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Exercises of Chapter 3

3.1 Recall that a model is a collection of probability measures.
Recall further that, by definition, model A is nested by
model B if every probability measure p which is an element
of model A is also an element of model B. In other words,
p ∈ A ⇒ p ∈ B.

Now, just note that every probability measure which is an
element of model A is also an element of model A. Indeed,
p ∈ A ⇒ p ∈ A trivially. Therefore, model A is nested by
model A. In other words, model A nests itself; i.e. A ⊆ A.

3.2 By definition, two models, A and B, are said to be different,
and denoted A 6= B, if there exists at least one probability
measure p satisfying

p ∈ A but p /∈ B or p ∈ B but p /∈ A. (1)

Now, since model A nests model B, we have that p ∈ B ⇒
p ∈ A. Furthermore, since model B nests model A, we have
p ∈ A ⇒ p ∈ B. Hence, there does not exist a p satisfying
(1) and we have A = B.

3.3 This statement is, strictly speaking, false. A Gaussian
AR(1) model, is indeed capable of generating many time-
series with temporal dependence. For example, the proba-
bility measure implicitly defined by

xt+1 = α+ βxt−1 + εt , εt ∼ N(0, σ2)

with (α, β, σ2) = (0.2, 0.9, 5.1) has temporal dependence
since each xt is dependent on its lags and leads. How-
ever, the Gaussian AR(1) is also capable of generating

1



2 CONTENTS

many time series with no temporal dependence. For ex-
ample, the probability measure implicitly defined by the
parameter vectors (α, β, σ2) = (0.2, 0, 5.1), and (α, β, σ2) =
(10, 0, 0.1), and (α, β, σ2) = (110, 0, 3.7), etc.

3.4 (a) this model is not well specified as there is no parameter
vector (a, b) such that {xt}t∈Z ∼ NID(0, 1).

(d) this model is well specified since we can generate the
true probability measure and obtain {xt}t∈Z ∼ NID(0, 1)
for (µ, σ2, δ) = (0, 1, 0).

3.4 (f) This model is well specified since we can generate the
true probability measure and obtain {xt}t∈Z ∼ NID(0, 1)
for (θ0, θ1, θ2) = (1/

√
9, 0, 0) or (θ0, θ1, θ2) = (0, 1/

√
9, 0) or

(θ0, θ1, θ2) = (0, 0, 1/
√

9).

3.5 This statement is false. The collection of all probability
measures is a model. This model is, by construction, cor-
rectly specified. Note that talking about ‘the collection
of all probability measures’ should not be disregarded as
a theoretical trick. In appropriate settings, very flexible
models with non-parametric estimators, or sieve estimators
of semi-nonparametric models may attempt to generate all
possible measures asymptotically.

3.6 This statement is false. Of course, models can share certain
probability measures or nest each other. In general, the fact
that p0 ∈ A does not imply that p0 /∈ B for some other B.

3.8 (a) The RCAR(1) nests the Gaussian AR(1). The AR(1)
is given by

xt+1 = ρxt + εt , {εt} ∼ NID(0, σ2
ε ).

The RCAR(1) is given by

xt+1 = βtxt + et ,

where

{βt} ∼ NID(b, σ2
β) and {εt} ∼ NID(0, σ2

e).
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Note that any probability measure generated by the
AR(1) can also be generated by the RCAR(1) by setting
(b, σ2

β, σ
2
e) = (ρ, 0, σ2

ε ).

3.8 (d) The Gaussian observation-driven local-level model nests
the Gaussian AR(1). The AR(1) model is given by

xt+1 = ρxt + εt , {εt} ∼ NID(0, σ2
ε ).

The local-level model is given by

xt = µt+et , {et} ∼ NID(0, σ2
e) , µt+1 = ω+α(xt−µt)+βµt .

Note that any probability measure generated by the AR(1)
under a parameter vector (ρ, σ2

ε ) can also be generated by
the LL model by setting (ω, α, β, σ2

e) = (0, ρ, ρ, σ2
ε ).

3.8 (e) The GARCH model, when parameterized by the vector
(ω, α, β), is given by

xt = σtεt , {εt}t∈Z ∼ NID(0, 1) ,

σ2
t = ω + αx2

t−1 + βσ2
t−1.

In turn, the QGARCH, parameterised by the vector
(ω∗, α∗, γ∗, β∗), is given by

xt = σtεt , {εt} ∼ NID(0, 1) ,

σ2
t = ω∗ + α∗x2

t−1 + γ∗xt−1 + β∗σ2
t−1.

Clearly, the QGARCH nests the GARCH model since
any probability measure implicitly defined by the GARCH
under the vector (ω, α, β), can also be obtained by the
QGARCH by setting (ω∗, α∗, γ∗, β∗) = (ω, α, 0, β).
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Exercises of Chapter 4

4.1 (a) False. The answer can actually be found in the previous
chapter, in Section 3.5.

4.1 (b) False. Just consider a sequence of white noise random
variables {xt}t∈Z; revisit p.102 for a definition. Such a se-
quence is weakly stationary as the mean does not change
over time (E(xt) = 0 ∀ t), the variance does not change
over time (Var(xt) = σ2 ∀ t), and the autocovariance of
any order does not change in time either (Cov(xt, xt−h) =
0 ∀ (h, t)). However, such a sequence may well fail to be
strictly stationary if other distributional features change
over time. For example, the skewness or the Kurtosis might
be changing (Skew(xt) 6= Skew(xt′) or Kurt(xt) 6= Kurt(xt′)
for some t 6= t′).

4.1 (c) False. Just think of the moment requirements imposed
by weakly stationary processes! Consider for example a se-
quence of iid Student-t random variables, {xt}t∈Z ∼TID(λ)
with λ = 1.5. Note that each random variable in this se-
quence xt ∼ t(λ) does not have two moments since λ is
smaller than 2. As a result the variance is not defined, and
we cannot state that this sequence is weakly stationary. By
its iid nature, it is however strictly stationary.

4.2 (a) The solution is immediate by application of Krengel’s
Theorem 4.4, p.84. Show it!

4.2 (b) Again, the solution is immediate by application of Kren-
gel’s Theorem 4.4, p.84. Show it!
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4.2 (c) A solution to the similar Gaussian AR(1) can be found
in p.87 using the unfolding method, or in p.93 using
Bougerol’s theorem.

4.2 (d) We cannot show that data generated by this model is
SE because the white noise property of the innovations is
not sufficient for our purposes. In particular, it is not clear
if the innovations are SE. In principle, they might fail to
be SE as they are only assumed to be white noise.

4.2 (e) The solution is immediate by application of Krengel’s
Theorem 4.4, p.84.

4.2 (f) A solution to a similar RCAR(1) can be found in p.89
using the unfolding method, or in p.95 using Bougerol’s
theorem.

4.2 (g) The solution is immediate by application of Krengel’s
Theorem 4.4, p.84.

4.2 (j) The sequence {xt(θ)}t∈Z generated by the logistic SES-
TAR:

xt = g(xt−1; γ)xt−1 + εt , {εt}t∈Z ∼ NID(0, σ2
ε) ,

g(xt−1; γ) = −0.2 +
γ

1 + exp(2 + 1.4xt−1)
∀ t ∈ Z ,

is SE if the parameter γ is such that

sup
x∈R

∣∣∣∂g(x; γ)

∂x
x+ g(x; γ)

∣∣∣ < 1.

Indeed, {xt(θ)}t∈Z is SE because, by Bougerol’s Theorem,
the sequence {xt(θ, x1)}t∈N initialized at x1 converges
e.a.s. to an SE limit for any x1 ∈ R. Bougerol’s theorem
holds because conditions A1, A2 and A3 are satisfied.

Condition A1 holds because the innovations {εt} are iid.
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Condition A2 holds for any x1 because

E log+ |φ(x1, εt,θ)| = E log+ |g(x1; γ)x1 + εt|
(log+(z) ≤ z ∀ z > 0) ≤ E|g(x1; γ)x1 + εt|

(sub-additivity of | · |) ≤ E
[
|g(x1; γ)x1|+ |εt|

]
(linearity of expectation) ≤ |g(x1; γ)|︸ ︷︷ ︸

<∞

|x1|︸︷︷︸
<∞

+E|εt|︸︷︷︸
<∞

<∞

Note that E|εt| <∞ because εt is Gaussian and hence has
bounded moments of any order.

Condition A3 holds because

E log sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣
= E log sup

x

∣∣∣∂g(x, γ)

∂x
x+ g(x, γ)

∣∣∣ < 0

⇔ log sup
x

∣∣∣∂g(x, γ)

∂x
x+ g(x, γ)

∣∣∣ < 0

⇔ sup
x

∣∣∣∂g(x, γ)

∂x
x+ g(x, γ)

∣∣∣ < 1.

