0.031 -0.017 0.91 0
5 -0.075 0.025 0.014 -0.073 0.25 -0.1  0.043 0.28 0
6 0.003 -0.022 -0.029 0.036 0.003 -0.33 -0.012 0.042 0
7 -0.024 -0.027 -0.038 -0.0002 -0.049 -0.028 0.97 -0.33 0

Model 1T
VAR coefficients Eigenvalues
Factor 1 2 3 4 real img

1 029 -023 -012 -0.1 0.94 0.094

2 -0.38 044 0.031 0.13 0.94 -0.094
3 0.086 -0.43 0.96 0.17 0.33 0
4 -0.64 033 -0.019 0.56 0.046 0

The estimation process relies further on starting values for the parameters which for

Model T are given by

T
A=(I, 0)Y, Ye=1, Y. =Iy, & =05, fi= %;yt,
with r = 7. For model II, the same starting values are adopted with » = 4 and with
U, =0.51y.

Table 4 presents the QML estimates of the VAR coefficients in ®; together with the
corresponding eigenvalues for Models I and II. The factors in the models are organized in
descending order of the eigenvalues of ;. We learn from Table 4 that the factors are
estimated as stationary and highly persistent processes given the largest eigenvalue of 0.95.
For both models, we find the presence of persistent cyclical behaviour in the factors since one
conjugate pair of complex eigenvalues is obtained where the real part is equal to 0.94. The
other eigenvalues range from large to small. As in any VAR analysis, it is hard to comment

on individual coefficients in ;.

24



6.2 Factor estimates and factor loadings

The estimates of the factors are obtained by application of the low-dimensional KFS methods
and are based on all observations in the data-set (smoothed estimates). To facilitate a clear
interpretation of the factors we rotated the factors by means of the varimax method. The
varimax method tries to construct a rotation such that the resulting factors are as distinct
from each other as possible, see e.g. Lawley and Maxwell (1971) for details. To facilitate
comparisons, we have selected the Factors 1, 2, 3 and 5 of Model I and all factors of Model
IT to be presented in Figure 1. The first two estimated factors of the two models are similar
although the amount of noise in the factors is somewhat different. It is expected that the
first factor is associated with the business cycle and is therefore displayed with the NBER
business cycle reference dates of peaks and throughs. The NBER dates do not coincide
perfectly with the peaks and throughs of the first factor but close enough to justify referring
to it as the “business cycle” factor. The same association of the first two estimated factors
for Model II with the business cycle applies as we can observe in the right panel of Figure
1. The Factors 3 of both models appear to pick up the first and second oil crisis periods in
the mid 1970’s and the early 1980’s. The turbulence of the interest rates in the early 1980’s
are present in the estimated Factor 5 of Model I and the estimated Factor 4 of Model II.
The actual estimates of A are not easy to interpret and therefore Stock and Watson
(2002b) propose to focus on the R? goodness-of-fit statistics which are obtained by regressing
the univariate time series y;; (for each ¢ =1,..., N) on a constant and a particular principal
component estimate (or diffusion index). The series of N regressions can be repeated for each
prinicipal component and the resulting N dimensional series of R? statistics can be displayed
as an index plot for each principal component. We present the N series of R? statistics for
the seven factors, estimated by KFS methods, of Model I in the left panel of Figure 2. The
clustering of high R? statistics within one or more sectors is clearly visible. The first factor
is highly correlated with the real variables in sector (A) real output & income and weakly
correlated with the variables in the sectors (B) employment & hours and (H) orders. The
second factor is mostly associated with the sectors (G) real inventories and (H) orders but
also correlated with variables in the sectors (B) employment & hours and (F) housing starts
& sales. The two individual indices for production and unemployment in sectors (A) and
(B) are particularly highly correlated with Factor 2. The third and fifth factors are clearly
connected with interest rates and spreads, respectively, from sector (K). The fourth factor
does not contribute much to the analysis. Factors 6 and 7 can be interpreted as the price
index and the housing market index, respectively. The R? statistics for the four factors

in Model II are presented in the right panel of Figure 2. The third and fourth factors in
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FIGURE 1: ESTIMATED FACTORS

We present a selection of estimated factors extracted from the observed series by applying the KFS methods as described in Section 4.6. In the left panel
the estimated Factors 1, 2, 3 and 5 for Model I are displayed and in the right panel all four estimated factors for Model II are presented.
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Model II are strongly connected with interest rates and spreads, respectively, from sector
(K). They are similar to Factors 3 and 5 of Model I. However, the first two factors of Model
IT are not very distinctive and can be regarded as a mix of the first two factors of Model I.
In other words, they are associated with the “real” sectors (A) real output & income, (B)

employment & hours, (F) housing starts & sales, and (H) orders.

6.3 Diagnostic checking

An appealing feature of our model-based analysis is that model misspecification tests and
diagnostics concerning normality, heteroskedasticity and serial correlation can be considered
as an effective tool for model selection. In the practice of time series analysis, diagnostic
test statistics are applied to standardized one-step ahead prediction errors. If the model is
correctly specified these errors should be ITD. We will not argue that a dynamic factor model
is the appropriate specification for a joint analysis of 132 time series. However, the model
misspecification diagnostics may indicate how far we are from a reasonable specification.
The Kalman filter allows us to compute the prediction errors for all 132 series in a few
seconds. More specifically, we have computed the generalized least squares residuals as
advocated by Harvey (1989, section 5.4) to allow for the intercept vector f in both model
specifications I and II. The residuals are standardized. To illustrate the effectiveness of
residual diagnostics in the context of dynamic factor analysis, we compute for each residual
series the serial correlation portmanteau x? test of Ljung and Box (1978). The Box-Ljung
Q)(q) statistic is based on the first ¢ sample autocorrelations r;, k = 1,..., ¢, of the residual
series and is computed by Q(¢q) = >_1_, 2. The Box-Ljung statistics for the 132 time series
are graphically presented as index plots in Figure 3 for ¢ = 5. The upper panel presents
the Q(q) statistics for the residuals of Model I while the lower panel presents those for
Model II. The displayed Box-Ljung values are truncated at 100. It is evident that for many
series the null hypothesis of no serial correlation in the residuals is rejected. The current
dynamic factor models are therefore not fully satisfactory for this panel of macroeconomic
time series. We can conclude however that Model II is more successful in capturing the

collective dynamics in the data-set compared to Model 1.

7 Conclusions

We have presented a number of new results which are instrumental for an effective likelihood-
based analysis of dynamic factor models. We have shown that a high-dimensional dynamic

factor model can be reduced to a low-dimensional state space model. This insight leads to
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FIGURE 2: R? STATISTICS FOR THE ESTIMATED FACTORS AGAINST EACH VARIABLE

We present two panels of R? statistics for each estimated factor against all NV = 132 variables. The R? presented in the left-panel are those for the seven
factors in Model I (with QML estimates for A, ®; and X.) and in the right-panel for the four factors in Model II (with QML estimates for A, ®;, ¥ and
o).
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FIGURE 3: BOX-LJUNG STATISTICS

We present the Box-Ljung statistics Q(5) for the generalized least squares residuals of the dynamic factor
model specifications I and II.
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substantial computational savings when estimating the factors and evaluating the Gaussian
likelihood function. State space methods allow us to calculate model misspecification tests
and diagnostics from the one-step ahead prediction errors. An important motivation for
this research is macroeconomic forecasting. Stock and Watson (2002b) advocate a two-step
approach to the forecasting of macroeconomic time series: (i) extract a sufficient number
of principal components from the panel; (ii) include these factors as (lagged) explanatory
variables in a forecast model for a sub-set of the panel. The two steps can be integrated in a
model-based dynamic factor analysis. Likelihood-based methods become a viable alternative
to the principal component approach using the results of this paper. Future work must
establish whether this approach produces more accurate forecasts. This paper is based on a
fairly general modeling framework and we expect that the new results can be exploited in

other applications and for different purposes.

A Appendices

A.1 Kalman filter and backward smoothing recursions

Consider the state space model (6)— (7) where initial state vector o has mean E(a;) = a
and variance matrix Var(a;) = ). The Kalman filter for a given time series y; and a given

parameter vector v is given by

vp =y — dp — po— Xof — Zay-a, D, = ZQt|t—1Z/+2€,
Ky = HQy1Z'D; Y, (42)
agre = Hayey + Koy, Qi1 = HQuu—1H' — K;D, K, + RY(R/,
for £ = 1,...,T, with initialisations a;jy = a and Qo = @, where v; is the one-step ahead

prediction error vector and D is its mean squared error, the one-step ahead predictor of the
state vector oy based on yi, ..., -1 is ay—1, its mean squared error matrix is (y;—; and the
Kalman gain matrix is K;. Vector a;41; and matrix (), are evaluated recursively within
the Kalman filter. A proof and more details are provided, amongst others, by Anderson and
Moore (1979) and Durbin and Koopman (2001). For a linear state space model, the state
predictor au;—; is the minimum mean squared error linear estimator (MMSLE) of oy based
on yi,...,Y—1; see Duncan and Horn (1972).