In some sense, the proof can end here. Of course, if we were
asked to give values of γ that satisfy the contraction above,
then we could also try to find a more explicit sufficient
condition. In particular, note that

E log sup
x

∣∣∣∂g(x, γ)

∂x
x+ g(x, γ)

∣∣∣ < 0

⇐ sup
x

∣∣∣∂g(x, γ)

∂x
x+ g(x, γ)

∣∣∣ < 1

⇔ sup
x

∣∣∣− γ1.4 exp(2 + 1.4x)

(1 + exp(2 + 1.4x))2
x

− 0.2 +
γ

1 + exp(2 + 1.4x)

∣∣∣ < 1
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Finally, defining w(x) = exp(2 + 1.4x) we have

sup
x

∣∣∣− γ1.4w(x)

(1 + w(x))2
x− 0.2 +

γ

1 + w(x)

∣∣∣
≤ sup

x

∣∣∣ γ1.4w(x)

(1 + w(x))2
x
∣∣∣+ 0.2 + sup

x

∣∣∣ γ

1 + w(x)

∣∣∣
(supremum sub-additivity)

≤ 1.4|γ| sup
x

∣∣∣ w(x)

(1 + w(x))2
x
∣∣∣+ 0.2 + |γ| sup

x

∣∣∣ 1

1 + w(x)

∣∣∣
(positive homogeneity of supremum)

≤ |γ|1.4k + 0.2 + |γ|
sup
x
|w(x)x/(1 + w(x))

2| < k <∞

and sup
x
|1/(1 + w(x))| < 1

and hence, we have that

sup
x

∣∣∣∂g(x, γ)

∂x
x+ g(x, γ)

∣∣∣ < 1 ⇐ |γ|1.4k + 0.2 + |γ| < 1

⇔ |γ| < 0.8/(1 + 1.4k).

Note that, by supremum sub-additibity, we have that

supx |f(x) + g(x)| ≤ supx |f(x)| + supx |g(x)|, and by
Positive homogeneity of the supremum, we have that
supx |af(x) + g(x)| ≤ |a| supx |f(x)|+ supx |g(x)|.

4.2 (l) An answer can be obtained by extension of the quadratic
AR(1) example in p.99.

4.2 (m) An answer is available as a special case of Example 4.4
in p.98.

4.2 (n) An answer is given in p.98.

4.2 (p) The sequence {xt(θ)}t∈Z generated by the Gaussian
local-level model

xt = µt + εt , {εt} ∼ NID(0, 3) ,

µt = 5 + 0.9µt−1 + vt , {vt} ∼ NID(0, 0.6)

is indeed SE. We will first verify that, by Bougerol’s
theorem, the mean sequence {µt(θ, µ1)}t∈N initialised
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at µ1 converges e.a.s. to an SE limit {µt(θ)}t∈Z for any
µ1 ∈ R. Second, we will show that this implies that
the sequence {xt(θ, µ1)}t∈N with mean {µt(θ, µ1)}t∈N
initialised at µ1 converges e.a.s. to an SE limit {xt(θ)}t∈Z
with mean {µt(θ)}t∈Z for any µ1 ∈ R.

Let us apply Bougerol’s theorem to the conditional mean
equation

µt = 5 + 0.9µt−1 + vt , {vt} ∼ NID(0, 0.6).

Condition A1 of Bougerol’s theorem requires that {vt}t∈Z
be SE. This condition is trivially satisfied because the in-
novations {vt} are iid.

Condition A2 of Bougerol’s theorem requires that
E log+ |φ(µ1, vt,θ)| < ∞ for some µ1. This condition ac-
tually holds for any µ1 because

E log+ |φ(µ1, vt,θ)| = E log+ |5 + 0.9µ1 + vt|
(log+(z) ≤ z ∀ z > 0) ≤ E|5 + 0.9µ1 + vt|

(sub-additivity of | · |) ≤ E
[

5 + 0.9|µ1|+ |vt|
]

(linearity of expectation) ≤ 5︸︷︷︸
<∞

+ 0.9︸︷︷︸
<∞

|µ1|︸︷︷︸
<∞

+E|vt|︸︷︷︸
<∞

<∞

Note: E|vt| < ∞ because vt is Gaussian and hence has
bounded moments of any order!

Condition A3 of Bougerol’s theorem requires the contrac-
tion E log supµ |∂φ(µ, vt,θ)/∂µ| < 0 to hold. This condition
is clearly satisfied because

E log sup
µ

∣∣∣∂φ(µ, vt,θ)

∂µ

∣∣∣ = E log sup
µ
|0.9| = log 0.9 < 0

We conclude by Bourgerol’s theorem that the sequence
{µt(θ, µ1)}t∈N initialised at µ1 converges e.a.s. to an SE
limit {µt(θ)}t∈Z for any µ1 ∈ R.
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Finally, we conclude that{
xt(θ, µ1)

}
t∈N

=
{
µt(θ, µ1) + εt

}
t∈N

converges e.a.s. to the SE limit{
xt(θ)

}
t∈Z

=
{
µt(θ) + εt

}
t∈Z

for any µ1 ∈ R because

|xt(θ, µ1)− xt(θ)| = |µt(θ, µ1) + εt − µt(θ)− εt|

= |µt(θ, µ1)− µt(θ)| e.a.s.→ 0. �

4.2 (r) An answer can actually be found in Chapter 5, p.138-
139.

4.2 (s) An answer can be found in p.121 and p.123.

4.2 (u) We cannot conclude that the sequence {xt(θ)}t∈Z gen-
erated by the NGARCH:

xt = σtεt , {εt} ∼ NID(0, 1) ,

σ2
t = 0.5 + 0.1(xt−1 − σt−1)2 + 0.9σ2

t−1

is SE because the contraction condition of Bougerol’s the-
orem does not hold for the volatility update equation. In
particular, by Bougerol’s theorem {σ2

t (θ, σ
2
1)}t∈N converges

to a limit SE sequence {σ2
t (θ)}t∈Z for every initialization

σ2
1 if conditions A1, A2 and A3 hold.

Condition A1 holds because {σ2
t (θ, σ

2
1)}t∈N is generated by

a Markov system

σ2
t = 0.5 + 0.1(xt−1 − σt−1)2 + 0.9σ2

t−1

= 0.5 + 0.1(σt−1εt−1 − σt−1)2 + 0.9σ2
t−1

= 0.5 + 0.1ε2t−1σ
2
t−1 − 0.2εt−1σ

2
t−1 + σ2

t−1

with iid innovations {εt}.



CONTENTS 11

Condition A2 holds for any σ2
1 because

E log+|φ(σ2
1, εt,θ)|

= E log+
∣∣0.5 + 0.1ε2tσ

2
1 − 0.2εtσ

2
1 + σ2

1

∣∣
≤ E

∣∣0.5 + 0.1ε2tσ
2
1 − 0.2εtσ

2
1 + σ2

1

∣∣
(log

+
(z) ≤ z ∀ z > 0)

≤ E
[

0.5 + 0.1|ε2tσ2
1|+ 0.2|εt||σ2

1|+ |σ2
1|
]

(sub-additivity of | · |)

≤ 0.5︸︷︷︸
<∞

+ 0.1|σ2
1|︸ ︷︷ ︸

<∞

E|ε2t |︸︷︷︸
<∞

+ 0.2|σ2
1|︸ ︷︷ ︸

<∞

E|εt|︸︷︷︸
<∞

+ |σ2
1|︸︷︷︸

<∞

<∞

(linearity of expectation)

Note that E|εt| <∞ and E|εt|2 <∞ because εt is Gaussian
and hence has bounded moments of any order.

However, condition A3 does not hold because

E log sup
σ2

∣∣∣∂φ(σ2, vt,θ)

∂σ2

∣∣∣ = E log sup
σ2

|0.1ε2t − 0.2εt + 1|

≈ 0.0746 > 0. �

4.3 In addition to finding which models generate SE data
(which we have done in question 4.2), we should find
which models generate data with one bounded moment
(for an LLN), or two bounded moments. This can be eas-
ily achieved by application of the Power-n Theorem or the
Uniform Contraction Theorem.

4.3 (a) A solution can be found by application of the cn in-
equality on p.85.

4.3 (b) A solution can be found by application of the cn in-
equality on p.85.

4.3 (c) A solution is given in p.116.

4.3 (g) A solution can be found by application of the cn in-
equality on p.85.
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4.3 (m) The solution is a special case of that given in p.117.

4.3 (n) A solution is given in p.117.

4.3 (p)

The sequence {xt(θ)}t∈Z generated by the Gaussian local-
level model

xt = µt + εt , {εt} ∼ NID(0, 3) ,

µt = 5 + 0.9µt−1 + vt , {vt} ∼ NID(0, 0.6)

satisfies an LLN and can be shown to have two bounded
moments.

First, we will show that, by the power-n theorem, the
conditional mean sequence {µt(θ, µ1)}t∈N initialized at µ1

converges e.a.s. to an SE limit sequence {µt(θ)}t∈Z that
satisfies E|µt(θ)|2 < ∞ for any µ1 ∈ R. Second, we show
that this implies that the sequence {xt(θ, µ1)}t∈N with
mean {µt(θ, µ1)}t∈N initialized at µ1 converges e.a.s. to an
SE limit {xt(θ)}t∈Z that satisfies E|xt(θ)|2 < ∞ for any
µ1 ∈ R. We conclude that the sequence satisfies an LLN.

Let us apply the Power-n theorem with n > 2. In par-
ticular, we can take n = 3 and apply the theorem to the
conditional mean equation

µt = 5 + 0.9µt−1 + vt , {vt} ∼ NID(0, 0.6).

Condition A1 of the power-n theorem requires that {vt}t∈Z
be an SE sequence. This condition holds trivially as the
innovations {vt} are iid.

Condition A2, which requires the first iteration of the
Markov process to have 3 moments, holds easily for any
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µ1 and n = 3 since

E|φ(µ1, vt,θ)|3 = E|5 + 0.9µ1 + vt|3

≤ c · E53 + c · E(0.9|µ1|)3 + c · E|vt|3

(cn-inequality)

≤ c · 53︸︷︷︸
<∞

+c · 0.93︸︷︷︸
<∞

|µ1|3︸︷︷︸
<∞

+c · E|vt|3︸ ︷︷ ︸
<∞

<∞.

(linearity of expectation)

Note that E|vt|3 < ∞ because vt is Gaussian and hence
has bounded moments of any order!

Condition A3 holds because ∂φ(µ,vt,θ)
∂µ = 0.9, and the con-

traction condition is satisfied

E sup
µ
|0.9|3 = 0.93 = 0.81 < 1.

Since conditions A1-A3 are satisfied with n = 3, we can
conclude by the power-n theorem that {µt(θ, µ1)}t∈N
converges e.a.s. to a limit SE sequence {µt(θ)}t∈Z that
satisfies E|µt(θ)|2 <∞ for every initialization µ1.1

Finally, we note that{
xt(θ, µ1)

}
t∈N

=
{
µt(θ, µ1) + εt

}
t∈N

converges e.a.s. to the SE limit{
xt(θ)

}
t∈Z

=
{
µt(θ)+εt

}
t∈Z

satisfying E|xt(θ)|2 <∞

for any µ1 ∈ R because

|xt(θ, µ1)− xt(θ)| = |µt(θ, µ1) + εt − µt(θ)− εt|

= |µt(θ, µ1)− µt(θ)| e.a.s.→ 0

1Actually, we have proven that E|µt(θ)|n <∞ for any n ≤ 3.
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Furthermore, we conclude that E|xt(θ)|2 <∞ since

E|xt(θ)|2 = E|µt(θ) + εt|2

≤︸︷︷︸
cn-inequality

c · E|µt(θ)|2 + c · E|εt|2 < ∞. �

the sequence {xt(θ, µ1)}t∈N with mean {µt(θ, µ1)}t∈N ini-
tialized at µ1 converges e.a.s. to an SE limit {xt(θ)}t∈Z that
satisfies E|xt(θ)|2 <∞ for any µ1 ∈ R.

4.3 (u) We cannot conclude that the sequence {xt(θ)}t∈Z gen-
erated by the NGARCH:

xt = σtεt , {εt} ∼ NID(0, 1) ,

σ2
t = 0.5 + 0.1(xt−1 − σt−1)2 + 0.9σ2

t−1

is SE or has bounded first or second moments because the
contraction conditions of the Bougerol and Power-n theo-
rems do not hold for the volatility updating equation. In
exercise 4.2 (u), we have already noted that the contraction
of Bougerol does not hold, and since

E log sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣ < 0 ⇐ E sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣ < 1

⇐ E sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣2 < 1

follows that

E log sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣ ≥ 0 ⇒ E sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣ ≥ 1

⇒ E sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣2 ≥ 1.

4.4 Those DGPs for which we can show that the Power-n The-
orem holds for n = 2, are DGPs that satisfy this represen-
tation. The remaining DGPs may or may not satisfy that
representation.

If the conditions of the Power-n Theorem hold for n = 2,
then we are sure that the sequence {xt(θ)}t∈Z is SE and
has bounded moments of second order. As a result, we
now that {xt}t∈Z is weakly stationary. Finally, if {xt}t∈Z
is weakly then it satisfies Wold’s representation.
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4.6 Note first that the word ‘degenerate’ typically refers to a
parameter space Θ which has Lebesgue measure i.e. a pa-
rameter space which consists of a single point in at least
one dimension. The quadratic AR(1)

xt = βx2
t−1 + εt εt ∼ N(0, σ2)

satisfies Bougerol’s contraction only for values of θ =
(β, σ2) on a degenerate Θ ⊆ R characterized by β = 0.

E log sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣ < 0 ⇔ log sup
x
|2βx| < 0.

This can only hold true for β = 0 (assuming that log(0) = −∞).

4.7 The quadratic AR(1)

xt = α+ x2
t−1 + εt εt ∼ NID(0, σ2)

never satisfies Bougerol’s contraction because

E log sup
x

∣∣∣∂φ(x, εt,θ)

∂x

∣∣∣ < 0 ⇔ log sup
x
|2x| < 0.

does not hold true for any (α, σ2) = θ ∈ Θ.

4.8 The AR(1)

xt = βxt−1 + εt εt ∼ Log-Cauchy(µ, σ)

never satisfies Bougerol’s initial moment condition because

E log+
∣∣φ(x1, εt,θ)

∣∣ = E log+
∣∣βx1 + εt

∣∣ <∞
does not hold true for any (β, µ, σ).

4.10 (b) We can show that {xt}t∈Z is SE, by first showing that
{θt}t∈Z is SE, using Bougerol’s Theorem, and then showing
that {xt}t∈Z is SE by application of Krengel’s Theorem.
Try it yourself!
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Exercises of Chapter 5

5.1 You can verify filter invertibility for any of the models men-
tioned in this question by applying Bougerol’s theorem.
The question on uniform invertibility is only sensible for
the model in (b), since uniform invertibility is about ob-
taining invertibility uniformly over the parameter space,
and the model in (b) is the only that allows for multiple
parameter values.

(b) This filter is invertible as it satisfies the conditions in
p.140 and p.141. You can verify this by applying Bougerol’s
Theorem yourself! Uniform invertibility fails on the param-
eter space as it is defined here. But it holds on any compact
parameter space Θ contained inside the specified interval
ω > 0, α > 0, |β| < 1. Verify this!

5.2 Yes, we find evidence of filter invertibility. This is evident
by the fact that the filtered volatilities converge to a unique
path regardless of their initialization; see the figure below.

17
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Exercises of Chapter 6

6.1 (a) The conditions of Theorem 6.3 fail to hold because Θ
is not compact. Hence, we have no reason to suppose that
a maximum exists. For this reason, we cannot ensure that
the estimator exists; i.e. the argmax set may be empty.

6.1 (c) The least squares criterion is naturally given by

QT (XT,θ) = − 1

T

T∑
t=2

(xt − g(xt−1;θ)xt−1)2

6.1 (d) Conditions of Theorem 6.3 hold because the criterion is
continuous in φ and the data xt, xt−1, and the parameter
space is compact. The estimator exists and is a random
variable (measurable).

6.2 (a) The least squares criterion is given by

QT (XT,θ) = − 1

T

T∑
t=2

(xt − α− β cos(xt−1))2.

6.3 (a) Since the density f(εt, λ) of a Student’s-t distribution
with λ degrees of freedom is given by

f(εt) =
Γ(λ+1

2 )
√
λπΓ(λ2 )

(
1 +

ε2t
λ

)−λ+1
2
,

we have that the density of xt conditional on xt−1 is given
by

f
(
xt − α− β cos(xt−1)

)
=

Γ(λ+1
2 )

√
λπΓ(λ2 )

[
1 +

(xt − α− β cos(xt−1))2

λ

]−λ+1
2

19
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As a result, the log likelihood function is given by

LT (XT,θ) =

1

T

T∑
t=2

A(λ)− λ+ 1

2
log

[
1 +

(xt − α− β cos(xt−1))2

λ

]

where A(λ) = log Γ(
λ+ 1

2
)− log

√
λπ − log Γ(

λ

2
)

This is a natural result of the theorem known by the curious
name transformation of a random variable,

Theorem 0.1 Let zt be a random variable with pdf fz and
xt be a random variable given by xt = g(zt) for some strictly
increasing and differentiable function g. Then the pdf fx of
xt is given by

fx(xt) = fz
(
g−1(xt)

)∂g−1(xt)

∂x
.