The smoothed estimators of the state vector can be obtained by the backward recursion

Tt—1 — Z/Dt_l'l)t—i—L:e'f’t, Nt—l = Z/D;12+L;NtLt, t:T,T— 1,...,1,
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with definition L; = H — K;Z and initializations r+ = 0 and Ny = 0. From these recursions,

the MMSLE of the state vector using v, ..., yr is computed by

QG = Qyjt—1 + Qt\t—ﬂ’t—la Qt|T = Qt\t—l - Qt\t—th—th\t—la t=TT-1,...,1,

where ay7 is the MMSLE of o; and Qr is its minimum mean squared error. Expressions
for predictors of the state vector a; and its mean squared error @)y based on y,. ..,y for
s =tt+1,...,7 —1 can be found in Durbin and Koopman (2001). An expression for
the covariance between oy and o;_; given y1,. .., yr and denoted by Q1|7 is presented by

de Jong and MacKinnon (1988) and given by

Qt,t—1|T = (Qt\t—th—l - I)L;_th—l\t—% t=2,... aT>

which can be evaluated using the earlier recursions.
Augmented KFS methods to calculate the marginal likelihood are developed in Ansley
and Kohn (1985), de Jong (1991) and Koopman (1997). These algorithms require an addi-

tional set of recursions with the same dimension as the regression coefficient vector (y, 3')".

A.2 Proof of Lemma 1

From Conditions (i), (ii) and (iii) in Section 4.1 and using the fact that ¥, A%’ has full column
rank, we obtain

Col{¥. A"} = Row{A”}+ = Col{Z}.

Define AT = ¥, AY" then AX = AT/ and Col{AT} = Col{Z}. Since Z = AG, with G of
full row rank, we have Col{AT} = Col{A}. This proves the necessity part of Lemma 1.

A.3 Proof of Lemma 2

We have

ul"Sull = (e — dy — Xo8 — p) AT (ATS AT LA (g — dy — X8 — )
= (yt —dy — X3 — ﬂ),JHga_l(yt —d — X33 — N)7

where JH " AHI(AHY,_AHN)-1AHY_ s the projection matrix for a GLS with covariate

matrix A and variance matrix X2 !. Similarly, define
gL el AL (AFS AR ALY
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as the GLS projection matrix for covariate matrix A and variance matrix 3-'. Since the

transformation matrix A = (ALY, A#') is full rank and ALY AH" = 0, we must have
JE=1-J"
The definition of A* implies that J# =T — S AT(ATYSTAT)7IAT and
JH = 5 AH(AH S AHNTAH — 7 ATATSIAT) AT S (43)

The proof of (23) is completed by the identity JHY-! = JES-1JH" and the definition

e = M (y; — dy — X8 — ) as the GLS residual for data vector y, — d; — X5 — i, covariate

A' and variance matrix X..

A.4 Proof of equation (31)

The following two lemmas are required for the main proof.

Lemma 3. Consider the regression model (9). The marginal Gaussian loglikelihood £4(y; 0)

s given by

NT 1 1 ~ ~ 1
la(y; 0) = 5 log 27 — 3 log || — 3 log | X'S71X| — iew’E_lem, (44)

where e” is the residual vector from a GLS regression on y with covariate matriz X and

variance matriz 3.
Proof. See e.g. Harville (1974). O

Lemma 4. Consider the linear regression model

y1 = X108+ ¢, g1~ N(0,), (45)
Yo = X2ﬁ + &2, Eg N(Oa QQ)a (46)

where €1 and 9 are independent, the GLS estimator Bars of B is given by
Bars = Bons + VXIF (= Xifgrs),  Var(Bers) =V = VXIFT'XV,

where F' = X3V X| + Qq, Bé‘LS is the GLS estimator of 3 based on ys only and V is the

associated variance

Brs = (X505 X0) T X505 o, V= (X505 X,) 7

32



Furthermore,

(11 — X1Bars) Q7 (1 — X1 Bars) + (Y2 — Xofars) Q5 (v — Xafars) = (47)
(y2 - X2ﬂg:Ls)/Qz_l(Z/2 - X26(2?LS) + (2/1 - XlﬂéLs)/F_l(yl - Xlﬂg:Ls)-
Proof. The results follow from regression theory. O