6.3 (c) It is clear that

xt|xt−1 ∼ N
(
g(xt−1;θ)xt−1 , 2

)
and hence that xt has conditional density given by

f(xt|xt−1,θ) =
1√
4π

exp

[
−
(
xt − g(xt−1;θ)xt−1

)2
4

]
.

As a result, since we can factorize the joint density of the
data x1, ..., xT as

f(x1, ..., xT ,θ) = f(x1,θ) ·
T∏
t=2

f(xt|xt−1,θ)

we obtain a log likelihood function given by

L(xT,θ) =
1

T

T∑
t=2

−1

2
log 4π − (xt − g(xt−1;θ)xt−1)2

4
.

Note that an ML estimator with exact initialization assigns
some distribution to x1, while a conditional ML estimator
starts at t = 2 and conditions on value of x1.
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6.3 (d) Since µt(θ, µ1) is given conditional on the past data
Dt−1 = xt−1, xt−2, ... we have that xt|Dt−1 ∼ N(µt, σ

2
ε)

f(xt|Dt−1) =
1√

2πσ2
ε

exp

[
−
(
xt − µt(θ, µ1)

)2
2σ2

ε

]
.

and hence

L(xT,θ) =
1

T

T∑
t=2

−1

2
log 2πσ2

ε −
(
xt − µt(θ, µ1)

)2
2σ2

ε

.

6.3 (g) Since σ2
t (θ, σ

2
1) is given conditional on the past

data Dt−1 = xt−1, xt−2, ... we have that xt|Dt−1 ∼
N(0, σ2

t (θ, σ
2
1))

f(xt|Dt−1) =
1√

2πσ2
t (θ, σ

2
1)

exp
[ −x2

t

2σ2
t (θ, σ

2
1)

]
.

and hence

L(xT,θ) =
1

T

T∑
t=2

−1

2
log 2πσ2

t (θ, σ
2
1)− x2

t

2σ2
t (θ, σ

2
1)
.
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Exercises of Chapter 7

7.5 (a) Since (i) Θ is compact; (ii) {βxt} is SE (by Krengel’s
theorem); and (iii) E|βxt| = |β|E|xt| < ∞ for every β ∈
[0, 100]; it follows by an LLN for SE sequences that the
criterion converges pointwise as T →∞,

1

T

T∑
t=1

βxt
p→ Eβxt for all β ∈ [0, 100].

Furthermore, since {QT (β)} is stochastically equicontinu-
ous

E sup
β∈[0,100]

∣∣∣∂βxt
∂β

∣∣∣ = E|xt| <∞,

we have, by Theorems 7.5 and 7.6, that QT converges
uniformly in probably over [0, 100] to the limit criterion
Q∞(β) = Eβxt,

sup
β∈[0,100]

∣∣∣ 1

T

T∑
t=1

βxt − Eβxt
∣∣∣ p→ 0 as T →∞.

Note that the limit criterion Q∞(β) = Eβxt is a determin-
istic function of β. It is not a function of xt because the
expectation ‘integrates xt out’.

7.5 (b) We cannot show that QT converges uniformly over Θ
to the limit Q∞ using a pointwise LLN for SE sequences
and stochastic equicontinuity, because E|xt| < ∞ is not
enough to ensure that E|xt − βxt−1|2 < ∞. In particular,
E|xt−βxt−1|2 <∞ is needed for the pointwise LLN to hold

1

T

T∑
t=1

(xt − βxt−1)2 p→ E(xt − βxt−1)2 ∀ θ ∈ Θ.

23
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E|xt| <∞ is not enough to ensure that E|xt−βxt−1|2 <∞.
E|xt|2 <∞ would be sufficient since by the cn-inequality:

E|xt − βxt−1|2 ≤ cE|xt|2 + cβ2E|xt−1|2 <∞

and by SE we have E|xt|2 = E|xt−1|2.

7.5 (g) We cannot show that QT converges uniformly over Θ
to the limit Q∞ because the parameter space is not closed,
and hence also not compact.

7.6 (a) We can show that the least squares estimator θ̂T is
consistent for θ0 ∈ Θ as long as Θ is compact and θ0 is the
unique maximizer of

Q∞(θ) = E− (xt − α− β cos(xt−1))2.

First, we note that the least squares criterion function takes
the form

QT (XT,θ) = − 1

T

T∑
t=2

(xt − α− β cos(xt−1))2.

Now, since the data satisfies E|xt|2 < ∞, we have by the
cn-inequality that,

E|xt − α− β cos(xt−1)|2

≤ cE|xt|2︸ ︷︷ ︸
<∞

+c |α|2︸︷︷︸
<∞

+c |β|2︸︷︷︸
<∞

E| cos(xt−1)|2︸ ︷︷ ︸
≤1<∞

<∞.

Additionally, since the data {xt} is SE, then {(xt − α −
β cos(xt−1))2} is also SE by Krengel’s theorem. Hence, we
obtain the pointwise LLN ∀ θ ∈ Θ

1

T

T∑
t=2

(
xt−α−β cos(xt−1)

)2 p→ E
(
xt−α−β cos(xt−1)

)2
.

Furthermore, we note that {QT } is stochastically equicon-
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tinuous because

E sup
θ∈Θ

∣∣∣∂q(xt, xt−1,θ)

∂α

∣∣∣ =

E sup
θ∈Θ
| − 2xt + 2α+ 2β cos(xt−1)|

≤ 2E|xt|+ 2 sup
θ∈Θ
|α|+ 2 sup

θ∈Θ
|β|E| cos(xt−1)|

(norm sub-additivity)

≤ 2E|xt|+ 2ᾱ+ 2β̄E| cos(xt−1)|
(compact Θ)

≤ 2E|xt|+ 2ᾱ+ 2β̄ < ∞
(cos(z) < 1 ∀ z)

Note that if Θ is compact (bounded and closed), then there
must exists some maximum value ᾱ and β̄ such that

sup
θ∈Θ
|α| ≤ ᾱ <∞ and sup

θ∈Θ
|β| ≤ β̄ <∞.

The derivative with respect to β is also bounded in expec-
tation,

E sup
θ∈Θ

∣∣∣∂q(xt, xt−1,θ)

∂β

∣∣∣ =

E sup
θ∈Θ

∣∣− 2xt cos(xt−1) + 2α cos(xt−1) + 2β cos(xt−1)2
∣∣

≤ 2E|xt cos(xt−1)|+ 2 sup
θ∈Θ
|α|E| cos(xt−1)|

+ 2 sup
θ∈Θ
|β|E| cos(xt−1)|2

(norm sub-additivity)

≤ 2E|xt cos(xt−1)|+ 2ᾱE| cos(xt−1)|+ 2β̄E| cos(xt−1)|2

(compact Θ)

≤ 2E|xt|+ 2ᾱ+ 2β̄ < ∞
(cos(z) < 1 ∀ z)

Note that when θ is a vector θ = (θ1, ..., θn) then the vector
condition for stochastic equicontinuity

E sup
θ∈Θ

∥∥∥∂q(xt, xt−1,θ)

∂θ

∥∥∥ <∞
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holds if, the condition also holds for each individual partial
derivative

E sup
θ∈Θ

∣∣∣∂q(xt, xt−1,θ)

∂θi

∣∣∣ <∞ for i = 1, ..., n.

and hence, the criterion converges uniformly to its limit

sup
θ∈Θ

∣∣∣ 1

T

T∑
t=2

(
xt − α− β cos(xt−1)

)2

− E
(
xt − α− β cos(xt−1)

)2∣∣∣ p→ 0.

Finally, if θ0 is the unique maximizer of

Q∞(θ) = E− (xt − α− β cos(xt−1))2.

then it is also identifiably unique because Q∞ is continuous
on the compact Θ. In particular, continuity of Q∞ follows
by continuity of QT on Θ for all T , and uniform conver-
gence to Q∞; see Lemma 7.2 in Chapter 7. Note that we
can either argue for or assume uniqueness (depending on
model specification!). If the model is correctly specified,
then given the LS criterion, uniqueness is implied by iden-
tification of θ0 in the sense that each θ defines a unique
regression function; see Theorem 7.12. If the model is mis-
specified, then uniqueness may hold by assumption. When
it fails, then it is easy to show convergence to the set of
optimizers Θ0 of the limit criterion; see Theorem 7.15.

As a result, we conclude by the classical consistency theo-
rem for M-estimators, that

θ̂T
p→ θ0 as T →∞. �

7.6 (b) We can show that the LS estimator θ̂T is consistent
for θ0 ∈ Θ as long as Θ is compact and θ0 is the unique
maximizer of

Q∞(θ) = E− (xt − g(xt−1;θ)xt−1)2.
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Indeed, first we note the least squares criterion function
takes the form

QT (XT,θ) = − 1

T

T∑
t=2

(xt − g(xt−1;θ)xt−1)2

Now, since the data is SE, {(xt − g(xt−1;θ)xt−1)2} is also
SE by Krengel’s Theorem. Furthermore, since the data
satisfies E|xt|2 <∞ we have by the cn-inequality that

E|xt − g(xt−1;θ)xt−1|2 ≤ cE|xt|2 + cE|g(xt−1;θ)xt−1|2

(because |g(xt−1,θ)| < |γ|) ≤ cE|xt|2︸ ︷︷ ︸
<∞

+c|γ|2 E|xt−1|2︸ ︷︷ ︸
<∞

< ∞

As a result, we obtain the following pointwise LLN ∀ θ ∈ Θ
as T →∞

1

T

T∑
t=2

(
xt−g(xt−1;θ)xt−1

)2 p→ E
(
xt−g(xt−1;θ)xt−1

)2
.

We note further that {QT } is stochastically equicontinuous
because

E|q(xt, xt−1,θ)| = E|xt − g(xt−1;θ)xt−1|2 <∞ ,

and since q is continuously differentiable and well behaved
of order 1, and Θ is compact, we have2

E|q(xt, xt−1,θ)| <∞ ⇒ E sup
θ∈Θ

∥∥∥∂q(xt, xt−1,θ)

∂θ

∥∥∥ <∞.
Hence the criterion converges uniformly to its limit

sup
θ∈Θ

∣∣∣ 1

T

T∑
t=2

(
xt − g(xt−1;θ)xt−1

)2

− E
(
xt − g(xt−1;θ)xt−1

)2∣∣∣ p→ 0.

Finally, θ0 is the identifiably unique maximizer of the limit
criterion

Q∞(θ) = E− (xt − g(xt−1;θ)xt−1)2

since
2We assume that q is well behaved!
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(a) each θ defines a unique function g(x;θ)x, and hence
θ0 is the unique maximizer (see Theorem 7.10 on the
uniqueness for least squares);

(b) Θ is compact (assumed);

(c) Q∞ is continuous since QT is continuous on Θ for ev-
ery T and it converges uniformly over Θ to Q∞.

As a result, we conclude by the classical consistency theo-
rem for M-estimators, that

θ̂T
p→ θ0 as T →∞. �

Note that we could have shown directly that QT is stochas-
tically equicontinuous by taking the derivatives explic-
itly. For convenience, let us define w(xt−1, β) := 1/(1 +
exp(βxt−1)). We thus have g(xt−1,θ) = γw(xt−1, β). The
stochastic equicontinuity condition is then obtained by not-
ing that

E sup
θ∈Θ

∣∣∣∂q(xt, xt−1,θ)

∂γ

∣∣∣
= E sup

θ∈Θ
|(xt − g(xt−1;θ)xt−1)w(xt−1;β)xt−1|

≤ E|xtxt−1| sup
θ∈Θ
|w(xt−1;β)|

+ E sup
θ∈Θ
|g(xt−1;θ)w(xt−1;β)||xt−1|2

(sup
X,β
|w(x;β)| < 1)

≤ E|xtxt−1|+ γ̄E|xt−1|2

( sup
x,θ
|g(x,θ)| ≤ sup

γ∈Θ
|γ| ≡ γ̄ )

≤ E|xt−1|2 < ∞
(because E|xtxt−1| ≤ E|xt−1|2)
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E sup
θ∈Θ

∣∣∣∂q(xt, xt−1,θ)

∂β

∣∣∣
= E sup

θ∈Θ

∣∣∣(xt − g(xt−1;θ)xt−1

)
γ
∂w(xt−1;β)

∂β
xt−1

∣∣∣
≤ E sup

θ∈Θ
|γ| sup

θ∈Θ

∣∣∣∂w(xt−1;β)

∂β
xt−1

∣∣∣|xt|
+ sup

θ∈Θ
|γ|E sup

θ∈Θ

∣∣∣∂w(xt−1; )

∂β
xt−1

∣∣∣
≤ γ̄kE|xt|+ γ̄k < ∞ ,

because there exists a finite k such that

sup
x,β

∂w(x;β)

∂β
x =

exp(βx)x

(1 + exp(βx))2
x

=
exp(βx)x2

(1 + exp(βx))2
≤ k <∞.

7.7 (a) If the model is well specified, then the observed data
was generated by the model under some θ0 ∈ Θ. Hence,
we could, for example, use the Power-n Theorem to ensure
that the model generates SE paths with bounded second
moment for every θ ∈ Θ. For our model,

xt = α+ β cos(xt−1) + εt , {εt}t∈Z ∼ TID(7).

we know that {xt(θ)}t∈Z is SE and satisfies E|xt(θ)|2 <∞
for every θ ∈ Θ as long as

A1. {εt}t∈Z is an nε-variate iid sequence (trivially satis-
fied!)

A2. E|φ(x1, εt)|2 ≤ c|α|2 + c|β|2| cos(x1)|2 + cE|εt|2 <∞
• So A2 requires no restriction on (α, β), any Θ ⊆

R2.

A3. E supx∈X
∣∣∂φ(x, εt)/∂x

∣∣2 = E supx∈X
∣∣− β sin(x)

∣∣2
= |β|2 supx∈X | sin(x)|2 = |β|2 < 1 ⇔ |β| < 1.

• So A3 requires that Θ be subset of R× (−1, 1).
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7.8 (a) By the classical consistency theorem for M-estimators,
the ML estimator θ̂T is consistent for θ0 ∈ Θ if Θ is com-
pact with λ > 0 and θ0 is the unique maximizer of

Q∞(θ) = A(λ) +B(λ)E
[

logw(θ, xt, xt−1)
]

where A(λ) = log Γ(
λ+ 1

2
)− log

√
λπ − log Γ(

λ

2
)

B(λ) = −λ+ 1

2
and

w(θ, xt, xt−1) =
(

1 +
(xt − α− β cos(xt−1))2

λ

)
Indeed, we have already seen in the previous exercise that

LT (xT,θ) =
1

T

T∑
t=2

A(λ) +B(λ) logw(θ, xt, xt−1)

Now, it is clear that just need to focus on the uniform
convergence of the term ht(θ) := logw(θ, xt, xt−1) because

sup
θ∈Θ

∣∣∣ 1

T

T∑
t=2

A(λ) +B(λ)ht(θ) − A(λ)−B(λ)Eht(θ)
∣∣∣ p→ 0

⇔ sup
θ∈Θ
|B(λ)| sup

θ∈Θ

∣∣∣ 1

T

T∑
t=2

ht(θ) − Eht(θ)
∣∣∣ p→ 0

⇔ B̄ sup
θ∈Θ

∣∣∣ 1

T

T∑
t=2

ht(θ) − Eht(θ)
∣∣∣ p→ 0

for any B̄ =
λ̄+ 1

2
<∞.

Recall that if zt is a random variable satisfying 0 < a ≤ zt
then E| log zt| < ∞ holds as long as E|zt|n < ∞ for some
n > 0.

The pointwise convergence of ht(θ) := logw(θ, xt, xt−1)

1

T

T∑
t=2

ht(θ)
p→ Eht(θ) holds for all θ ∈ Θ because

(a) The data is SE and hence {logw(θ, xt, xt−1)} is also
SE for every θ ∈ Θ (Krengel’s theorem)
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(b) E| logw(θ, xt, xt−1)| < ∞ for every θ ∈ Θ because
w(θ, xt, xt−1) > 1 and |α + β cos(xt−1)| < |α| + |β| <
k <∞

E|w(θ,xt, xt−1)| = E
∣∣1 + (xt − α− β cos(xt−1))2/λ

∣∣
≤ 1 + λ−1E|xt|2 + λ−1k2 + λ−1kE|xt| < ∞

Hence, assuming that the criterion is well behaved of or-
der 1, it is also stochastically equicontinuous and converges
uniformly to its limit

sup
θ∈Θ

∣∣∣ 1

T

T∑
t=2

A(λ) +B(λ)ht(θ) − A(λ)−B(λ)Eht(θ)
∣∣∣ p→ 0

Finally, if θ0 is the unique maximizer of

Q∞(θ) = A(λ) +B(λ)E
[

logw(θ, xt, xt−1)
]

then it is also identifiably unique because Q∞ is continuous
on the compact Θ; continuity of Q∞ follows by continuity
of QT on Θ for all T , and uniform convergence to Q∞. Nat-
urally, if the model is correctly specified then uniqueness of
θ0 is implied by identification of θ0 and the information
inequality theorem for ML estimators (see information in-
equality in Chapter 7). In contrast, if the model is misspec-
ified, then uniqueness holds by assumption. As a result, by
the classical consistency theorem, we have

θ̂T
p→ θ0 as T →∞. �

7.8 (b) By the classical consistency theorem for M-estimators,
the ML estimator θ̂T is consistent for θ0 ∈ Θ as T →∞ if

(i) θ̂T exists and is measurable;

(ii) The log likelihood LT converges uniformly to the limit
L∞

sup
θ∈Θ

∣∣LT (xT,θ)− L∞(θ)
∣∣ p→ 0 as T →∞ ;
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(iii) θ0 ∈ Θ is the identifiably unique maximizer of L∞

sup
θ∈Sc(θ0,δ)

L∞(θ) < L∞(θ0).