Proof of equation (31). It can be verified from (44) that

T — 10 DA
2 BInp

Ca(y; 0) = La(g™, 5™ 0) + (T — 1) log | A| = Lu(5", 5™ 0) —

Denote by 3, i¥ and 4 the GLS estimators of respectively 3, u% and p based on y then

NT 1 ~ ~ 1 1 A
(g, g5 0) = ——5 log2m — 5 log | X025 Xal — 5 log|Xal = iRSS(ﬂ,ﬂL’/:LH), (48)
where ¥4 = (Ir ® A)X(Ir @ A'), X4 = (Ir ® A)X, suppressing the dependence on 6, and
RSS(B, u", p) = e"'5oget + e 'mr et (49)

with e = (g¥ — X3 — Eypt) and e = (g — XHB — Eypt?), where By = ir ® I,
By = ir ® In_m, with ip = (1,..., 1), X = (XL, XEY, XH = (XH' ..., XH'Y and

Yo = Var(y®),  Syu = Var(y").
Denote M, p, = I—EQ(E’E i Ey) T ENY }}, yle, = Myp,g" and X{'; = M, g, X, we have
RSS(8, u*, i) = 'S e" + (gl p, — X5, B) 20 (G, — X1, 0)- (50)
Using the result of equation (43) we have
Xt s X, = Z(X — XY AT (AT AT T AT (X, — X)
= Z (X, — STIMA (X, — X)

= thz—lxt = B, (51)
t

and similarly
X5 a9 ZX »!
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From (47) we have

RSS(B, p*, i) = (5" — Eyp™ — X"b) FH(g" — Eyp — X b)+

where F' = X*B~'X1" 4+ ¥, Minimizing (52) with respect to u”, we find
pt= (B FTE) T B FT (g - X ). (53)

Note that ji” is identical to the GLS estimator of p” from model (35). Tt follows from the

definitions in section 4.5 and expression (44) that
NT 1 3 0L oHYy = La(gh oH.
92 10g27T—|—C'3+C4 QRSS(67M y )_Ld(y 7‘9)+Ld(y 70)7 (54>
where

N — 1
Cy=— 5 mlogT—510g|B|,

1 / 1 /
Co = —5 log |XBTXY 4 ¥ye| = 5 log | By (XPBTXY 4 20) " Eul.
Using a well known determinant identity we have
XBTUXY 4 Sge| = B+ XSy X BT |20, (55)

and with the Woodbury matrix identity and results on determinants of block matrices,

inverses of a block matrices and (43) we have

|E{(XPBTIXY 4+ 55) 7 By | = |E1S By - BXIX (B 4+ XPE X)X R (56)

X ES B 0 By Xt

=D 0 Yy > X X/

XL’EnylEl ZtXtH’ZI_{l XL/EQLXL—FZtXtM[,\EE_lMAXt

X155 X4

=", (57)

| D
where
‘D‘ _ TZ]_;Il Zt Z[_JIXtI—I — ‘B +XL/EgLXL‘TN_m.

S XHSE XEEa X+ 3, Xy My MA X,
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Finally, we have
|Xge | = |Bge[[Egn| = |34l (58)

since [Xgu| = 1 and ¥4 is block diagonal. Combining (48) and (54) with (55), (57) and (58)
we obtain
La(5":0) + La(": 0) = ta(5",5":0),

which concludes the proof.

A.5 Proof of results in Section 4.6

We have proved in Appendix A.3 that the MMSLE of p% from model (35) equals the GLS

estimator of pl, see equation (53). Then,

P(6]g") = E(6) 4+ Cov(6,5")Var(y") " (y* — Erpars — XVE(9))
=b+ B ' X (X*BT' X" +3,0) (v — Bipgrs — X*b)

where F; is defined below equation (49) and the variances and covariances are evaluated
assuming (35) is the true model. Consider the function RSS(3, u*, i) defined in (50). The
GLS estimators of 3 and fiX can be obtained by minimizing RSS(3, u%, i) with respect to
B and pl. Substituting g in RSS(8, u*, if7) and minimizing with respect to 3, equation
(36) follows from Lemma 4.