Note first that, in this case, xt|xt−1 ∼
N
(
g(xt−1;θ)xt−1, σ

2
ε

)
, the likelihood function is given by,

L(xT,θ) =
1

T

T∑
t=2

`(xt, xt−1,θ)

=
1

T
−

T∑
t=2

1

2
log 2πσ2

ε −
T∑
t=2

(
xt − g(xt−1;θ)xt−1

)2
2σ2

ε

.

We obtain the existence and measurability of θ̂T immedi-
ately from the continuity of ` and the compactness of Θ
(which is assumed).

We obtain the uniform convergence in (ii) from a pointwise
LLN, a stochastic equicontinuity condition, and the com-
pactness of Θ. These conditions which are stated below as
conditions (ii.i), (ii.ii) and (ii.iii) respectively:

(ii.i) Pointwise convergence of the log likelihood

1

T

T∑
t=2

`(xt, xt−1,θ)
p→ E`(xt, xt−1,θ) as T →∞∀ θ ∈ Θ.

The pointwise LLN holds by application of a LLN for every
θ ∈ Θ. The LLN holds since:

(a) {`(xt, xt−1,θ)} is SE for every θ ∈ Θ. This follows
by Krengel’s theorem because {xt}t∈Z is SE and ` is
continuous (hence Borel measurable).

(b) `(xt, xt−1,θ) has one bounded moment
E|`(xt, xt−1,θ)| <∞ for every θ ∈ Θ,
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Indeed,

E|`(xt, xt−1,θ)| = E

∣∣∣∣∣− 1

2
log 2πσ2

ε −
(
xt − g(xt−1;θ)xt−1

)2
2σ2

ε

∣∣∣∣∣
(by definition of `(xt, xt−1,θ))

≤ E
∣∣∣1
2

log 2πσ2
ε

∣∣∣+ E
∣∣∣(xt − g(xt−1;θ)xt−1

)2
2σ2

ε

∣∣∣
(norm-subadditivity)

≤ |1
2

log 2πσ2
ε |+

1

2σ2
ε

E
∣∣xt − g(xt−1;θ)xt−1

∣∣2
≤ |1

2
log 2πσ2

ε |+
c

2σ2
ε

E|xt|2

+
c

2σ2
ε

sup
x
|g(x;θ)|E|xt−1|2

( cn-inequality)

<∞

where |12 log 2πσ2
ε | < ∞ because 0 < σ2

ε < ∞, furthermore
c

2σ2
ε
< ∞ because σ2

ε > 0 and the cn-inequality holds for

some c < ∞, finally, E|xt|2 = E|xt−1|2 < ∞ because {xt}
is SE with two bounded moments, and supx |g(x;θ)| < ∞
because g is uniformly bounded.

(ii.ii) Stochastic equicontinuity of log likelihood

sup
θ∈Θ

∥∥∥∂`(xt, xt−1,θ)

∂θ

∥∥∥ <∞,
This stochastic equicontinuity condition is implied by the
moment condition E|`(xt, xt−1,θ)| < ∞ established above
and the fact that ` is well behaved of order 1 (assumed).

(ii.iii) Compactness of Θ. This condition holds by assump-
tion and is easy to impose in practice.

Finally, we obtain the identifiable uniqueness of θ0 ∈ Θ
from conditions (iii.i)-(iii.iii) below:
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(iii.i) the continuity of the limit criterion function L∞ given
by

L∞(θ) = E`(xt, xt−1,θ)

which follows by continuity of ` and the uniform con-
vergence in (i.i);

(iii.ii) the compactness of Θ, which holds again by assump-
tion;

(iii.iii) and the uniqueness of θ0 which holds either by as-
sumption, if the model is misspecified, or it holds by
the information inequality, if the model is correctly
specified, θ0 is identified (which we assume here with-
out proof).

7.8 (e) The ML estimator θ̂T is consistent for θ0 ∈ Θ if

(i) The log likelihood LT converges uniformly to the limit
L∞

sup
θ∈Θ

∣∣LT (xT,θ)− L∞(θ)
∣∣ p→ 0 as T →∞.

(ii) θ0 ∈ Θ is the identifiably unique maximizer of L∞

sup
θ∈Sc(θ0,δ)

L∞(θ) < L∞(θ0).

We have already seen that

L(xT,θ) =
1

T

T∑
t=2

`
(
xt, µ̂t(θ, µ̂1),θ

)
where

`
(
xt, µ̂t(θ, µ̂1),θ

)
= −1

2
log 2πσ2

ε −
(
xt − µ̂t(θ, µ̂1)

)2
2σ2

ε

.

Hence, we can now obtain a solution, simply by applying
the usual steps. Note however, two crucial details in time-
varying parameter models:

(1) {`(xt, µ̂t(θ, µ̂1),θ)}t∈N cannot be SE, but we can apply
the LLN to the SE limit {`(xt, µt(θ),θ)}t∈Z instead!
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(2) to show that `(xt, µt(θ),θ) is stochastically equicon-
tinuous we can follow the simplification of Theorem
7.9 and check for two moments for the criterion,

E|`(xt, µt(θ),θ)|2 <∞ for some θ ∈ Θ.

and two moments for the filter at the initialization
t = 1, and two moments for the contraction condition
of the filter.

If we know that {xt}t∈Z is SE, then the filter {µ̂t(θ, µ̂1)}t∈N

µ̂t = ω + α(xt−1 − µ̂t−1) + βµ̂t−1

converges e.a.s. to a limit SE process {µt(θ)}t∈N as long as

A1: {xt}t∈Z is SE

A2: E log+ |ω + α(x1 − µ̂1) + βµ̂1| <∞
A3: E log supµ |β − α| < 0 ⇔ |β − α| < 1.

If we know that {xt}t∈Z is SE, then the filter {µ̂t(θ, µ̂1)}t∈N

µ̂t = ω + α(xt−1 − µ̂t−1) + βµ̂t−1

has a limit that satisfies E|µt(θ)|n <∞ as long as

A1: {xt}t∈Z is SE

A2: E|ω + α(x1 − µ̂1) + βµ̂1|n <∞
A3: supµ̂,x |β − α| < 1 ⇔ |β − α| < 1.

We thus have that, if |β−α| < 1, then {µt(θ)}t∈Z is SE and
E|µt(θ)|8 <∞. Indeed, verification of conditions A1-A3 of
the uniform contraction theorem delivers:

A1: {xt}t∈Z is SE

A2: E|ω + α(xt−1 − µ̂1) + βµ̂1|8
(cn-inequality) ≤ c|ω|8+c|α|8E|xt−1|8+|β−α|8|µ̂1|8 <
∞

A3: E supµ̂,x |β − α| < 1 ⇔ |β − α| < 1.

Additionally, the log likelihood converges pointwise since:



36 CONTENTS

(a) {`
(
xt, µt(θ),θ

)
} is SE by Krengel’s theorem

(b) E|`
(
xt, µt(θ),θ

)
| < ∞ (using usual inequalities)

Furthermore, the log likelihood is stochastically equicontin-
uous because:

(a) Θ is compact;

(b) ` is continuously differentiable and well behaved of
order two in both θ and µ̂t;

(c) φ(xt, µ̂t) = ω + α(xt − µ̂t) + βµ̂t is well behaved of
order two in both θ and µ̂t;

(d) The filter contraction holds uniformly supµ̂,x |β−α| <
1;

(e) E|`
(
xt, µ̂t(θ),θ

)
|2 <∞ (using usual inequalities)

Note also that the criterion converges uniformly in proba-
bility

1

T

T∑
t=2

`
(
xt, µ̂t(θ, µ̂1),θ

) p→ E`
(
xt, µt(θ),θ

)
since 1

T

∑T
t=2 `

(
xt, µt(θ),θ

)
satisfies an LLN, ` is continu-

ously differentiable, and |µt(θ)− µ̂t(θ, µ̂1)| p→ 0 as t→∞;
see Theorem 7.13.

Note that for a.s. convergence we would further have to
show that E log+ supµ |∂`

(
xt, µt(θ),θ

)
|/∂µ <∞.

Finally, θ0 is identifiably unique if:

• Θ is compact: which holds by assumption;

• Q∞ ∈ C(Θ) : holds by Lemma 7.2 since QT ∈
C(Θ) ∀ T and QT

p→ Q∞ uniformly

• θ0 is unique: which holds by identification of θ0 and
the information inequality (for well specified model),
or by assumption (for a misspecified model). If the
uniqueness assumption is too restrictive, then set con-
sistency is also available under the same conditions.
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Hence, θ̂T
p→ θ0 by classical consistency theorem!

Note that the criterion

`
(
xt, µt(θ),θ

)
= −1

2
log 2πσ2

ε −
(
xt − µt(θ)

)2
2σ2

ε

is not differentiable at σ2
ε , hence Θ must be a compact

parameter space with σ2
ε > 0. For example

Θ =
{

(ω, α, β, σ2
ε) ∈ [0, 5]× [0, 1]× [0, 1]× [0.1, 10]

}
7.8 (f) The ML estimator θ̂T is consistent for θ0 if Θ is a com-

pact parameter space satisfying

(a) |β| < 1 for every θ ∈ Θ,

(b) ω ≥ a > 0, α ≥ a > 0, β ≥ a > 0, for every θ ∈ Θ

and θ0 is the unique maximizer of

L∞(θ) = E
[
− log σ2

t (θ)− x2
t /σ

2
t (θ)

]
where σ2

t (θ) denotes the limit filtered conditional volatility.
Indeed, we first note that the log likelihood function is given
by

LT (xT,θ) =
1

T

T∑
t=2

−1

2
log 2π−1

2
log σ̂2

t (θ, σ̂
2
1)−1

2

x2
t

σ̂2
t (θ, σ̂

2
1)
.

Hence, we can define θ̂T as the maximizer of

LT (xT,θ) =
1

T

T∑
t=2

`(xt, σ̂
2
t (θ, σ̂

2
1))

=
1

T

T∑
t=2

− log σ̂2
t (θ, σ̂

2
1)− x2

t

σ̂2
t (θ, σ̂

2
1)
.

Now, we can obtain consistency through the uniform con-
vergence of the criterion function and the identifiable
uniqueness of θ0. Note that,
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(1) {σ̂2
t (θ, σ̂

2
1)} converges to a limit SE sequence satisfying

E|σ2
t (θ)|2 = E|σt(θ)|4 < ∞ by the Uniform Contrac-

tion theorem:

A1: {xt}t∈Z is SE

A2: E|ω+αx2
t +βσ̂2

1|2 ≤ c|ω|2+c|α|2E|x2
t |2+|β|2|σ̂2

1|2

= c|ω|2 + c|α|2E|xt|4 + |β|2|σ̂2
1|2 <∞

A3: supσ̂2,x |β| < 1 ⇔ |β| < 1.

and {`(xt, σ2
t (θ))}t∈Z is SE by Krengel’s theorem

(2) Since ω ≥ a > 0, α ≥ a > 0, β ≥ a > 0, then it
follows that σ2

t (θ) > a. Hence,

E|`(xt, σ2
t (θ))|2 ≤ E| − log σ2

t (θ)− x2
t /σ

2
t (θ)|2

(cn-inequality) ≤ cE| log σ2
t (θ)|2 + cE|x2

t /σ
2
t (θ)|2

≤ cE| log σ2
t (θ)|2 +

c

a2
E|xt|4 <∞

Note that if zt > a > 0 then E| log(zt)|k <∞ if E|zt|n <∞.
Also note that if zt > a, then E|x2

t /zt|n ≤ E|x2
t /a|n ≤

1
anE|x

2
t |n. As a result, we have that {`(xt, σ2

t (θ))} satisfies
a LLN

1

T

T∑
t=2

`(xt, σ
2
t (θ))

p→ E`(xt, σ2
t (θ)).

Now, {`(xt, σ2
t (θ))} is stochastically equicontinuous if the

criterion function is well behaved and we have bounded
moments of appropriate order; see Theorem 7.9 and check
these yourself! Hence, we obtain uniform convergence of
the SE criterion

sup
θ∈Θ

∣∣∣ 1

T

T∑
t=2

`(xt, σ
2
t (θ)) − E`(xt, σ2

t (θ))
∣∣∣ p→ 0.

Furthermore, we obtain convergence of the filter-based cri-
terion

1

T

T∑
t=2

`(xt, σ̂
2
t (θ, σ̂

2
1))

p→ E`(xt, σ2
t (θ))



CONTENTS 39

by application of Theorem 7.13. Finally, we obtain identi-
fiable uniqueness of θ0 using the same argument as in the
previous exercise. We thus conclude that the ML estimator
θ̂T is consistent for θ0 by the classical consistency theorem
for M-estimators.

θ̂T
p→ θ0 as T →∞.

Note also that for strong consistency θ̂T
a.s.→ θ0 we would

need to further check a logarithmic moment for the score
w.r.t. σ2

t . You can try this at home!

7.9 If the model is well specified, then the observed data was
generated by the model under some θ0 ∈ Θ. Hence, we
can use the Power-n Theorem, or the uniform contraction
theorem, to ensure that the model generates SE paths with
enough bounded moments for every θ ∈ Θ. For example,
for the local-level model we have,

xt = µt + εt where µt = ω + α(xt−1 − µt−1) + βµt−1.

Now, if Θ is such that |β| < 1 for any θ ∈ Θ, then
{xt(θ0)}t∈Z is SE and satisfies E|xt(θ0)|n < ∞ for any
n > 0 and any θ0 ∈ Θ because

µt = ω + αεt−1 + βµt−1.

and hence, by the uniform contraction theorem {µt(θ0)}t∈Z
is SE and satisfies E|µt(θ0)|n < ∞ for any n >
0 and any θ0 ∈ Θ. As a result, {xt(θ0)}t∈Z is
SE (Krengel’s theorem) and E|xt(θ0)|n < ∞ (cn-inequality)

E|xt(θ0)|n ≤ cE|µt(θ)|n + cE|εt|n <∞.

7.11 The data is composed of Stock prices of IBM and Microsoft,
from 01-01-2000 to 24-09-2017, (stocks data.mat). We
optimize the portfolio by selecting weights k1,t and k2,t =
1−k1,t which optimize a Sharpe Ratio; i.e. which minimize
risk and maximize expected returns,

max
k1t

k1tµ1t + (1− k1t)µ2t√
k2

1tσ
2
1t + (1− k1t)2σ2

2t + 2k1t(1− k1t)σ12t

,
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s.t. 0 ≤ k1t ≤ 1.

k1t =
µ1tσ

2
2t − µ2tσ12t

µ1tσ2
2t + µ2tσ2

1t − (µ1t + µ2t)σ12t
, k2t = 1− k1t.

We consider independent stocks (so that σ12t = 0), and
calculate optimal weights k1t and k2t for every period t.
Figure 1 shows the resulting weights.
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Figure 1: Optimal portfolio weights obtained using GARCH model for

Microsoft and IBM returns and CCC covariance

7.16 With a CCC model the portfolio optimization delivers the
following results detailed in Figure 2.

7.17 We estimate a GARCH(1,1) on the heart rate variability
(HRV) data depicted in Figure 3. The parameter estimates
obtained from series 1 are (α̂, β̂) = (0.018, 0.001) and the
estimates for series 2 are (α̂, β̂) = (0.205, 0.758). Series 2
reveals considerably larger conditional volatility than Series
1. The prognostic seems correct. A proper statistical test
should be preformed.
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Figure 2: Optimal portfolio weights obtained using GARCH model for

Microsoft and IBM returns Optim Portfolio.m
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Figure 3: Heart rate variability data for two individuals.
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Exercises of Chapter 8

8.1 (a) The least-squares estimator θ̂T is given by

θ̂T ∈ arg max
θ∈Θ
− 1

T

T∑
t=2

(xt − α− β cos(xt−1))2.

Since θ̂T is consistent for θ0 ∈ int(Θ), then we obtain
asymptotic normality if

(a) Θ is compact (just assume it!)

(b)
√
T∇QT (xT ,θ0) converges to a normal

(c) ∇2QT converges uniformly to ∇2Q∞

(d) ∇2Q∞(θ0) is invertible.

Since q(xt, xt−1,θ) = (xt−α−β cos(xt−1))2 is continuously
differentiable of any order, we know by Krengel’s theorem
that the n-th derivative {∇nq(xt, xt−1,θ)} is SE for any n.