Finally, we prove that the augmented Kalman filter produces the correct variances and
covariances for the GLS estimators 3 and fi“. From (50) it follows that the GLS estimator
of v = (', 3') is given by C~'c where

o EX B ENXE . By gt
XtsolE XV IXP4B ) X5y gt + Bb. )

Since the correct variance of the estimator is given by C~! we need to prove that

E[(L =) — ) 1=C7, (59)

where 47, = [P(u®|y%), P(6|y*)'] and the expectation is computed under the assumption
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that (35) is the true model. Since we already showed that 4, = C~'¢, we have
E((32 —2)(3r — 1)) = CT'E[(c — Cy1)(c = C)]C

It can now be shown that E [(¢ — Cy.)(c — Cv.)'] = C, which proves (59).

A.6 The score function of Section 5.1

The derivatives of (39) with respect to the system matrices Z, H, ¥. and X of the linear
Gaussian state space model (7) — (6), with =0, =0 and R = I, are given by

o0y) 1 , 0 00(y) o1 .
= 25 ( {yt - dt}at\T - ZSI:T)’ = Q:ZE o _dlag<Q:E€ )7
07 ; () 2
ol(y) “1/0() (0) ol(y) I e
oH by NS — HSpr-1)s —82< = QX 1 §d1ag(QCEC Y,

where Qf = Q. — T, Qf = Q¢ — T — 1, with Q. and @ defined in (40),

0) _
Sik =
t

at\Tal/qT + Qs Sj(llz = Z at|Ta:f_1\T + Q-1 (60)

k k

=j t=j

for j,k = 1,...,T (j < k), where ayr, Qyr and Qi—1 47 = Qzlt,t—l\T are evaluated by the
KFS methods of Appendix A.1. Matrices (). and (). depend on the smoothed disturbances
€ = yy—dy—Zayr and ét = ayr—Hay_1 )7 together with their variances which depend on Qyr,
Q¢ +—1y7 and the system matrices. The derivatives given above are evaluated at 1) = 1*. The
system matrices are functions of coefficient vector ¢. For cases where p # 0,  # 0 and/or

R # I, similar expressions can be obtained for the derivatives but the expressions are more

lengthy and more intricate, see Koopman and Shephard (1992) for a detailed discussion.

A.7 EM algorithm of Section 5.2

The details of the EM algorithm are specific to the model specification. We illustrate the EM
for model (2), (3) and (4) with go = 0, gy = 1 and diagonal matrix ¥;. The details are given
for the likelihood function conditional on observation y;. The treatment of initial conditions
is intricate in its detail and does not provide further insight. The model considered is also

discussed by Watson and Engle (1983, section 5). Given the definitions in the previous
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subsection, the M step provides new estimates of the system matrices and are given by

T

ZF = — Z(yzt — Wiili 1) (ayr — \Iliiat—l\T),[\D?iSfj)“_l — \Ilusélj)“ — ‘I’usélc)p/ + Sé?%]_la
=2
1) o(0) -1

H+ = Séi)"sél)" ? (61)

T T
Vi =" ZiPy i Z, — éudier | (ZiS\ 1 Zi+ Y yiléi — Ziayr}),
t=2 t=2
where Z; is the ith row of Z and W;; is the ith diagonal element of Wy for ¢ = 1,..., N.
Expressions for X1 and EZF are obtained as solutions of ). = 0 and Q); = 0, respectively.
The system matrices are evaluated at ¢ = 1*. The new coefficients for \; are distilled from
ZF for i =1,..., N while new coefficients for ®; (i = 1,...,qs) are distilled from H™.

The equations for Z;" and ¥} in (61) can not be solved separately. Keeping S](-g), S](-,lc),
ayr, Qui—yr and € (i =1,...,N,t =2,...,T) fixed, we obtain a solution by repeatingly
solving one equation separately and substituting its solution in the other equation. This
same scheme is also used in Watson and Engle (1983). Meng and Rubin (1993) show that
this algorithm retains the attractive properties of the EM algorithm. In particular, the
likelihood is monotonically increasing over the iterations and the algorithm converges to an

optimum.
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