Additionally, we note that E|q(xt, xt−1,θ)|2 <∞

E|xt−α− β cos(xt−1)|4

≤ cE|xt|4︸ ︷︷ ︸
<∞

+c |α|4︸︷︷︸
<∞

+c |β|4︸︷︷︸
<∞

E| cos(xt−1)|4︸ ︷︷ ︸
≤1<∞

< ∞

Furthermore, since q ∈ C3, and assuming that q well be-
haved of order 2, and ∇q and ∇2q are both well behaved
of order 1, we have that,

(i) E‖∇q(xt, xt−1,θ0)‖2 <∞;

(ii) E‖∇2q(xt, xt−1,θ)‖ <∞ ∀ θ ∈ Θ;

43
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(iii) E supθ∈Θ ‖∇3q(xt, xt−1,θ)‖ <∞.

Now, when the model is well specified, we have that
{∇q(xt, xt−1,θ0)} is a martingale difference sequence and
hence satisfies a CLT,

√
T

1

T

T∑
t=2

∇q(xt, xt−1,θ0)
d→ N(0,Σ) as T →∞

In contrast, if the model is mis-specified a CLT may hold
if {xt}t∈Z is NED on a mixing sequence of appropriate size
and ∇q is Lipschitz continuous in (xt, xt−1),

√
T

1

T

T∑
t=2

∇q(xt, xt−1,θ0)
d→ N(0,Σ) as T →∞.

Naturally, since {∇2q(xt, xt−1,θ)} is SE and
E‖∇2q(xt, xt−1,θ)‖ < ∞ for every θ ∈ Θ we have
that,

1

T

T∑
t=2

∇2q(xt, xt−1,θ)
p→ E∇2q(xt, xt−1,θ)

as T → ∞ ∀ θ ∈ Θ. Furthermore, since
E supθ∈Θ ‖∇3q(xt, xt−1,θ)‖ <∞ it follows that,

sup
θ∈Θ

∥∥∥ 1

T

T∑
t=2

∇2q(xt, xt−1,θ)− E∇2q(xt, xt−1,θ)
∥∥∥ p→ 0

as T → ∞. Finally, if θ0 is the unique maximizer of Q∞
and ∇2Q∞ is regular, then ∇2Q∞(θ0) is invertible.

We conclude that all conditions of the classical asymptotic
normality theorem are satisfied, and hence, we have

√
T
(
θ̂T − θ0

) d→ N
(
0 , ΩΣΩ>

)
as T →∞ where

Ω =
(
E∇2q(xt, xt−1,θ0)

)−1
.
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8.1 (b)-(d) A solution to these models is found as a special case
of the NLAR(1) example in p.227.

8.2 (a) The solution is similar to that of the MLE for the Gaus-
sian AR(1) model in p.225.

8.2 (b)-(c) A solution to these models is found as a special case
of the MLE for the NLAR(1) model in p.223.

8.3 When a model is correctly specified, we can use the The-
ory of Chapter 4 to establish SE properties and bounded
moments for the data generated by the model. This allows
us to apply LLNs to the criterion function and its second
derivative. Additionally, we know that the score evaluated
at the true parameter θ0 is a martingale difference sequence
(mds) when the model is correctly specified, which opens
the door to obtaining a CLT for the scaled score. Finally,
we can easily ensure the uniqueness of θ0 and the invert-
ibility of the limit Hessian when θ0 is identifiable.

In contrast, then the model is misspecified, then we cannot
use the theory of Chapter 4 to verify the properties of the
data, because the DGP is unknown. In practice, instead of
assuming that we know the DGP, we must assume proper-
ties for the data such as stationarity, ergodicity, bounded
moments, etc.3 Additionally, since the score cannot be en-
sured to be an mds, we must make use of other CLTs, such
as the CLTs for NED sequences studied in Chapter 4. Re-
call that the score is NED if it is Lipschitz continuous on
a NED sequence. Finally, either we assume the uniqueness
of the pseudo-true parameter θ0 ∈ Θ, which may be quite
restrictive, or the asymptotic normality may fail.

3These are properties which we may attempt to test empirically using
statistical tests for stationarity, bounded moments, etc.
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Exercises of Chapter 9

9.7 Since the innovations are additive and Gaussian the con-
ditional probabilities are easy to calculate and there is no
need for simulations. In particular, we have that the prob-
ability that output will fall in the first quarter of 2016 is
given by

AR: P (xT+1 < 0) ≈ 0.04

SESTAR: P (xT+1 < 0) ≈ 0.187.

In contrast, the probability that output will rise above 5%
is given by

AR: P (xT+1 > 0.05) ≈ 0.30

SESTAR: P (xT+1 > 0.05) ≈ 0.083.

9.11 The forecasts and respective bounds are shown in Figure 4.

9.12 Figure 5 shows how the forecast of the AR(1) and SESTAR
models compare against the realized data. The SESTAR
model performs better in this case.

9.13 The IRF is shown in Figure 6. In the case of nonlinear
models, the impact of the shock depends on the origin of
the IRF.

47
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Figure 4: Forecasts from AR(1) and SESTAR.

Figure 5: Forecasts against realized data.
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Figure 6: IRFs with different origins
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Exercises of Chapter 10

10.1 (a) Not necessarily.

θLS
0 minimizes a transformation of an L2-norm distance be-

tween the true regression function and the model’s regres-
sion functions.

θML
0 minimizes the Kullback-Leibler distance between the

true conditional density of the data and the model’s condi-
tional densities.

These ‘best approximation’ points are not necessarily the
same.

10.1 (b) In general yes.

If the model parameters are identified
(i.e. each θ ∈ Θ defines a unique regression function and a
unique conditional density for the data)

Then θLS
0 = θML

0 = θ0 where θ0 is the true parameter.

10.2 θ̂T minimizes the sum of squared residuals. If
E|g(xt−1,θ)|4 <∞, Then, by the cn-inequality, we have

E|(xt − g(xt−1,θ)xt−1)2|
≤ cE|xt|2︸ ︷︷ ︸

<∞

+cE|g(xt−1,θ)|4︸ ︷︷ ︸
<∞

E|xt−1|4︸ ︷︷ ︸
<∞

< ∞

Hence, we know by application of a LLN that the limit
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criterion Q∞ takes the form

Q∞(θ) = −E
(
xt − g(xt−1,θ)xt−1

)2

= −E
(
φ0(xt−1) + εt − g(xt−1,θ)xt−1

)2

Note that we eliminate εt above because this does not
change the maximizer θ0.4 We thus have that

θ0 = arg max
θ∈Θ
−
∫ (

φ0(x)− g(x,θ)x
)2
dP0(x)

where P0 denotes the true distribution of the data. As a
result, θ0 minimizes also an L2-norm between φ0 and φ(·,θ)
where φ(x,θ) := g(x,θ)x ∀ x

θ0 = arg min
θ∈Θ

(∫ ∣∣∣φ0(x)− g(x,θ)x
∣∣∣2dP0(x)

) 1
2

,

since the square-root function (·)1/2 is strictly increasing.

10.3 If model C nests model D, then the R2 of model C must
be larger equal than the R2 of model D. Furthermore, the
adjusted R2 of model B can not be larger than the R2.

10.4 It depends... Selecting model A (with lower likelihood than
model B) or selecting model D (with lower likelihood than
model C) seems unreasonable. Now, between B and C one
may find multiple answers depending on the criterion that
one chooses to use, but according to the AIC, model C is
the best.

4This is true in particular, when εt is and independent of xt−1. Define
∆t−1 = φ0(xt−1)− g(xt−1,θ)xt−1, then

E(∆t−1 + εt)
2 = E∆2

t−1 + Eε2t + 2Eεt∆t−1

= E∆2
t−1 + Eε2t + 0 ,

since by independence Eεt∆t−1 = EεtE∆t−1 = 0. Finally, we note that the
argmax of −E∆2

t−1 −Eε2t is the same as the argmax of −E∆2
t−1 because Eε2t

is just a constant.
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10.5 If we use the AIC as a guiding principle, then the answer
does not change with the additional information about sam-
ple size. But this would not be the case when using other
criteria such as the corrected AIC (AICc), or the Han-
nan–Quinn information criterion (HQC), among others.
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Exercises of Chapter 11

11.1 (a) All of these variables are simultaneously determined.
On the one hand, interest rates set by the central bank
affect aggregate investment and economic performance. On
the other hand, central banks shift interest rates in reaction
to aggregate investment and economic performance (either
explicitly like the US Federal Reserve, or implicitly like the
ECB, whose mandate dictates inflation as being the sole
relevant criterion).

11.5 That’s true! Many great structural models have a negative
R2. Wait, is that even possible? Sure! A model has a nega-
tive R2 when its predictive accuracy is worse than using the
sample average. This just highlights further the difference
between predictive modeling and structural modeling!
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